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Tbb  design  of  this  work  will  be  understood  by  reference 
I  to  the  following  extracts  from  a  Grace  of  the  Senate,  passed 
[  in  May,  1846,  which  will  regulate  the  examination  of  Can- 
I  didatea  for  Mathematical  Honours  in  January,  1848,  and 
I  succeeding  yeara. 


It  was  determined  by  the  Grace  referred  to, 

I.  That  Questions  and  Problems  being  proposed  to  the  Queationiats 
'  on  eiglit  days,  instead  of  six  days  as  at  preseat,  the  first  threo  dajs  be 
assigned  to  the  more  elcmcDtnry,  nad  the  laiit  fi.vo  to  tho  hif;her  parts  of 
Mathematics:  that  after  the  firet  three  days,  there  shall  be  an  interval 
or  eight  days;  and  that  on  tho  eovcntli  of  theee  days  the  Modomton  and 
Examiners  stiall  declare,  what  persons  have  so  acquitted  themBelves  as 
to  deserve  Mathematical  Honours. 

J.  That  those  who  are  declared  to  have  ao  acquitted  themselves, 
tand  no  others,  bo  admitted  to  tlie  Exaininntion  in  the  higher  ports  of 
E  Mathematics :  and  that  after  that  Examination,  tho  Moderators  and 
K  Examiners,  taking  into  account  the  Examination  of  all  the  eight  days, 
I  Bhall  arrange  all  the  Candidates  who  have  been  declared  to  deeerve 
r  Mathematical  Honours  into  the  three  classes  of  Wranglers,  Senior  Optimes, 
I  and  Junior  Optimee,  as  has  been  hitherto  usual ;  and  that  these  chisses  bo 
I  pnblislicd  in  tho  Senate-House  at  nine  o'clock  on  the  Friday  morning  pre- 
l  ceding  the  general  B.A.  Admission. 

3.  That  the  subjects  of  the  Examination  on  the  first  three  doya  shall 
I  be  thoae  contamed  in  the  following  Schedule : — 

EuouD.  Book  I.  to  VI.  Book  XI,  Props,  i.  to  xxi.  Book  XII, 
WTiepe-hTt- 

AttrrnMgnc  and  the  elementary  parts  of  Algebra  ;  namely,  the  Rules 
(br  the  fundamental  Operations  upon  Algebraical  Symbols,  with   their 
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proofs;  the  solution  of  simplo  and  quadratic  Equations;  AiithmetJ 
and  Goomctrical  Progreesion,  PennutationB  and  Combiuatione,  tliQ  I 
mial  Theorem,  and  tbc  principles  of  Logarithms. 

The  elementary  parts  of  Plane  Trioonomethy,  so  far  as  to  inc 
tho  eoIatJon  of  triangles. 

The    elementary    parts    of   CoNio  Sections,   treated  Oeomotrici 
together  with  the  values  of  the  Kadiua  of  Curvature,  and  of  the  Chorda 
of  Curvature  passing  through  the  Focus  and  Centre. 

The  elementary  parts  of  Srxnra,  treated  without  the  Diflereatial 
Calculus ;  namely,  the  Compaction  and  Resolution  of  Forces  acting 
in  one  plane  on  a  point,  the  Mechanical  Powers,  and  tho  properties  of  tlio 
Centre  of  Gravity. 

The  elementary  parts  of  I>rRAMics,  treated  without  the  Differential 
Calculns ;  uamcly,  tho  Doctrine  of  Cuiform  and  Cuifonnly  Accelerated 
Uotion,  of  FalliDg  Bodies,  Projectilos,  CoUiuoo,  and  Cycloidal  Osdl- 
lation«. 

The  Ist,  2ud,  and  3rd  Sections  of  Nkwtom'b  Pbincipu;  the  Prft- 
poailioua  to  b«  ptOTed  iu  Nvwton's  manner. 

Tlio  (lomcntary  parts  of  llvDRosTAnca,  treated  without  tlie  Diffo- 
rtntial  Calculus;  namely,  tho  pleasure  of  non-elaatic  Fluids,  epeclfio 
OnnUcs,' floating  Bodies,  the  pressure  uf  the  Air,  and  the  cooatruction 
and  use  of  the  luoru  simple  Instmuieiits  and  Machines. 

Tlie  elementary  parts  of  OPTira*  :  namely,  the  laws  of  Reflexion  and 
n«(Taction  of  Rays  nt  plane  and  spherical  surfaces,  not  including  Aber- 
rations ;  tho  Eye ;  Telescopes. 

Tlie  rlcmiTntary  part*  of  Avmoxour ;  so  Ikr  as  tliey  are  neoesa&ry  for 
iho  explanation  <if  tlic  more  simple  plutnomena,  without  calculations. 

4.  That  in  all  these  subjeets.  Examples,  and  Questions  nriaing 
directly  out  of  tiio  Proposilions,  shall  he  introduced  into  tlio  Examina- 
tion, in  addition  to  tho  propositions  thomsdvoe. 

fl.  (TAi*  article  rtftr*  mtrtljf  to  tht  dayt  and  hour*  of  Examination^ 
itm/  i*  tAm/brv  omttitd.) 

■  Tb«  vmds  "Maled  tfnatmi\t»l\j,"  wblch  mm  ddgtiMll}  Inicrivd  in  Uiij  f 
$n  nam  miOaai  bf  Otata  at  th*  SmaU. 
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That  tlie  Alodoratora  and  Examinen  shall  be  authorised  to 
[eclore  Candidates,  tliau({b  they  have  uot  deseired  Mathematical  Ho- 
to  have  deserved  to  pass  for  aa  Ordinary  Degree,  so  fat  as  the 
Mathematical  part  of  the  Examination  for  such  degree  is  concoroed ; 
and  such  persona  shall  accordingly  bo  excused  the  Itlatbematical  part 
of  the  Examination  for  an  Ordinary  Degree,  and  shall  only  be  required  to 
pass  iu  the  utbei  subjects,  namely,  in  the  parts  of  the  Examination 
assigned  in  the  Schedule  to  the  last  two  days  :  but  such  excuse  shall  be 
available  to  such  persons  only  for  the  Examination  then  id  pri^css. 


When  tlie  preceding  regulations  had  passed  into  law,  it 

ick   me  very  forcibly   that,   in    order   to    carry  out  the 

expressed  -wiahea  of  the  University,  it  would  be  desirable,  if 

not  necessary,  that  a  short  course  of  Mathematics  should  be 

compiled,  of  which  the  Schedule  agreed  upon  by  the  Senate 

should  be,  as  it  were,   the  table  of  contents.     It  appeared 

to  me  that,  with  regard  to  several  of  the  subjects,  there  were 

no  boolcs  in  use,  which  would  put  before  the  student  the 

portions  to  which  it  would  be  necessary  for  him  to  devote 

his  attention,  without  an  accumulation  of  other  matter  which 

rould  be  likely  to  confuse  and  perplex.      I  mentioned   the 

lecessity  of  such  a  book  several  times  in  the  course  of  con- 

ersation,  and  found  that  others  agreed  as  to  the  want,  but 

id  not  hear  of  any  one  who  seemed  disposed  to  undertake 

,e  labour  requisite  for  its  supply.       Under  these    circura- 

etanccs   I  determined  to  attempt  the  task  myself,   trusting 

that  the  intention  would  be  appreciated,  however  much  the 

execution  of  the  design  might  fall  short  of  my  own  hopes,  or 

ihe  requirements  of  the  case. 

For  indeed  it  is  a  task  of  no  ordinary  degree  of  difficulty. 
to  write  an  elementary  work  upon  an  abstruse  subject ;  points, 
vrhich  appear  to  the  ivriter  plain  and  intelligible  without 
explanation,  sometimes  assume  a  very  different  aspect  to  the 
beginner,  and  difHculties  of  which  the  author  is  scarcely 
aware,  may  be  of  huge  dimensions  to  a  mind  not  already 
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ftmiltamed  with  the  mode  of  thinking  which  belongs  to  each 
particular  subject.  Hence  it  has  come  to  pass  that  so  few 
elementary  works  have  long  retained  their  ground ;  and 
hence  also,  on  author  may  conclude  the  expediency  of  en- 
deavouring, so  far  as  he  may,  to  follow  in  the  steps  of  those 
few  who  have  shewn  an  aptitude  for  this  kind  of  writing. 
Time  has,  I  think,  proved  that,  of  all  works  which  Cambridge 
has  produced,  that  which  the  most  nearly  fulfils  the  conctitions 
of  a  perfect  elementary  treatise,  is  Wood's  Algebra,  a.  work 
which  it  is  impossible  too  much  to  admire  for  its  simplicity 
and  admirable  ijcrspicuity.  In  writing  on  AJgebra,  therefore, 
I  have  endeavoured,  as  far  as  possible,  to  take  Dr  Wood's 
treatise  as  a  model :  and,  indeed,  in  all  other  parts  of  my 
work,  where  the  nature  of  tbe  ease  allowed,  I  have  endea- 
voured, though  I  fear  not  always  successfully,  to  keep  the 
same  example  In  view. 

I  may  remark  also,  in  general,  that  it  appeared  to  me 
that  the  worst  fault  into  which  I  could  full,  in  such  a  work 
OS  tbe  present,  would  be  an  affectation  of  originality.  Ori- 
ginality belongs  to  the  progression  of  science,  but  not  to 
the  exposition  of  those  portions  which  may  be  regarded  as 
permanent.  I  have,  therefore,  endeavoured  to  dcWate  as 
little  as  possible  from  the  methods  pursued  in  those  books 
which  a)>peare<l  to  me,  on  the  whole,  to  bo  the  best  and  tbe 
most  generally  acknowledged. 

In  each  treatise  I  have  introduced  all  propositions  whid). 
according  to  my  judgment,  can  fairly  be  included  in  the 
intention  of  tbe  Grace  of  the  Senate,  omitting  however  some 
which  ore  usually  given,  but  which  are  only  applicalions  of, 
or  deductions  from,  the  fundamental  propositiona  To  take 
an  example,  in  the  treatise  on  Statics  I  have  not  given  the 
investigations  for  pullies,  when  their  own  weight  is  taken 
mto  account,  nor  when  the  strings  of  the  puUics  arc  not 
ponllcl,  because  these  arc  only  deductions  from  tbe  simiiles4 
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cose  ;  and  it  would  seem  to  be  imadvisable  to  load  a  treatise, 
intended  to  be  of  the  aiinplest  description,  with  deductions 
and  applications  which  may  be  indefinitely  multiplied. 
Keverthelees  my  judgment  may  have  led  me  into  error ; 
and,  indeed,  the  only  authorized  comment  on  the  meanings 
of  the  Grace  will  be  the  Examination  Papers  of  1848  and 
the  few  succeeding  years :  the  character  of  those  papers 
may  perhaps  render  it  necessary  to  modify  some  portions  of 
my  work  in  a  succeeding  edition,  should  that  be  called  for. 

I  I   will,  however,  be  bold  to  give  my  opinion,  that  the 

I  success  of  the  new  scheme  of  examination  depends,  to  a 
considerable  extent,  upon  the  Grace  of  the  Senate  being 
interpreted  in  the  narrowest  manner  possible.  The  great 
number  of  the  subjects  of  which  a  knowledge  is  required, 
renders  it  impossible  for  students  of  no  great  ability,  or 
whose  attention  is  principally  devoted  to  other  academical 
pursuits,  to  obtain  a  very  extended  knowledge  of  each ;  a 
very  real  and  useful  knowledge  may  doubtless  be  acquired, 
but  it  can  scarcely  be  expected  to  be  adequate  to  the  task 
of  answering  questions  proposed,  unless  those  questions  be 
almost  confined  to  that  small  number  of  propositions  which 
may  be  considered  to  be  classical  in  each  subject. 

A  few  remarks  may  be  made  respecting  certain  of  the 

L  following  treatises,  and  the  plan  upon  which  they  have  been 

I  written. 

The  treatise  on  Algebra  has,  as  I  have  before  observed, 

ftbeen  formed  as  much  as  possible,  on  the  model  of  that  by 
Jie  late  Dr  Wood.  I  have  given  Euler's  proof  of  the  Bino- 
nial  Theorem  for  fractional  and  negative  indices,  as  being 
bt  once  the  most  elegant  and  the  most  useful  as  a  mental 
acercise. 

In  the  treatise  on  the  Conic  Sections,  I  have  principally 

illowed  the   demonstrations  given   by   Mr   Hustler,   partly 

iftuee  they  appeared  to  me  as  elegant  as  could  be  desired; 
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and  partly  because  that  work  Iiaving  been  long  publishedt' 
and  being  usually  counted  the  text-book  in  tliis  subject,  I 
thought  it  well  to  deviate  as  little  as  possible  from  the 
beaten  track.  I  have,  however,  abbreviated  to  some  extent 
by  omission,  making  it  in  general  a  necessary  condition  of 
the  admission  of  any  proposition  that  it  should  be  necessary 
to  the  understanding  of  the  first  three  sections  of  Newton's 
Prindpia;  by  this  and  other  means,  I  have  endeavoured  to 
render  as  little  formidable  as  might  be  a  subject  confessedly 
difficult  and  unpalatable. 

In  the  subject  of  Mechanics,  it  is  more  difficult  tban  in 
cither  of  the  preceding  to  determine  precisely  the  limits  to 
wliicb  questions  may,  according  to  the  Grace  of  the  Senate, 
cstend.  On  principles  to  which  I  have  before  referred,  I 
have  made  the  treatises  on  both  Statics  and  D>*namics  as 
brief  as  possible. 

In  giving  an  English  version  of  the  first  three  sections  of 
the  Prindpia,  I  have  endeavoured  to  adhere,  as  nearly  as 
circumstancoa  would  allow,  to  the  original,  only  giving  the 
demonstrations  a  form  more  convenient  for  the  purposes  of 
the  student;  and  any  tnterpulations  of  my  own  have  been 
enclosed  in  brackets.  In  one  instance  (Lemma  VI,)  I  have, 
after  the  example  of  a  version  much  used  in  the  University, 
substituted  a  different  mode  of  demonstration  for  the  very 
short  method  given  by  Newton  ;  but  the  mode  of  demonstra- 
tion adopted  may  bo  now.  I  think,  considered  classical,  as 
hav4ng  been  given  in  the  not«tt  to  the  JoiituitH'  edition  of  tb^j 
iVtiicrpta. 


The  most  difficult  subject  to  treat  in  n  clear  and 
elementary  manner  is,  I  think,  the  lost,  Astronomy;  yet 
U  (licrc  none  upon  which  a  treatise  adapted  to  (he  new 
Bcbeme  of  examination  viaa   more  required.     For  hitherto 
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■Astronomy  lias  only  been  studied  for  the  purposes  of  the 
rSenate-house  examinations  by  a  few,  and  those  the  more 
ittdvanced  of  the  candidates  for  Honours ;  and  consequently 
lo  book  has  been  called  forth  containing  those  elementary 
portions  of  the  subject,  which  will  henceforth  be  required, 
in  a  form  adapted  to  the  needB  of  the  majority  of  students. 
With  regard  to  the  manner  in  which  I  have  treated  the 
subject,  I  may  remark,  that  1  have  not  construed  the  worda 

(of  the  Grace,  *'  without  calculations,"  so  as  to  exclude  the 
introduction  of  mathematical  symbols  when  by  that  means 
idistinctness  of  explanation  could  be  most  easily  attained; 
and  also  I  may  say,  that  to  no  subject  more  than  this  does 
the  remark  apply  which  I  have  already  made,  namely,  that 
it  is  difficult  to  determine  what  is  and  what  is  not  in- 
tended to  be  included  in  the  schedule  of  subjects,  and  that 
the  difficulty  will  only  disappear  under  the  light  of  the  Ex- 
amination Papers  of  1848  and  a  few  succeeding  years. 

In  conclusion,  I  will  only  add  that  the  following  pages 

have  been  written  under  a  pressure  of  other  engagements, 

and  at  a  cODsequent  degree  of  personal  inconvenience,  which 

would  only  have  been  submitted  to  under  the  conviction  of 

the   necessity  of  such   a  work   in  the  present  state  of  the 

niversity.      I  am  well    aware    of   the    imperfection   which 

iTist  necessarily  attach  to  the  performance  of  my  task,  but 

[vhich  yet,  I  trust,  will  not  be  such  as  to  affect  to  a  ma- 

>rial  extent  the  utility  of  my  book  to  those  for  whom  it  has 

;n  principally  written. 

H.  GOODWIN. 
Decehdeii.  litis. 
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Iw  presenting  this    Third    Edition   of  my    Elementary 
B'Cotme  I  have  only  a  few  remarks  to  make. 

I  have  reprinted  the  Preface  to  the  6rst  Edition,  with 
a  few  omissions,  although  some  portions  of  it  may  be  now 
unnecessary-,  because  it  seems  to  explain,  as  well  as  I  could 
wish,  the  intention  of  the  work,  and  the  principles  which 
guided  me  in  composing  it. 

The  scheme  for  the  Examination,  which  was  sanctioned 
by  Grace  of  the  Senate  in    May,  1846,   has    been    slightly 
modified  by  a  recent  Grace,  in  accordance   with   a  recom- 
mendation   made   by    the    Board   of  Mathematical  Studies. 
The  words,  "treated  geometricaUy,"  which  were  originally 
appended   to   the  "  Elementary   parts  of  Optics,"  are    now 
omitted.     On  this  account  I  have  not  reprinted  the  remarks 
mode  in  the  Preface  to  the  first  Edition,   on  the  mode  of 
■^K  treating  this  subject  adopted  in  this  work.     The  propositions 
^^■irhich   were   introduced    into    the    second    Edition,    with   a 
^^Bview  to  carry  out  more  exactly  the  intentions  of  the  original 
^^VGrace,  have  been   retained.     I  have,  however,  inclosed  them 
^^Kfn  brackets,  to  mark  the  fact  that  they  are  not  necessary  to 
^^"the  completeness  of  tbe  treatise. 

Some  portions  of  Newton'a  Three  Sections,  which  I 
ventured,  partly  with  a  view  to  simpUcity,  and  partly  from 
the  example  of  a  version  much  used  in  this  University,  to 
omit  in  the  former  editions,  I  have  inserted  in  the  present. 
The  principal  addition  is  the  Scholium  appended  by  New- 
ton to  his  First  Section.  I  trust  that  the  three  Sections, 
*  I  have  now  given  them,  may  be  deemed  complete ;  at  the 
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same  time  several  good  results  will,  I  believe,  be  found  to 
arise,  if  the  Student  will  accustom  himself  to  consult  the 
original  Latin. 

Various  additions  have  been  made  throughout  the  work, 
which  need  not  be  specified.  But  by  careful  arrangement 
of  the  matter,  notwithstanding  that  this  edition  is  printed 
in  a  bolder  type  than  the  preceding,  the  bulk  of  the  volume 
has  not  been  increased. 

It  is  my  intention  to  publish,  as  soon  as  my  engagements 
will  permit,  a  small  Volume  supplementary  to  the  present, 
containing  such  notes  and  illustrations  as  could  hardly  be 
introduced  into  the  work  itself,  but  which  yet  would  form  a 
most  desirable  and,  if  I  mistake  not,  a  pleasing  addition  to 
the  Mathematical  Course.  On  this  account  I  have  suppressed 
an  Appendix,  containing  a  view  of  the  Solar  System,  com- 
piled from  Humboldt's  Cosmos,  believing  that  it  will  find 
a  more  appropriate  place  in  the  projected  Volume. 

The  sheets  of  this  Edition  having  been  carefully  inspected 
by  a  friend,  I  send  the  volume  out  with  greater  confidence 
in  its  freedom  from  errors  than  on  former  occasions. 


a  G. 


Cambridoe, 
October,  1849. 
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ALGEBRA. 


1.     Algebra  in   its   most  comprehensive  sense  may  be 
[efined  as  being  the  science  of  reasoning  by  means  of  general 
'it ten  symbols.* 
In  its  simplest  form  we  may  consider  algebra  as  a  more 
teral  species  of  aritlimetic,  in  which  the  reasoning  and  the 
Iperations  refer  to  certain  general  representatives  of  numbers, 
istead  of  being  applied  to  the  symbols  of  specific  numbers, 
the  digits  I,  2,  3. ..which  are  the  subject  of  arithmetical 
raeontng.     The  science  of  algebra  is  of  a  far  more  general 
id  comprehensive  cliaracter  than  this ;  but  even  restricting 
lur  views  to  such  a  science  as  would  be  formed  by  a  substi- 
tution of  symbols  of  numbers  in  general  for  the  nine  digits, 
we  may  see  at  once  the  greatness  of  the  advance  which  we 
have  made  beyond  the  limits  of  mere  arithmetic,  because  any 
jmle  which  has  been  established  by  means  of  algebraical  sym- 
will  be  universally  true,  since  the  sjitibols  may  represent 
ly  numbers  whatever ;  whereas  it  is  difficult  to  establish  a 
rule  by  means  of  operations  which  deal  with  particular  num- 
bers  only.     This  remark  will  be   understood  better  as  the 
student  proceeds. 

In  the  following  treatise  it  will  be  assumed  that  the  stu- 
dent has  already  made  himself  acquainted  with  arithmetic; 
but  some  of  the  rules  and  operations  of  that  science  will  be 
proved  and  explained  as  applications  of  algebra.  Indeed, 
the  theory  of  some  of  the  arithmetical  processes  will  seldom 
be  seen  distinctly,  until  the  mind  has  been  informed  by  the 
more  general  science. 

<  The  etymalogr  of  the  dbhic,  Algebra,  in  giten  in  vmrioai  *■)'•.  I>  i't  howcter, 
finHj  gentiMf  coiuidtied,  that  Iht  wotd  is  Arabian,  uid  lb*t  from  iboH  people  we 
bad  (be  taa-e,  u  well  aa  the  an  imir,  an  ia  tnciSciI  b]>  Lucai  de  Burgo,  (be  flnt 
Kiitopean  auihoi  vIiimc  ircaiiie  «ai  pilnicd  on  thii  ut,  and  who  alio  nftn  10  fbniin 
*Utho»  Mti  mulen.  ffom  whose  wriiingi  he  had  learned  it.  The  Arabic  nime  he 
pw  il,  ia  Alghehra  c  AlmuMbJm  which  i>  c»plained  lo  niBnifr  the  »rl  of  lettilutiun 
and  rampanion,  o(  oppoaitlon  and  ruiotation,  ot  tetoliiiion  «nd  equalion,  all  which 
■KTH  *cU  enoiigh  wiih  (he  nature  of  ibi.  an.  Some,  however,  derive  It  froai  voriuua 
Other  Arabic  "otJ*.    lliituin"«  TracH,  HUlory  tf  AIe»bni. 


1 


/ 


the 
t  be 

'II 


2.  The  symbols   used   to   denote   numbers  or  quantii 
are  usually  the  letters  of  the  alphabet ;  and  it  is  the  common 
practice  to  express  known  or  determined  quantities  by  the 
early  letters,  as  a,  b,  c...,  and  unknown  by  the  latter, 
z ;  but  this  rule   is  purely   conventional,   and   need   not 
strictly  followed. 

It  will  be  convenient  here  to  enumerate  and  expli 
various  signs  which  arc  u^ed  in  algebra. 

3.  +  Plug,  signifies  tliat  the  quantity  to  which  it 
fixed  must  be  added.     Thus  2  +  s  is  the  same  thing  as  5 ; 
using  letters,  a  +  b  represents  tlie  mm  of  a  and  6,  whatever 
are  the  values  of  a  and  b,  or  a  and  b  added  together. 

4.  —  Minus,  signifies  that  the  quantity  to  which  it  is 
prefixed  must  be  subtracted.  Thus  3  -  2  is  the  same  thing 
as  1 ;  and  a-  b  represents  a  with  6  taken  from  it. 

5.  Since  the  signs  +  and  -  prefixed  to  a  quantity  6 
dicate  addition  and  subtraction,  they  would  seem  to 
some  antecedent  quantity  to  which  fc  is  to  be  added  or  from 
which  it  is  to  be  subtracted ;  they  are  used  however  without 
this  restriction,  and  for  the  present  it  will  be  sufiicient  for 
the  student  to  con.sidcr  .f  6  ns  a  quantity  which  u  ta  be  added, 
and  -  6  as  a  quantity  which  w  to  be  subtracted.  One  of  the 
signs  +  and  —  ia  supposed  to  be  prefixed  to  every  algebraical 
quantity :  +  a  is  termed  a  positive  quantity,  —  a  a  neyntive 
quantity.  When  +  o  is  not  preceded  by  another  quantity,  it 
is  usual  for  shortness'  sake  to  omit  the  -i-.  and  to  write 
amply  a- 

A  eimplu  illustration  of  the  meaning  of  a  negative  quan- 
tity may  here  be  of  service,  A  d«bt  may  be  regarded  as  a 
negative  quantity,  inasmucli  as  it  ia  n  quantity  to  be  subtracted 
in  eaac  of  tlicrc  being  any  property,  (wiiich  is  positive.)  from 
which  to  subtract  it. 

6.  X  Into,  signifies  that  the  quantities  between  which  it 
stands  are  to  be  multiplied  together :  thus  £  x  3  ia  equivalent 
to  6. 

This  sign  is  frequently  omitted,  or  its  place  supplied  by 
a  point:  thus  a  x  d.  ab,  a.  6,  ore  equivalent. 
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7.  %VTien  the  same  quantity  is  multiplied  into  itself 
several  timca.  the  product  is  represented  in  an  abbreviated 
form,  by  placing  above  the  quantity  a  figure  indicating  the 
bumber  of  times  that  it  is  repeated:  thus  a  it  a  is  written  o', 
and  a  X  CT  X  a,  a' :  a^  is  called  the  second  power,  or  the  square 
of  a ;  a'  the  third  power,  or  the  cube ;  a*  the  fourth  power, 
and  BO  on :  <t'  is  the  same  thing  as  a. 

The  figure   which  indicates  the  power  of  a  quantity  is 
caJled   its    index    or   ejy>orwnt.     The    meaning   of  the   terms 
index,  ej^poneitl,  will  be  hereafter  much  extended.    (See 
SS) 

8.  -7-  Divided  by,  signifies  tJiat  the  former  of  two  quan- 
'tities  between  which  it  is   placed  is   to   be  divided  by  the 

latter.     Thus  6-~'i  is  equivalent  to  3. 
^  Division  is  however  more  generally  represented  by  writing 

^^Mthe  two  quantities  as  a  vulgar  fi-action:  thus  a-r-b  is  written 


i<  and  is  commonly  read  for  shortness'  sake  thus,  a  by  b. 

We  will  anticipate  the  result  of  a  subsequent  article,  (Art. 
fi,)  by  saying  that  —  may  also  be  Written  thus,  a'*. 


The  difference  of  two  quantities  is  sometimes  repre- 
sented by  the  sign -^  :  thus  a-^b  means  a-b,  or  b-a,  accord- 
ing as  a  is  greater  or  less  than  b. 

10.     When  several  quantities  are  enclosed  in  a  bracket, 

lua  {a  +  b-c),  it  is  intended  that  any  sign  prefixed  or  afGxed 

to  the  bracket  should  apply  to  all  the  quantities  included  by 

it:  thus  a  — (6  +  c)  means  that  b  and  c  are  both  to  be  sub- 

to«cted  from  a,  (a  +  by  means  that  the  sum  oi a+  b  ia  to  be 

oltiplied  by  itself,  (2  +  I)(3  +  2)  is  equivalent  to  3x5  or  15. 

A  vinctdum  or  line  drawn  over  several   quantities,  thus 

all  respects  equivalent  to  a  bracket. 


I  +  6  +  c,  i 

11.     ,".  is  an  abbreviation  for  the  word  therefor 
r  the  word  because. 


;  and  ■ 


12.  The  square  root  of  a  quantity  ia  represented  by 
llynlting  over  the  quantity  the  sign  \/  or  more  briefly  \/  , 
"-  1_2 


which  is  in  fact  a  corruption  of  the  letter  r  staading  For  r 
or  root,  and  is  termed  a  radical:  thus\/aor  \/a  uieaDS  the 
square  root  of  a.  Similarly  the  cube  root  is  denoted  by  y/a, 
the^ur(A  root  by  \/a,  and  ao  on. 

We  will  again  antieipute  the  reaiilt  of  an  article  alrei 
referred  to,  (Art.  25)  by  stating  that  \/a  may  also  be  writt 

thus,  a";  in  like  manner  v^a"  may  be  written  thus,  a" . 

A  quantity  under  a  radical  sign,  the  root  of  which  cam 
he  extracted,  is  called  on  irrational  quantity  or  a  mrd : 
\/s  is  a  surd  quantity.      Quantities  which  involve  no  8U] 
are  called  ratiotial. 

13.  The  number  or  quantity  by  which  any  other  qui 
tity  is  multiplied,  is  frequently  called  its  coej^cient :  thus  | 
the  quantities  a.r,  ly,  a  and  7  may  be  called  the  coefHcienti 
of  X  and  y  respectively.    ^Vhen  no  coefficient  is  prelixed  to  a 
letter,  i  is  always  understood, 

14.  Any  combination  of  ayniboU  is  called  an  algebraical 
fjrpre^non,  and  sometimes  an  algebraical  ybr oifi/m. 

An  expression  is  said  to  be  of  n  dimensions  with  respect 
to  any  letter,  when  the  highest  power  of  that  letter  in  the 
expression  ia  n  :  thus  a*  -f  2a'  +  l  m  of  ihree  dimensions  with 
respect  to  a. 

\Vhen  an  cxjiressiou  is  compotied  of  two  quantities  con- 
nected by  the  sign  +  or  -,  it  is  called  a  binomial  expression; 
when  of  three,  a  trinomial:  when  of  several,  a  pohjnomial 
a  +  ft  is  a  hinomiaL  o  +  6  +  o  +  da  polyirnniiaL 

When  an  expression  is  composed  of  quantities  connected 
by  the  sign  « ,  (either  cxpres-ied  or  understood.)  the  several 
quttotirieB  arc  called  factvrt  of  the  expression :  thus  a, 
are  Jactort  of  a  bo. 

15.  m  Equal*,  flignifiest  that  the  quantities  bet'  _ 
which  it  is  placed  are  eqiuil  to  each  other.  Thus  the  sym- 
bolicul  sentence  S  +  3  -  5  exprewes  the  fact  that  2  and  9  added 
together  make  5. 

The  figtit  >  and  <  are  Bometimea  used  to  denote  res] 
lively  ^tater  than  and  Us«  than.  Thus  rt>b  would  ex; 
that  a  is  greater  than  &. 
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16.  An  algebraical  sentence  expressing  equality  between 
two  expressions,  such  as  x  +  l  =  2,  or  a:*  +  j;  +  i  =  0,  is  collet! 
an  eqitation, 

n.  Similar  or  like  algebraical  quantities  are  suoh  as 
I  differ  onlj  in  the  value  of  their  numerical  coefficient :  thus  2  a 
y  and  6a  arc  tike  quantities. 

18.  One  quantity  is  said  to  be  a  multiple  of  another, 
when  the  one  can  be  divided  by  the  other  without  remainder, 

<r  when  the  one  contains  tlie  other  as  a  /actor :  thus  4  a  is  a 
lultiple  of  a,  and  ax  of  x. 

19.  One  quantity  is  said  to  be  a  measure  of  another, 
when  the  former  will  divide  the  latter  mthout  remainder. 


20.  The  student  will  find  it  advantageous,  before  pro- 
ceeding fm-ther,  to  fix  in  his  mind  the  knowledge  acquired 
from  the  preceding  articles,  by  practising  upon  some  simple 
examples.  And  it  may  be  worth  while  in  this  place  to  re- 
mark, that  the  science  of  algebra,  as  well  as  others  wliich  will 
be  treated  of  hereafter,  are  most  easily  to  be  acquired  by 
the  practice  of  tliem ;  and  indeed  it  may  be  said  to  be  almost 
impossible  to  acquire  and  retain  a  perfect  familiarity  with 
algebraical  theorems,  except  through  the  medium  of  a  con- 
siderable amount  of  industry  expended  on  the  working  out  of 
examples.  Wherefore,  once  for  all,  the  student  is  earnestly 
requested  after  reading  any  new  rule  or  theorem  to  turn  to 
the  examples  illustrative  of  it,  and  work  as  many  as  possible 
before  proceeding  further. 


21.  Rdle.  The  addition  of  algebraical  qttantitiea  ia  per- 
/brraed  hy  connecting  those  that  are  unlike  with  their  proper 
rngns,  and  collecting  tltose  tlutt  are  like  into  oiie  sum. 

The  addition  of  algebraical  quantities  would  in  fact  be 
performed  by  writing  them  one  after  another,  and  connecting 


them  by  the  sign  +  ;  but  the  preceding  rule  indicates  the  mode* 
of  reducing  the  sum  so  written  down  to  it8  simplest  form. 

^Vben  like  quantities  occur  with  different  signs,  their  alge- 
braical sum  is  found  by  taking  the  smaller  coefficient  from 
the  greater  and  prefixing  the  sign  of  the  greater:  thus  4a  —  Sa 
would  be  written  a,  and  —  4n  +  3a  would  be  written  —  a. 

It  will  be  seen  that  addition  thus  considered  is  a  very 
different  operation,  in  some  respects,  from  arithmetical  addi- 
tion, since  in  arithmetic  to  add  is  always  to  increase,  but  in 
algebra  to  add  is  only  to  connect  a  series  of  quantities  with 
their  proper  signs ;  and  a  quantity  may  therefore  be  decreased 
by  having  another,  wliich  is  negative,  added  to  it. 

The  order  in  which  tJic  result  of  the  addition  of  severs 
quantities  is  written  down  ia  immaterial,  but  it  is  usual  e<9l« 
paribus  to  follow  the  order  of  the  alphabet :  thus  we  sboi 
write  a  +  b  +  c,  not  a  +  c  +  b. 

The  following  arc  examples  of  addition,  which  the  studej 
may  verify: 

3a  +    b  S<T  -    6 

a  +  sb  a  +  3b 


Sum  Sa  +  *b 

sa  +  2A 

-Sa+    b 

ia-   b 

cr  +  at 

a-ab 

-  a  +  4fr 

sa-ib 

tf  +  iab  +  S6* 

-at  *  + 

e+  d 

so"-    nb-nV 

a-   6  + 

«+   d 

Sc/  +  Sab-sff 

a+   b- 
a+    6  + 

c+  d 

n^-t.4ab  -f  aA* 

0-  d 

8a+  tb+ie-¥id 

O-iio  +  crf 

(.•+6<i 

te? 

a't  W 

+  0- 

So- t  Si- 

+ «<?+fti; 

*bd-ted 

ADDITION. 


ax  •\-  by  +  cz 

hx"  cy  —  az 

^  ex  '\'  ay  ^bz 


(a  +  6  —  c) ;»  +  (6  -  c  +  a)  y  +  (c  -  a  —  6)  ^ 


SUBTRACTION. 

22.     RuLB.     0ns  algebraical  quantity  may  be  svbtracted 
from  another  by  changing  its  sign  and  adding  it  to  the  other. 

The  reason  of  this  rule  is  apparent ;  for  to  subtract  +  a 
is  by  definition  the  same  thing  as  to  add  -  a ;  and  to  sub- 
tract a  quantity  which  itself  ought  to  be  subtracted  is  nothing 
else  than  to  add  that  quantity.  Using  an  illustration  already 
adopted,  we  may  say  that  to  subtract  a  debt  is  the  same  thing 
as  to  culd  to  property. 

Hence  also  we  see  that  -  prefixed  to  a  bracket  changes  the 
sign  of  all  the  quantities  in  that  bracket,  so  that  -  (a  +  6  -  o) 
is  equivalent  to  -  a  -  6  +  c. 

EXAMPLES. 

2a  +    b  2a  -^    b  a  +  6  -  2c 

a  +  S6  -a+s6  a-6+    c 


Difference   a -26  8a -4b  2b      -  Sc 


2a'  +  3a6-    6*  a  +  6  -  (c  +  d) 

a*  -  4a6  +  S6^  a  -  (6  -  c)  +  rf 

a-  +  lab  -  46'  26  -  2c  -  2d 


{a  +  6)  0?'  -  (c  -  d)  y" 
(6  +  c)ar^  +  (a  +  eO/ 
{a  -  c)a?  -  {a-^  c)  y' 


AI.IiKDItA. 


MULTIPLICATION. 

23.  Unlite  quantities  cannot  be  multiplied  tngeflier  any 
further  than  hy  connecting  them  by  the  sign  i,  or  writing 
them  together  without  sign.  Thus  a  multiplied  hy  i>  gives 
a/>  or  ba,  for  it  is  iiidiH'erent  whether  we  consider  a  to  be 
multiplied  by  i  or  6  by  a. 

But  like  qunutities  arc  multiplied  together  by  adding  their 
indices.  Thus  a'  x  a*  =  0^,  for  a™  signi6es  aaa  and  a*  sig- 
aifies  aaaa,  therefore  a*  f  a*  =:  aaa  %  aaaa  ■=  aaaaaaa  —  a' 
by  definition,  for  a'  means  nothing  else  but  a  multiplied  iuto 
itself  seven  times. 

The  siffn  of  the  product  of  two  quantities  is  determined 
by  this  rule;  viz.  the  product  of  two  quantities  aftccted  by 
the  same  gign  is  positive,  of  two  affected  hy  different 
negative. 

Thus   +nx  +  t=+n6; 


—  a  X  +  6  -  -  ab; 
+  a  X  -  ft  -  -  ab; 
-a-K-b~+ah. 
This  rule  may  be  thus  explained  t 


:  -I-  b  signifies  that  a  is  to  be  added  h  timcai 
unc  OS  adding  1  ab  times,  therefore  the  result 

signifies  that  6  ix  to  be  subtracted  a  timeR. 
thing  OS  subtracting  I  ah  times,  therefore 


(0    +« 

which  is  the  1 
is  -f  ab. 

(2)     +  a  -.      ..  ..(, 

which  is  the  same  thing  as 
the  result  i«  -  ab 

(S)     —  a  X  +  ft  signifies  that  a  U  to  be  imbtracted  b  timei 
therefore,  aa  in  the  lost  cose,  the  result  is  —  ab. 

(4)      -  a  X  -  A  may  he  interjjreted  to  mean  that 
to  be  subtracted  &  timc»).  or  that   -ab  h  to   he  fitbtraet 
or  that  ab  ia  t«  be  cuUlal.  therefore  the  result  is  +  ab. 

Numben  ore  multiplied  together  »»  in  common  arithn 
Uc;  thus  ia  x  &b  la  not  written  i  x  Sab  but  Gab. 
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MIJLTIFUOATIOK. 


Wliat  has  been  said  hitherto  applies  chiefly  to  the  uiulti- 
plieation  of  simple  algebraical  quantities,  or  expressions  of  one 
term  only.  When  two  polynomials  are  multiplieil  together, 
lach  terra  in  the  multiplicand  must  be  multiplied  by  each 
term  in  the  multiplier,  and  the  sum  of  all  such  products 
(arranged  aa  is  most  convenient)  will  be  the  complete  product 
H      required. 

^^B  It  is  usual  in  algebraical  multiplication  to  commence  with 
^^^Hie  term  on  the  left  band  of  an  expression,  instead  of  com- 
^^^■nenciug  on  the  right  as  in  arithmetic. 

^^^B      When  the  same  letter  occurs  iu  an  expression  with  dif- 

^^^nrent  indices,  it  is  usual,  and  iu  most  cases  of  the  application 

^^^mf  algebra  necessary,  to  arrange  the  expressions  according  to 

^^^he  powers  of  that  letter:  thus  the  expression  l-Sx  +  Sa^-a? 

ought  not  to  be  written   l  +  Sjj*  -  Sx  -  x',  but  it  may  with 

propriety  be  written  as  we  have  given  it,  in  which  case  it  is 

said  to  be  arranged  according  to  ascending  powers  ofx;  or  it 

may  be  written  thus  —  j?  +  3x'  -  Sjr  +  1,  in  which  case  it  is 

said  to  be  arranged  according  to  deaemding  potvers  ofx.    The 

rtudcnt  cannot  be  too  cai'cful   in  attending  to  the   proper 

'angement  of  expressions. 


EXAIII 

a  +  b 

e  +  d 

ac+  be 

ad  +  bd 

>LKS. 

bc^ 
b<:^  + 

a  +  b 
a-b 
a'  +  a6 
-ab- 

-6' 

ao  +  hc  +  ad-t-  bd 

a' 

V 

a  +    6a;  +    flJ^ 
a  -    bx+    ca;' 

fif 

-abx-   b'af- 
aos?  + 

ffl*              +(2ac- 

i")!"* 

»■«• 
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In  this  example  the  product  has  been  arranged  according  to 
ascending  powers  of  x^  because  the  multiplicand  and  multiplier 
were  so  arranged;  and  on  this  account  the  two  terms  in- 
volving a?9  viz.  5laca^  and  —  Va?^  have  been  collected  into 
one  term,  and  the  combined  quantity  2 ao  —  6*  is  considered 
as  the  coefficient  of  0^. 


a? 

+  2X 

-  1 

x" 

-  2a;  +  1 

x' 

+  2a:» 

^a? 

-23f 

-  4aj*  +  2a? 

«*  +  2a?  - 

1 

x' 

-  4a?*  +  4a?  - 

1 

The  operation  of  multiplication  may  be  sometimes  ab- 
breviated in  the  following  manner. 

It  is  easily  seen  by  actual  multiplication,  that 

(a  +  6)  X  (a  -  6)  «  a?  -  6*, 

or  that  the  product  of  the  sum  and  difference  of  two  quantities 
is  equal  to  the  difference  of  their  squares ;  a  theorem  which  may 
be  used  in  the  multiplication  of  such  quantities  as  those  in 
the  last  example,  or  more  generally,  in  the  multiplication  of 
two  polynomials  which  involve  the  same  algebraical  quantities 
but  different  algebraical  signs. 

Thus  (a?*  +  2a?  r-  1)  X  (a;*  -  2a?  +  1) 


«  (a?*  +  2a?  -  1)  X  (a?*  -  2a?  -  1) 
«  aJ*  -  (2a?  -  1)*  =  aJ*  -  (4a?*  -  4a?  +  1) 
=  a^  -  4a?  +  4a?  -  1, 
the  same  result  as  before. 

Again,        (a?  +  y  +  ;?-w)x(a?-y  +  ;8r  +  tt) 

■:(a?  +  ;8r  +  y-w)  X  (a?  +  ^-y-tt) 

«  (a?  +  jgr)*  -  (y  -  «)* 

=  a?*+  2a?;8r  +;?'-  y*+  2yu  —  w*, 

a  result  which  may  be  verified  by  direct  multiplication. 
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DIVISION. 


j^^^P    24.     Divuuon  being  t)ie  inverse  of  multiplication,  its  rules 
11       w»y  be  deduced  from  thoHe  of  multiplication. 

Quantities  which  are  iml  iwtwors  of  iho  (uiinc  quantity  can 
be  divided  one  bj*  another  only  by  writing  one  under  the  other 
in  the  form  of  a  vulgar  fraction. 

But  qiinntitics  which  ure  powers  of  the  Name  quantity 
can  be  diWded  one  by  another  by  subtracting  the  index  of 
the  {li\ii«or  from  tliat  of  the  dividend.  Thu«  a*  -^  a  ^  a*, 
bccauHc,  OS  we  have  seen,  a  n  a^  m  <^. 

K""ie   rule  of  signs  is  this ;  the   division  of  quantities  of 
igns  givea  a  positive    quantity,  and  of  unlike  sixns  a 


Bometinics  the  divimon  of  unlike  quantities  can  be  par- 
effected  ;   thuA    -   ,  ,  —  -y- ,  where  the   dividend  can 
E  nnd  b  of  abd,  but  not  by  the 


^^bne  o 
][L%ithci 


»  divided  by  the  (actors  t 
factor  d. 

When  a  polynomial  is  to  he  dh'ide<l  by  a  simple  ([uantity 
each  term  of  tlie  polynomial  miwt  be  dinded  by  it,  and  the 
sum  of  the  terms  so  found  aircetod  with  their  proper  signs 
will  be  the  quotient 

The  process  of  dividing  one  polynomial  by  another  ts 
f  of  greater  difficulty,  but  is  rendered  sufHciently  simple 
r  its  analogy  to  long  divbion  in  common  arithmetic.  The 
t  step  is  to  arrange  the  divisor  nnd  dividend  according  to 
either  ascending  or  descending  powers  of  some  letter  com- 
mon to  the  two ;  the  division  of  the  Hrat  term  of  the  dividend 
I  by  the  first  term  of  the  divisor  gives  the  first  term  of  the 
gnotient;  multiply  the  divisor  by  this  term,  and  subtract  the 
BToduct  from  the  dividend;  bring  down  aa  mauy  more  of  tbo 
pnos  of  the  dividend  as  may  be  required,  and  repeat  the 
process  until  all  the  temis  have  been  brought  down. 
I  The  only  point  in  this  rule  which  eecma  to  require  ex- 
planation, is  the  arranging  of  the  expressions  according  to 
powers  of  some  common  letter.  The  reason  may  be  given 
thus;  division  is  tlic  inverse  of  multiplication,  and  in  order 
to  make  division  successful  we  must  be  sure  that  we  follow 
ocactly  the  reverse  stqw  of  some  particular  mode  of  multi- 
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plying,  for  two  expressions  may  be  multiplied  together  in 
many  diflTerent  ways  according  to  the  arrangement  which  we 
choose  to  adopt ;  now  we  are  sure  of  following  an  exactly 
reverse  process  by  attending  to  the  rule  of  arrangement 
which  has  been  g^ven,  for  the  quotient  and  divisor  may  be 
conceived  to  have  been  multiplied  together  according  to  this 
rule  to  form  the  dividend. 

It  cannot  be  positively  asserted  that  the  operation  of 
division  will  never  succeed  unless  the  quantities  be  arranged 
according  to  the  powers  of  some  common  letter ;  but  it  may 
be  said  that  in  general  the  operation  will  fail,  and  that  we 
can  never  ensure  success  unless  the  quantities  be  so  arranged. 


EXAMPLES. 

a  +  b)  a^ ^b^  (a-  b     Quotient 
a'  +  ab 


'-ab-'b^ 
'-ab-'V 

X  ^y)   a?  -  Sa?y  +  Sx%^  —  y*   («*  -  2a?y  +  y* 
0?  -    ofy 

-  2a?y  +  Sary* 

-  2a?y  -{-  2a?y* 


xy"  -y* 
xf  -y^ 

«  +  y^  «■  +  y*      («■■*  -  «""'y  +  a:""'y^  -  &c. 
«■  +  a^'^y 

-«"'*y  +  y" 

^■-y  +  y" 

a:"-y  +  a:»-Y 

-  aj"-y  +  y" 
&c.     &c. 


DIVISION.  13 

Let  us  determine  under  what  circumstances  the  preced- 
ing division  will  terminate.  Suppose  n  to  be  an  odd  number, 
then  we  shall  arrive  at  length  at  a  remainder  a;y""*  +  y",  which 
is  evidently  divisible  by  x  -^  y,  and  therefore  the  division  ter- 
minates; but  if  n  be  even,  we  shall  have  the  remainder 
—  a?y""*  +  y",  which  is  not  divisible  by  x-k-  y^  and  therefore 
the  division  does  not  terminate. 

In  like  manner  it  may  be  shewn  that  af-^y^is  never  divi- 
sible by  a;  -  y,  and  that  a:"  -  y"  is  divisible  by  a;  +  y  if  n  is 
even,  and  by  a?  -  y  whether  n  is  even  or  odd. 

The  following  example  is  given  to  shew  the  importance 
of  arrangement : 

a  +  ij  a'  +  2a  +  1  {a  +  \ 
a'  +    a 


a  +  1 

a  +  1 


thus  the  operation  terminates ;  but  suppose  we  had  proceeded 
thus  : 

a  +  ij  1  +  2a  +  a*  C +  &c. 

a      a^ 


1 

+ 

1 

a 

+  2a 

— 

1 
a 

1 

1 

a 

a' 

1 

&c. 

and  the  operation  will  never  come  to  an  end. 
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Let  US  determine  under  what  circumstances  3?  +  o^ 
divisible  hy  x  +  y. 

X  +  1/)  X?  +  ax  +  b  {x  +  a  -  ij 
.  a^+  yx 

{a-y)x  +  b 

(a  -  y)  J!  +  oy  -  y* 

I'-ay  +  y' 

we  nave  then  in  general  a  remainder  ft  -  ay  +  y*,  «nd 
x"-  +  ax  A-  f>  is  therefore  not  divisible  by  a  +  y  unless  y  be 
such  a  quantity  that  6  —  ay  +  y"  =  0. 

In    like    manner    wc    can    determine    the    condition 
a^  +  ax* -i-  bx  +  c  being  divisible  by  x  +y. 

x+y)  a?  +  as?  +  6j;  +  c  (^ar*  +  (a  -  y)  j;  +  6  -  oy  +  y" 
«"  +  y«' 


.  +  6y  _  ay»  +  y* 


(»■ 

-y)»' 

+  4* 

(«■ 

-j)«' 

+  (<>!/ 

-y") 

U 

().- 

aj4 

■y") 

(6- 

oy4 

■»•) 

c  -  fty  +  ay»  -  y» 
Hence  the  division  ts  not  possible  unless  y  be  such  a 


quantity  that  e  -  bjf  ■{ 


ON  THE  MEANING  OF  FRACTIONAL  AND 
NEGATIVE   INDICES. 


25.  Hithert-o  a"  has  been  tmderstood  to  signify  a 
n  times,  and  therefore  n  haa  been  supposed  to  be  a  whole 
number.  But  it  becomes  a  question  whether  it  may  not  be 
possible  to  assign  a  meaning  to  the  symbol  a'  in  other  ca^es, 
whether,  for  instance,  we  may  not  assign  a  meaning  to  at,  and 
to  a".  In  doing  so  the  only  thing  to  be  attended  to  is,  that 
no  supposition  be  made  contradictory  to  any  thing  which  wc 
liBVc  at  present  laid  down,  and  it  will  manifestly  bo  most 
convenient  that  the  rules  for  multiplying  and  dividing 
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quantities  as  we  speak  of  should  be  the  same  as  in  the  ease 
of  a  positive  index.  Suppose  then  we  make  this  convention, 
that  the  rule  of  indices  which  has  been  proved  in  the  case  of 
positive  integer  indices  (Art.  23)  shall  hold  true  in  aU  cases ; 
that  is^  let  us  assume  that  universally, 

a^  y^  a*  ^  ^w+n  ^jj 

a** 
and     —  =  a"*""  (2)* ; 

then  it  will  be  foimd  that  these  assumptions,  which  contradict 
nothing  preceding  them,  will  be  sufficient  to  determine  the 
meaning  of  a*  when  n  is  fractional  or  negative.  For  we  have 
by(l) 

ai  X  a^  ^  aJ+i  «=  a, 

but    ai  X  a^  ^  {a^y ; 

.-.    (aJ)««a, 

or    fli  =  \/a. 
Or  more  generally, 

-  -  ,  i+  i top  ttrau 

ff  X  cr  X p  times —  o'    '  ■■  a; 

11  1 

but   (j^  X  of  X p  times  =  (a^)'; 

1 


or    aF  e  va. 


Hence  the  symbol  of  represents  the  jf^  root  of  a,  and  a^ 
represents  the  p^^  root  of  o* :  thus  4J  «  2,  and  4*  -  8.    It  will 

be  seen  also  that  v  \/a  ■■  voJ  =  ai^ i  «  a**,  and  so  on. 

Again,  suppose  that  in  (1)  we  write  -  n  for  n,  then  we 
have 

but  by  (2)  —  =  a*"" ; 

a 

"  It  will  be  easily  seen  that  these  two  assumptions  are  not  independent,  (2)  being 
fanmediateljr  deducible  from  (1). 


which  proves,  that  to  multiply  by  a""  is  the  same  thing  as 

divitle  by  a\  or  that  a""  =  — ;  thiis  S"*  =  — .-.  and  4-i  - 

a'  \/2 

TI1U8  we  have  asBigned  to  negative  and  fractional  indices 
a  meaning  not  inconsistent  with  any  thing  which  precedes, 
and  which  will  be  found  of  great  service.     We  shall  therefore 

henceforth  use  the  symbols  >/«,  ~ ,  and  a",  a''  indifl'erei 


26.     A  rather  remarkable  consequence  follows  from  ( 
which  will  require  a  few  words.     If  we  suppose  111  and  n  to  be 
equal,  we  have 


ides,         I 
;fore       g 

>  be 

4 


This  result  is,  at  first  sight,  somewhat  paradoxical,  nevertJicIcas 
it  must  be  received  as  true,  being  a  legitimate  deduction  from 
our  previous  assumptions ;  moreover,  it  is  not  wholly  incapa- 
ble of  being  interpreted  in  such  a  way  as  to  mitke  it  intelli- 
gible. For  suppose,  first,  that  a  is  a  number  greater  than 
1  ;  then,  if  we  extract  it.s  square  root,  it  is  evident  that  the 
square  root  will  be  less  than  the  number  itself;  let  the  square 
root  be  again  extracted  and  the  number  will  be  still  further 
decreased  ;  let  this  process  be  repeated  a  great  many  times, 
say  a  thousand,  then  the  number  will  have  decreased  at  each 
process,  but  will  never  be  made  less  than  I .  because  if  so,  oou- 
veraely  a  nuantity  iesd  than  l  might  he  made  greater  than  1 

by  squaring,  which  is  absurd:  hence  a^" ,  which  represents 
the  square  root  of  a  taken  a  thousand  times,  must  be  very 
nearly  -  I.  but  not  quite.  Again,  aecondty.  let  a  be  a  number 
less  than  I,  and  let  ihe  same  process  be  peribrmeil  upon  it, 
then  it  is  clear  from  the  same  kind  of  reasoning  that  the 
number  will  increase  at  each  process,  but  that  it  can  never 

become  quite  -  i  :  honee  olau  iu  this  case  a'     nearly  -  I,  but 
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•  not  quite.     But  - 


i  a  very  small  quantity  indeed,  and  it 


THE  GREATEST  COMMON   MEASURE. 


therefore  appears  that,  whether  a  be  greater  or  leas  than  I, 
when  n  is  veri/  small,  a'  verif  nearli/  =  1,  and  hence  we  can 


27.     Dbf.      The  t/reaCest  common  measure  qfttvo  numberg  u 
greatest  number  which  will  divide  both  witfiout  remainder. 

The  greatest  common  measure  of  two  algebraical  expres- 
lionB  must  be  defined  rather  differently. 

Dbf,  Let  two  algebraical  e^reaatona  be  arranged  accord- 
ing to  desctiiding  powers  of  some  common  letter,  then  the  /actor 
qf  the  higlieat  dimension  with  respect  to  that  letter,  which  divides 
both  without  remaijider,  is  tfie  greatest  common  measure  of  the 
[Moo  expressions. 

It  would  be  more  correct  to  speak  of  the  highest  common 
'm/t,  since  the  terms  greater  or  less  are  not  applicable  to 
algebraical  expressions,  which  are  great  or  small  according  to 
the  numerical  valuer  which  we  choose  to  assign  to  the  letters 

•  The  mentiing  of  ihe  equnlion  a"  =  I,  and  of  negatise  indici 
iUiUltaliDn  that.     Take  any  powti  of  a.  ■>  a',  and 
a,  and  lo  mx;  ihen  we  shall  produce  the  following  ec 


nbj 


^H  No 


..  {.iy 


a°  =  l.   a-i  =i 


if  qiunrities  by  coniinuitlf 

(•>■ 

he  comtn™  cements  aie  llie 
but  ihia  Idenlii;  cuinot 

,  Ac. 


ing  of  fnulional  indice*  might  bo  iUoatialed  in  m  (iniilar  manner;  but 
At  vtew  given  in  the  lext,  respecting  the  ground  upon  which  the  theory  of  bmb  (rBCtloDsl 
Mid  negatiTe  indices  ii  buili,  appear*  to  be  the  moat  logical  u  well  ar  the  nioai  timple 
which  cull  be  propoMed. 


involved :  but,  in  accordance  with  established  iisage,  the  nani 
oi  yreatest  common  mea»iire  »vill  be  used. 

28.     To  investi'jate  a  rule  for  finding  tlie  ffreatest  c 
measure  of  two  af{/ehraical  atpressions. 

Let  A  and  B  be  two  expressions  arranged  according  \ . 
descendinj?  powers  of  some  common  letter,  and  let  the  highest 
power  of  that  letter  in  S  be  not  higher  than  the  highest  in  A. 
IMvide  A  hy  B,  make  the  remainder  the  divisor  and  B  the 
dividend,  and  so  on,  until  you  come  to  a  quantity  wbieh  ' 
divide  without  remainder ;  this  last  divisor  will  be  the  greatc 
common  measure  required. 

Tlie  operation  indicated  may  be  represented  aa  underi 
B)    A  ip 
pB 

C)    B   (^q 
qC 

D)   C  Ci- 
r/> 


hich  we  hnvc  the  following  relations. 

A~pB+C  (r), 

B^qC  +  D  (9). 

C-rD  (3), 

Now  it  U  manifest  that  any  quantity  (P)  which  measarea 
two  others.  Q.  R,  will  measure  a  quantity  such  as  mQ^mR*, 
(dnce  it  will  divide  each  of  the  terms  vtQ  and  nflf ;  but  from 
(3)  we  see  that  D  mea-iures  C,  tlierefore  it  measures  qC+i 
that  is.  it  measures  B.  by  (2) ;  therefore  it  measures  pB  -t 
that  is,  it  measures  A,  by  (l).  Hence  Z>  id  a  common  measuitfil 
of  A  and  B.     It  is  aUo  the  greatett  common  measure ;  for  u 

■  The  cipnuion  nQ^nA  Xandi  for  nUttnlt  tnil  mQ-nRi  lib  rad  thiui, 

t  If  ihi»  doM  noi  B|<pur  tiiwilfui,  tht  pnoT  U  ■■  follovii  8in« 
IM  Q-v/*.  •»!  *^u  /'  mnium  U,  Ut  H  .  rP^  Ihcnfon 

..«  i  «  H  -  «,/•  i  B  r  /•-(■»*  nr)  P, 
iIbI  U,  r  DMHUM  mti*  nft. 


I 

I 
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not,  let  it  be  2)';  then  sinee  D'  measures  both  A  and  B  it 
measures  A  —pB,  that  is,  it  measures  C,  by  (l);  therefore  it 
measures  B  -  qC,  that  is,  it  measures  D,  by  (2) :  but  D' cannot 
measure  D  if  it  be  a  quantity  of  higher  dimensions,  therefore 
jy  is  not  a  greater  common  measure  than  D,  that  is,  D  is  the 
greatest  common  measure. 

In  order  to  render  the  preceding  process  euceessful,  it  will 
be  necessary  to  modify  the  remainders,  and  also  the  given  ex- 
pressions, in  such  a  manner  as  to  avoid  fractional  coefficients 
in  all  the  terms  which  occur.  We  may  do  this  by  multiplying 
by  any  quantity  which  does  not  introduce  a  new  common 
measure,  sinee  it  is  clear  that  the  proof  which  has  been  given 
will  not  be  affected  by  supposing  the  expressions  so  modified. 
Also,  any  factor  whicli  is  found  to  belong  to  one  remainder, 
and  not  to  the  other  which  is  used  as  the  divisor  or  dividend 
to  it,  should  be  omitted. 


The  rule  for  finding  the  greatest  common  measure  of  two 
numhera  follows  at  once  from  the  preceding  investigation ;  in 
the  arithmetical  process  there  b  clearly  no  need  of  that  modi- 
fication of  the  remainders  or  the  given  quantities,  which  forms 
so  important  a  part  of  the  algebraical. 

Ex.     Find  the  greatest  common  measure  of 

Si*  +  2ar*  +  3jr  +  2  and  4jr'  +  IOj^  +  4 ji  -  2. 

The  first  thing  to  be  done  is  to  reject  the  factor  2,  which 
belongs  to  the  latter  quantity  and  not  to  the  former;  then 
the  operation  is  continued  thus : 

3  J*  +    2j^+    3x  +    2 

93?  +  5j^  +  2a!- 


u 

6»< 

+ 
+ 

40^  + 
151"  + 

6«   + 
6^- 

4   (,Sx 
3a; 

- 

2 

e^* 

9j:+    4 

_ 

22^- 

I2a^  + 

]8j:+    8 
221  +  U 

431' + 

40  a;-    3 

At.QKDRA. 


SSOox'  +  Sgsejr-  1849  (,1S5 
58053:*  +  5400^  -     405 


(Hqecting  tlie  factor  -  1444) 

jc  +\)   *33^+  40.r  - 
+33^  +  43  J 


I    (^43  J 


Hence  a:  +  1  is  the  greatest  conunou  measure  required. 

The  example  here  given  is  one  of  considerable  coinpli. 
CHtioD,  but  is  wortliy  of  attention  as  ilhiBtrating  the  peculiar 
difficulties  besetting  the  search  for  the  greatest  common 
measure.  The  student  is  particularly  advised  to  obtain  fa- 
cility in  working  examples  under  this  rule  before  proceeding 
farther ;  not  so  much  because  the  process  of  finding  the 
latest  common  measure  ia  one  of  frequent  use  in  practice, 
I  because  the  greatest  care  is  necessary  to  ensure  the  suo- 
I  of  the  operation,  and  the  working  of  examples  under 
this  rule  is  therefore  an  excellent  means  of  gaining  that  skill 
in  the  management  of  symbols  which  is  essential  in  the  sub- 
tiequent  applications  of  algebra. 

It  not  unfrequently  happens  that  the  greatest  common 
moatturc  of  two  polynomials  can  be  discovered  without  per- 
forming the  operation  above  described :  as  for  example,  suft 
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I  poBe  it  were  required  to  find  the  greatest 
l;Of  a^-  a*  and  ^—  b3?-\-  a*x  —  a*b;  we  h&Ye, 

«<-«*- (ii^- a')  (j?  +  a»). 

and  a^  —  b!t^  +  a'x-a*b=  x'(x  -  6)  +  a*(j:  -  6), 

=  (.7^  +  o»)(.r-6), 

and  it  is  evident  that  x^  +a''  ia  the  greatest  common  mea- 
sure. In  fact,  the  rule  which  we  have  given  for  discovering 
the  greatest  common  measure  may  be  dispensed  with,  when- 

I  ever  it  is  possible  to  ascertain  by  inspection  the  simple  factors 

L  of  which  the  polynomials  are  composed. 

29.  The  greatest  common  measure  of  three  quantities 
I  ^,  B  and  C,  is  found  thus;  Find  D  the  greatest  common 
r  measure  of  A  and  B,  then  the  greatest  common  measiu'e  of 
i  D  and  C  will  be  the  greatest  common  measure  required. 

For  every  measure  of  A  and  B  measures  D,  and  there- 
[  fore  every  measure  of  A,  B  and  C  measures  C  and  D,  and 
i  hence  the  highest  measure  of  A,  B  and  C  will  be  the  highest 
\  measure  of  C  and  D. 

Ex.     Find  the  greatest  common  measure  of  j^-t-x--ix+2, 
-a^+x  -  1,  and  «''  +3  j;  -  4. 


First,  to  find  the  greatest  common  r 


.■^  +  x^-ix  +  2J  .7^-.r'  + 


2«'-5*+3J  2a?  +  S3^-Sx  +  *  {^x 


7«*- 

-nar  +  * 

« 

Ux'- 

-B»af  +  8  (_ 

14.r»- 

-3Sjr +  31 

Rejecting  the  factor  13,  we  have  for  the  new  divisor  a:  -  I  ^  i 


—  3a!  +  3 
-3a;+3 


and  ;t;  -  1  is  the  greatest  common  measure  of  the  first  i 
given  quantities. 

We  have  now  to  find  the  greatest  common  measure  i 
X-  I  and  x'  +  Sx  -  4. 

x-l)x'+3x-Hx  +  * 
x'  —  x 


x~  }  la  itself  the  greatest  common  measure  required,  i 
therefore,   according  to  the  preceding  nde,  is  the  grcatfl 
common  measure  of  the  three  given  quantities. 

30.  One  application  of  the  rule  for  finding  the  greatest 
common  measure  of  two  quantities  is  to  the  simplification  of 
fractions;  they  may  frequently  be  simplified  by  inspection, 
but,  if  this  cannot  be  done,  find  the  greatest  common  mea- 
sure of  tlie  numerator  and  denominator  by  the  prec« 
method  and  divide  both  numerator  and  denominator  by  it. 


THE  LEAST  COMMON  MULTIPLE. 

31.  Dkf.  If  A  and  B  are  two  alffebraical  expreastcui 
arrnitgcd  according  to  detcending  powera  <if  some  common  Utter, 
and  M  the  quantity  of  totaett  dimensions  with  respect  to  that 
letter  which  is  dtvitibU  hy  both  expretnorui,  then  "H.  it  th»  i 
cotnnum  multiple  of  A  and  B. 

To  Gnd  M,  let  m  be  any  multiple  of  A  and  S,  so  that 
m  m pA  m  qB; 
then  by  ^finition  M  will  be  that  value  of  m  for  which  p  i 
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q  are  of  the  hweat  dimensions.     But  since  pA^qB,  we  have 

-  =  — ,  and  therefore  the  proper  value  of  -  will  be  found  by 
q      A  q 

reducing  —  to  its  lowest  terms.     Hence  if  2>  be  the  greatest 

common  measure  of  J  and  B, 

B  A 

AB 
and  therefore  M ^pA  «  qB^  -jr-. 

Hence  we  have  this  rule:  Multiply  the  two  expressions 
together  and  divide  the  product  by  the  greatest  common  measure^ 
the  quotient  will  be  the  least  common  multiple. 

In  practice  it  is  better  to  divide  one  of  the  quantities  by 
the  greatest  common  measure,  and  multiply  the  other  by  the 
quotient. 

If  two  quantities  have  no  common  measure  it  is  plain  that 
their  least  common  multiple  is  their  product. 

Example.  Find  the  least  common  multiple  of  a?  -  2af  +  1 
and  /p*  —  jj*  -  0?  +  1. 

"W^  +2^-1 


2i»'-4a7  +  2 


207*-  4i»  +  2 


a^^lj    ^^-207  +  1    (^»-l 

01^—  Of 


-ZP  +  1 
—  0?  +  1 


Hence  jr  -  i  is  the  greatest  common  measure. 
Again  x  -  ij  x*  ~  j^  -  x  +  l   {,x'  -  l 


-x+  1 

-x+  I 


.:    {a^ -l){x' ~ix  *■  l)~-'?~ix* +  2x  -  I    ia    the 
common  multiple  required. 

32.     The  least  common  multiple  of  three  quantities 
and  C  is  found  by  determining  the  least  common  multiple  D 
of  any  two  of  them,  as  A  and  B,  and  then  Ending  the 
common  multiple  of  D  and  C 

Ex.     Find  the  least  common  multiple  of  3!*  —  l,  a?  — 
and  ,T*  +  5*  +  4. 

The  greatest  common  measure  of  a^—  1  and  a?—  l  is  easily 
found  to  be  x  —  i  ;  therefore  the  least  common  multiple  ia 
(x'-iMa;'-!)^  ^^  (x+i)(ic^-i).    We  must  now  tod  the 

least  common  multiple  of  this  quantity  and  3^  +  5a!  +  4:  it  will 
be  fount!  that  the  greatest  common  measure  is  x  +  l ;  there- 

1  multiple  will  be  ~ ' 


fore  the  least  c 

or  (r*  -  l){a^  +  5a:  +  4),   or  a:*  +  3a:*  +  4a:'  - 


ON   FRACTIONS. 


33.  In  arithmetic  we  define  a  fraction  thus :  A  fraction 
is  any  part  or  parts  of  a  unit  or  whole,  and  it  consists  of  two 
mcmbcrH,  a  denominator  and  a  numerator,  whereof  the  for- 
mer shews  into  how  many  parts  the  unit  h  divided,  the  Utter 
shews  how  many  of  them  are  taken  in  llic  ^ivcn  case. 

Thus  ^  denotes  tliat  the  unit  is  divided  into  .1  parts  and 

that  s  of  them  arc  taken  ;  and  more  generally  -  denotes  that 
tho  unit  ia  dirided  into  b  ports  and  that  a  of  tbem  are  taken. 


I 

turn      I 


&  we  ciinnot  give  exactly  the  same  definition,  for 

I  we  call  any  quantity  of  the  form  -  a.  fraction,  although  a  and 

\  b  are  not  necessarily  representatives  of  whole  numbers,  as  they 
I  must  be  if  the  fraction  be  an  arithmetical  or  vulgar  fraction. 

What  is  meant  by  the  algebraical  fraction  -  is  simply  this, 

I  that  any  quantity  affected  by  it  is  to  be  multiplied  by  a,  and 
[  divided  by  b ;  this  definition  however  includes  that  given 
above  for  vidgar  fractions,  as  it  ought,  because  algebra  ia  a 
I '  more  general  science  than  arithmetic,  and  includes  arithmetic 
[.in  its  rules. 

34.  To  add  tivo  or  more  fractions  together,  brittff  them  to  a 
I  common  denominator,  add  the  numerators  for  a  new  numerator, 
I  and  take  the  common  denominator  for  the  new  denominator. 


be  two 

fractions, 

hen  -  + 

0 

c 
d' 

ad 

lic 
bd' 

ad  +  be 
bd 

d  cannot  affect  the  value  of  the  fraction ;  and  in  the  next 

I  place  -i—.  +  T-j  indicates  that  a  quantity  is  to  be  divided  by 

I  hd  and  multiplied  first  by  ad  and  then  by  6c,  and  that  these 
f  two  products  are  to  be  added  together,  whereas  the  expres- 

LBion  — irj~      indicates  division  by  bd  and  multiplication  by  j 

f  ad  -f  be,  but  this  is  manifestly  the  same  operation  as  in  the  I 
r  _  ,  ad      be      ad  +  be 

I  former  case,  hence  -r-,-*-r-.  =  ■ — r^ —  ■ 
bd      bd  bet 

The  rule  for  subtraction  follows  at  once  from  that  for 
addition,  and  is  expressed  by  the  formula 


35.  When  any  number  of  fractions  are  to  be  reduced  to 
a  common  dcnomiuator,  tbe  rule  (which  requires  no  proof)  is 
this:  Multiply  each  numerator  by  every  denominator  except 
its  own,  and  all  the  denominators  together  for  a  new  denomi- 
nator; connect  the  numerators  together  with  their  proper 
signs,  and  place  under  them  the  new  denominator ;  lastly, 
reduce  the  fraction  so  formed  to  its  lowest  terras.  This  rule 
may  be  sometimes  usefully  superseded  by  the  following : 
Find  the  least  common  multiple  of  the  denominators,  take 
this  as  the  new  denominator  and  its  protluet  by  the  several; 
fractions  for  the  several  new  numerators. 

Ex,  I.     Reduce  the  expression — — -z  to  its  i 

simple  equivalent  form. 

In  this  case  1  -  at*  is  the  least  common  multiple 
two  denominators,  and  we  have 

x^  J?         .T*{\  +x)  -x^         ar* 


which  ia  the  form  required. 
Ex.  9.     Reduce 


to  its'* 


{x  +  If     (*+!)*     *  +  s 
simplest  equivalent  form. 

The    new   denominator  will   be  («  +  !)*{»  +  «),   and  the, 
expression  may  be  written  thus, 

4(j  +  l)*(j  +  g)  -  s(jF  +  1)  (g  +  g)  +  (jf  +  8)  -  ^{0!  +  ly 


C» +!)»(<.  + J) 

(.  +  S)j*(.  +  1)»-S(»-1-1)  +  1)  - 

4(..  + 

'f 

(.tij-C.  +  s) 

(«  +  2)  (♦«•  +  3«  +  a)  -  ♦(.t'  +  a»*  +  3»  +  1) 

C.  +  iJ-C^+s) 

4^  ■(-  tS«l  +  IS-r  -f  4  -  4«>  -  !«.»« 

-  \tm- 

-4 

(Jit  !)■(»  +  «) 

^ 

which  18  the  form  required. 


16.     To  multiply  two  fractions  together,  multiply  tM  nume- 
ratora  toget/ier  for  a  new  numerator  a/td  t/te  denominators  together 

I  for  a  new  denominator. 
I       I^et  T .  ■;  be  the  two  fractions,  then  will  -  x  -  ■■  —  . 
\  b     a  b      a      bd 

iTlus  is  a  consequence  of  the  meaning  of  the  symbols,  for 
£-  X  ~  signifies  that  the  quantity  c  is  to  be  divided  by  d,  then 
multiplied  by  a,  and  then  divided  by  b ;  and  -~  signifieg  that 

a  and  c  are  to  be  multiplied  together  and  then  divided  by 
the  product  bd;  hence  the  operations  indicated  in  the  two 
cases  are  the  same,  the  order  of  them  is  the  only  difference, 
but  the  order  of  operations  has  no  effect  on  the  result ; 


b      d      bd 
The  same  reasoning  will  shew  that  "  ^  j  ■"  "t  • 

It  will  be  observed  here  as  in  other  cases  that  a  rather 
I  extended  sense  is  given  to  the  term  multiplication;  the  student 
fBhould  understand  by  the  term   an  algebraical  operation  of 
1  multiplication  in  arithmetic  ie  the  type. 

To  divide  one  fraction  by  another,  invert  the  divisor 
in  multiplication. 

Since  to  divide  is   the   inverse  of  to  multiply,  it  follows 


that  to  divide  by  -  is  the  t 


thing  as  to  multiply  by  -; 


I  and  hence  the  rule. 

f  It  is  hardly  necessary  to  state,  that  in  this  and  all  other 
Cflscs  the  fractions  resulting  from  any  of  the  operations  for 
which  the  rides  have  been  given  should  be  reduced  to  their 
lowest  terms. 


ON  THE  TnEORY   OF   DECIMAL  FRACTIONS. 

38,  The  principles  of  algebra  which  we  have  been 
veloping  are  aufficient  to  enable  us  to  explain  and  prove  the 
rules  of  decimal  fractiona;  and  as  we  have  been  speaking  of 
fractions,  this  will  be  a  couvenient  place  for  introducing  the 
sulyect. 


A  decimal  fraction  is  one.  which  hag  10  c 
its  denominator. 


'j^ 


39.  Def. 
power  o/  lO/o 

Hence  a  decimal  fraction  will  be  represented  algebraically 

N 
by   — ;  where  n  is  the  number  of  decimal  places,  and  N  is 

the  whole  number  which  the  decimal  would  represent  if  we 

omitted  the  decimal  point.     Thus  l.S7"=  — :.  in  which  case 

N^  137  and  n  =  2. 

Having  obtained  thia  general  symbolical  representation  of 
a  decimal,  all  the  rules  will  follow  with  great  simplicity. 

40.  To  prove  the  rule /or  the  midtiplication  o/decimaU. 

M      N   ,  _,     -      , 

Let    —  ,  —    be  two  decimals :  then 
itr     ID" 

M^       iV  _  MN 

,o»      10'  ~  nr"' 

The  numerator  of  this  last  fraction  shews  that  the  decil) 

quantities  are  to  be  multiplied  together  as  if  they  were  whole 
numbers,  the  denominator  that  there  must  be  m  +  n  decimal 
places,  that  is,  as  many  aa  in  the  multiplier  and  multiplicand 
together. 

The  rule  for  division  may  be  proved  in  like  manner. 

41.  To  prove  the  rute/or  wnverttJig  a  vulgar /raction  Ail 
a  decimal, 

\jet  -  be  the  vulgar  fraction ;  then 

A      Av.\V-i-B 

--  — identicalty. 
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■■  The  numerator  shews  that  we  are  to  add  cyphers  at  pleasure 
to  the  right  of  A,  (for  that  la  the  same  thing  as  multiplying 
by  10",}  and  that  we  are  then  to  divide  by  S ;  while  the  de- 
Domiuator  indicates  that  as  many  places  ai'c  to  be  marked  off 
for  decimals  as  we  have  added  cyphers. 

^42.     To  prove  that  evertf  vulgar  Jraction  mu^t  produce  either 
a  terminating  or  a  recurring  decimal. 
In  the  division  of  ^10"  by  B  every  remainder  must  be 
less  than  B,  therefore  there  can  be  at  most  only  B  -  I   dii- 
ferent   remainders ;    hence    if  no   remainder   becomes   zero, 
that  is,   if  tlie  operation   does  not  terminate,   a   remainder 
I  must  recur  within  B  —  I  operations  at  furthest ;  the  figures 
I  in   the   quotient   will   then    recur,   and   the   result  will   be  a 
Irecurriug  decimal, 

43.      To  determine  the  form  of  those  vulgar  fi-actioits  which 
idwx  terminating  decimaU. 

We  have  as  before  i 

A      AKV-i-B  ' 

B  io^^       ■ 

Now  in  order  that  the  above  may  be  a  terminating  decimal, 
f  B  must  divide  A  lO"  without  remainder ;  but  B  cannot  divide 
mA  since  we  suppose  the  fraction  to  be  in   its  lowest  terms, 
■-therefore  it  must  divide  10".     But  it  is  easy  to  see  that  the 
'  only  numbers  which  will  divide  lO'  are  those  which  are  made 
up  of  the  factors  2  and  5,  because  these  are  the  only  two 
numbers  which  will  divide  10,     Hence  B  must  have  no  other 
factors  than  2  and  5,  or,  speaking  algebraically,  B  must  be  of 
the  form  2^5'.     For  example,  ^  will  produce  a  terminating 
decimal,  because  8  =  2';   but  ^  will  not,  because  24  is  di- 
visible by  3. 

These  are  the  most  simple  propositions  relating  to  de- 
cimals;  others  will  be  found  in  Arts.  (6o)  and  (107), 
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ON  INVOLUTION  AND  EVOLUTION. 

44.  Involution  is  the  process  of  multiplying  a  quantity 
by  itself  any  number  of  times ;  Evolution  is  the  finding  of  a 
quantity  which  being  multiplied  into  itself  a  given  number  of 
times  shall  become  equal  to  a  given  quantity,  in  other  words 
evolution  is  the  extraction  of  any  root  of  a  quantity. 

45.  The  involution  of  a  simple  quantity  is  efiected,  as 

we  have  seen  (Art.  25),  by  multiplying  its  index,  and  the 

evolution  by  dividing  the  index ;  for 

p 
{aPy  »  ar^  and  \/a?  «  al 

46.  The  involution  of  a  polynomial  is  a  very  simple 
though  frequently  a  laborious  process,  being  a  process  of 
actual  multiplication. 

Ex.  1.     Find  the  square  of  a  +  6. 

a  +  6 
a  -\-  b 


a'  +  a6 

a«  +  2a6  +  6'«  {a  +  A)" 

Ex.  2.     Find  the  cube  of  a  +  6. 
a*  +  2ab  +  6* 
a  +  5 


a'  +  2a*6  +  ab* 

a'  +  Sa^'b  +  SaV  +  6'  =  (a  +  bf 

It  will  be  easily  seen  that  the  labour  increases  very  rapidly 
with  the  number  of  terms  in  the  polynomial  and  also  with 
the  degree  of  the  power. 


IXVOLUTtOM  aMD  BTOLOTION. 


The  Hqnaring  of  a  polTQomul  is  rendered  very  easy 
by  the  foUowing  theorem  : 

The  aqnare  of  any  polynomial  »  the  tmm  of  the  tquares  ^ 
tarma  +  tmr€  the  prwluct  of  foch  tvro  lenns. 

To  prove  (his  we  observe  that  in  the  expreMtoa  for  (a  +  fr)' 
rule  obrioii»ly  hoM^,   for  (a  +  ti)*  ~  a* +  b^ +  iab;    now 
the  rule  to  bold  for  the  polynomial  a+  b  +  e+  .„+  I, 
that 

+  ft  +  c  +  ...  +  0' ■"*  +  ** +  **  +  —  +  ''  +  Sa6+  iae-t' ...  (i) 
in  introducing  another  t«rm  m  we  must  have 

(a  +  h  4-C...  +  1  *  my  -  {a+  ft  +  c  +  ...  + /  +  m)* 
m  {a  +  h  ^  <■ ...  +  f)'  *  m*  +  3  (a  +  b  +  e  + ...  *  t)m 

icanse  a-f  6  +  e  +  ... +  1  may   all   be    conudered  as  one 
quantity ;) 


■  a'  +  6'  +  «*  +  ...  +  /•  +  3ab  +  9ae  +  . 


+  m»  +  sani  +a&m+  ...  by(l) 

■•  the  «um  of  the  squares  of  the  terms  +  twice  the  pro- 
bnct  of  each  two. 

pence  if  the  theorem  be  true  for  a  polynomial  of  any  number 
f  temui,  it  will  be  true  for  a  polynomini  of  that  number  of 
I  increased  by  one :  but  the  theorem  ia  true  for  an  e\- 
Hnon  of  two  terms,  ,*.  it  is  true  for  one  of  ihret,  .:  for  one 
}/t/imr,  .'.  &c.,  .'.  for  any  polynomial. 

The  mode  of  rcasoninjtr  adopted  in  the  preceding  proposi- 
(lioa  is  one  of  which  wc  »>ha]I  have  to  make  use  again,  and  in 
Stercfore  worthy  of  attentive  consideration*. 

*  Tbii  if  n  exmnipU  of  pcrfrcl  Indufllon.    la  pncilcal  maiten  oai  belief  ti  grat- 
J  fiMDdxl  upon  Ml  inducdun  fnini  panffuUi  full,  ind  (Ik  i^naltt  tha  numbn  of 
W  bcU  on  chich  our  judj^mnit  !■  foandcd  ih<i  i^ruUr  I*  (he  conAdcDH  of  oui  btllef. 
\  All  lh(  iSHnieM  of  mitlxTiKiiai  rcuonliig  kiliiilli  of  du  rMictiinion  !i*«d  upon  luch 
■h,  becsuH  ihe   indueifon   Ituib   nertr  w  tnanjr  piniculu'  cu«*  cannot  do  inon 
■  luong  protabillir,  uul  the  higboi  prDhabiliij'  it  iliojtvihn  dlS^rtnt 
1  uiuhenisdcal  oiulnif.     flit  onlf  hlud  of  inducUoa,  iihich  U  [wrffct. 
bra  uiinlsiible  >n  ni>ihainitlc«,  in  when  it  !■  thcwn,  not  anljr  that  ■  prnpo- 
Wtt'wat  Id  ceRitiD  cmci,  but  aliw)  thai  If  it  ba  irua  In  one,  ' 
m,  ibA  ihcnfore  thai  If  true  In  ou*  It  li  trua  In  alL 
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Examples  of  the  application  of  this  theorem  : 

(y  -  .r  +  2)*  =  .r'  +  .e*  +  +  -  a./-""  +  4.r'  -  *x 
^  y  -  2,r'  +  -l-r'-  4J-  +  4. 

=  x"  -  9,*'''  +  3^*  -  *■'•''  +  ^.r'  -  2.P  +  !. 

48.  Evolution,  being  an  inverse  process,  is  not  so  simpi 
OS  involution,  and  the  rules  for  it  must  be  obtained  by  on 
serving  how  the  power  of  a  compound  quantity  is  fomu)^ 
from  the  quantity  itself 


49.      To  extract  the  square  root  of  a  compountl  qnantitif. 

Since  the  square  of  a  +  ft  is  n*  +  2  a  t  +  ft',  we  may  obtain  a 
general  rule  for  the  extraction  of  the  square  root  by  observing 
how  a  +  ft  may  be  deduced  from  a*  +  2uft  +  ft'. 


(,«+! 


Arrange  the  expression  ac-  , 

cording  to  powers  (say  deaceiut-  ^ 

»Bi/)of  some  letter  a.  The  square  ° 

root  of  the  first   term  a'  is  a,     2a  +  ftj  + Soft  +  6* 
which   is  the  first  term   in   the  2aft  +  fr* 

root;   subtract  its  square  from  ~" 

the  given  expression,  and  bring  down  the  remainder  Saft  +h 
divide  2a 6  by  8a,  and  the   result  is  6,   the  other  term  i 
the   root;    multiply  Sa  +  ft   by  ft  and   subtract   the   product 
from  the  remainder  Soft  +  ft'.     If  the  operation  does  not  ter- 
minate here,  i.  e.  if  there  is  another  remainder,  this  will  shew 
that  there  are  more  than  two  terms  in  the  root ;  in  this  c 
we  may  consider  the  two  terms  u  -t-  ft  already  found  as  i 

and  OS  corrcisponding  to  the  term  a  in  the  preceding  opi      

tion ;  and  the  square  of  this  quantity,  viz  a*  +  9  a  ft  +  ft',  having 
been  hy  the  preceding  process  subtracted  from  the  given 
expression,  we  may  divide  the  remainder  by  2(a  -i^  b)  for 
the  next  term  in  the  root,  and  for  a  new  subtrahend  multiply 
2  (d  +  ft)  -«-  the  new  term  by  that  new  term.  The  proce&a 
may  be  repeated  as  often  aa  necessary. 


INVOLUTION  AND  EVOLUTION. 


Example.     Find  the  square  root  of 

of  -SX*  +  23^  +  J?  -  2x  +  I      {x^  -  X  +  1 

of 


2a»-8a;+  \)     ia?  -2X+  I 
2x^  -Zx  +  1 


60.      To  extract  the  cube  root  of  a  compound  quantity. 
We  have  seen  (Art.  46)  that  (a  +  fr)'=  a"+  3a'5  +  3a6*+  6'. 
Sa*b   +  3ai'+  b^  {a  -k-  b 


I         the 
^BSer 


3aV    3a'6  +  3a6*  +  i' 
3a*6+  3a6'  +  fc' 


i  deduce 
in  the  case  of  the  square 
root.  Arrange  the  expres- 
sion according  to  descending 
powers  of  a,  the  cube  root  of 
the  first  term  a*  ia  a,  the  first 

items  of  the  root;  subtract  its 

snbe  from  the  given  expression,  and  bring  down  the 
•Ber ;  divide  the  first  term  by  3a',  the  quotient  is  b  the 

"term  of  the  root ;  subtract  the  quantity  Sa^b  +  SaV  + 
there  ia  no  remainder  the  root  is  extracted,  if  there 
must  proceed  as  before,  considering  a  +  6  as  one  term 

rnding  to  a  in  the  first  operation. 
Example.     Find  the  cube  root  of 
a^  +  itx"  +  60a;'  +  iGOs^  +  240a:*  +  192a;  +  64    {a?  ■\- 
3a*J     12a!*  +  QOx*  +  l60a;' 
"        (3a*6-)  iS-t" 

<Sa6'=)  +  48a:* 


6';  if 
is  we 
corre- 


8ai*  +24a:*  +  *8ai'J 
(So6'  =) 


\i3*  +  96a:"  +  2*0a;*  +  192a; 
12j!'  +  gear"  +  192a;' 

4Sj:*  +  192a: 


;  and  cube  root  have  b«en  given 


The  cases  of  the  sqtutre  « 
separately  on  account  of  their  more  frequent  occurrence,  and 
in  order  to  explain  the  rules  for  their  extraction  in  arithmetic, 
but  they  are  both  included  in  the  following  investigatioad 
the  method  of  extracting  the  n"'  root  of  a  polynomial, 

51.     We  must  premise  the  following 
Lemma.      Ths  first   tivo   terms   of  (a  +  b)",   tcliere  n   £ 
positive  whole  number,  are  a''  +  na""'b. 

For  by  actual  multiplication  this  is  seen  to  be  the  c 

when  n  B  2,  because  (n  +  b)'  =  n'  +  Soft  +  //,  and  when  n  -  S 

a'  +  Ha"-'  h  =  a'  +  Qab.     Now,  suppuse  the  proposition  to  1 

true  for  any  value  of  i>.  i,  e.  suppose  that 

(a  +  b)*  -  a'  +na'-^b  +  terms  involving  lower  powers  of  J 

then  (a  +  i)**'  m  (a  ■¥  b)  \a'  +  na'-'b  + ( 

■  a"'  +  nn'b  + 


a'b-i 


by   actual  multiplication, 

which  shews  that  lythe  Lemma  be  true  for  any  value  of  n,  it 
is  true  for  the  whole  number  next  greater ;  but  it  is  true  when 


n  -  2,  .'.  it  is  true  v 
rally  true. 

This  is  another 
Art.  47. 


hen  H  =  3,  .-,  when  h=  l,  .-.  &e., 
example  of  the  mode  of  proof  i 


:  wnen        j 


52.       Tofiiid  the  n"'  root  oj'a  polynomial. 

Suppose  the  n"'root  to  be  a  +  bx  +  cii^  +  which 

arranged  according  to  ascending  powers  of  some  letter  x : 

then  the  given  polynomial  is  (a  +  Aj-  +  rj^  + )■,   which 

however  we  arc  to  suppose  expanded  and  arranged  according 
to  ascending  powers  of  x. 

Now  by  the  Lemma 


(a  -t  fta-  +  c x"  +  . 


.)"-fi 


■'(6-c 


,.)H 


terms 
:  above 


the  first. 


INVOLUTION  AND  EVOLUTION.  35 

Be  first  term  a  of  the  required  root  is  known  by  in- 
spection, being  the  7i"'  root  of  a" ;  subtract  a'  from  the  given 
expression,  then  the  first  term  of  the  remainder  is  na^'^bx', 
divide  thia  by  na"-'  and  we  have  hx  the  sfcond  term  of  the 
root. 

Again,  by  the  Lemma 

^^na  +  6jt  +  car*  +  )"■=  {n  +  bx)'  +  Jt  (a  +  bx)''*  {c3^  + ) 

^^B  =  (a  +  hxy  +  na""'  C3?  +  terms    involv- 

^^H  ing  powers  of  X  above  tlie  second. 

^^B        The   terras  a  and  bx  are  already    known;     if  then    we 

subtract  (a  +  bx)'  from  the  given  expression,  the  first  term 

of  the  remainder  will  be  n(^~^ca?,  dividing  which  by  the  same 
^^^ quantity  as  in  the  first  process,  viz.  na"\  we  have  ex'  the 
^^^hird  term  of  the  root. 

^^p       By  precisely  similar  reasoning  it  will  appear,  that  if  we 
^^Bflubtract  {a  +  bx  +  ex')"  from  the  given  polynomial  and  divide 

the  first  term  of  the  remainder  by  na"'',  we  shall  obtain  the 

fourth  terra  of  the  root ;  and  so  on. 

^^F       Example.     Extract  the  fourth  root  of 


I6x'{=(^-2.ry} 


4a:^)iaf  —  &c. 


53.     The  preceding  investigations  are  quite  necessary  in 
•der  to  understand  fully  the  theory  of  the  extraction  of  the 
nuare  and  cube  roots  of  numbers. 


^Krdei 

^^H        54.      On  the  riil«  of  pointing  in  the  extraction  o/tfie  square 
■        root  <^  a  number. 

Every  number  consisting  of  one  figure  or  digit  is  less  than 
_J0,  and  therefore  the  square  of  a  number  of  one  figure  is  less 

3—2 
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than  10';  more  generally,  every  number  of  n  flgures  iB  less 
than  lO",  (because  10"  represents  I  followed  by  «  cypherB,). 
and  therefore  the  square  of  sueh  a  uumber  is  less  than  lO", 
but  also  every  number  of  h  figures  is  not  less  than  10""',  and 
therefore  its  square  is  not  leas  than  lO""';  now  10'""'  is  the 
smallest  number  of  2n—  1  figures,  and  lo'"  the  smallest  of 
Sn  +  I  figures,  consequently  the  square  of  a  number  of  n 
figures  has  either  2«  or  2n  —  l  figures.  This  being  the  case 
if  we  put  a  point  over  the  unit's  place  of  a  number  of  which 
the  root  is  to  be  extracted,  and  point  every  second  figure 
from  right  to  left,  the  number  of  points  will  always  be  equal 
to  the  number  of  figures  in  the  root :  if  the  number  of  figures 
be  even,  the  number  will  be  divided  into  eompartmcnts  of  two 
each ;  if  odd,  the  last  compartment  will  contain  only  a  single 
figure. 


Ex.     174436,    21547 :    each    of  these   numbers   has 
■ures  in  its  square  root. 


Hi 

an 

n 


The  rule  for  extracting  the  square  root  of  a  number  i 
an  adaptation  of  that  for  extracting  the  square  root  of  an 
algebraical  expression.     The  nature  of  the  adaptation  will  I 
seen  best  by  an  example. 

Let  it  be  required  to  extract  the  square  root  of  2116. 

Point  the  unit's  place  and  every  second  figure ;  find  the 
greatest  number  the  square  of  which  is  not  greater  than  the 
number  expressed  by  the  first  period;  in  the  example  31  \a 
the  first  period  and  4*  is  not  greater  than  21,  hence  4  is  the 
first  figure  in  the  root  Then  subtract  the  square  of  tho 
number  thus  found  from  the  first  period  and  bring  down  the 
second ;  divide  this  number,  omitting  the  la-st  figure,  by  twice 
the  number  already  found,  the  quotient  is  the  second  figiure  of 
the  root:  in  the  example  we  divide  51  by  »,  which  gives 6  for 
the  second  figure.  Annex  the  figure  thus  found  to  tlie 
divisor,  and  multiply  the  divisor  so  increased  by  the  figure  of 
the  root  la.st  found,  to  fonn  the  subtrahend;  in  the  example 
86  in  multiplied  by  6,  which  givc<t  the  subtrahend  5l6.  If 
there  be  more  periods  to  be  brought  down,  the  operation 
must  be  repeated. 


.rTION  AN 

D   EVOLUTION. 

9118 

(,« 

16 

86j7l6 

516 


On  pointing  in  tlie  extraction  of  the  cube  root. 
It  may  be  shewn  in  the  same  way  as  in  the  case  of  the 
square  root  (Art.  54),  that  the  cube  of  a  number  of  »  figures 
contains  3»,  3rt  -  I,  or  Sn  -  2  figures,  and  therefore  that  if 
we  put  a  point  over  the  unit's  place  and  on  each  third  figure 
we  shall  have  as  many  periods  of  figures  as  there  are  figures 
the  root. 

5G.     The  rule  for  the  extraction  of  the  cube  root  of  a 
lumber  is  deduced  from  that  for  the  extraction  of  the  cube 
it  of  an  algebraical  e^cpression,  in  the  same  way  as  in  the 
of  the  square  root. 

Let  it  be  required  to  extract  the  cube  root  of  12167. 

Point  the  number  ac-  .     .     a      b 

cording  to  the  rule ;  in  the  J9167  t.90  +  3  =  33 

example    there    are    two  ^ 

periods.  Find  the  greatest 
number  the  cube  of  which 
not    greater   than   the 

Lber  expressed  by  the 
it  period,  this  will  be  the 
first  figure  in  the  root ;  in 
the  example  it  is  2 :  in 
order  to  compare  this  ope- 
ration witli  the  algebraical 

one,  call  this  figure  with  a  cypher  affixed  to  it  a,  so  that 
in  the  example  a  =  20,  and  let  b  be  the  next  figure  required. 
Subtract  the  cube  of  the  figure  already  found  from  the  first 
period  and  bring  down  the  second ;  divide  this  by  3a',  and 
the  quotient  will  probably  be  the  next  figure  6  of  the 
root ;  in  the  example  we  find  b  =  3.  Form  the  subtrahend  by 
compounding  the  formula  3a*i  +  3a6^+fr\  where  a  and  b 
have  the  values  already  found ;  if  this  subtrahend  is  too  large, 


^^numl 
^^u  ni 
^Hnun1 
^HiBti 


3600  = 


=  3a6' 


41fi7  =  subtrahend. 
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take  the  number  next  less  than  that  found  for  h  and  try  agl 
and  so  on  until  you  find  a.  subtraliGud  sufliciently  small.  If 
there  arc  more  than  two  figures  in  the  root,  bring  down  the 
next  period  and  proceed  as  before ;  the  subtrahend  will 
always  be  found  by  the  formula  3ffl'6  +  3a6' +  6',  it  being 
remembered  that  a  stands  fo^  all  the  figures  already  found 
with  a  cypher  affixed;  suppose  for  example,  that  in  any  ex- 
traction the  figures  974  had  been  found  and  tliat  6  was  the 
next,  then  a  =  9740  and  6  =  6, 

57-      To  tJ^tain  wki/  it  ia  that  tite  rule  given  for  Jinding  t 
successive  Jufurea  of  the  cube  root  of  a  number  frequently  givti^ 
number  too  large. 

Suppose  the  part  of  the  root  found  to  be  a,  and  the  next 
digit  b,  then  the  rule  is  to  subtract  a*  and  di\ide  by  Sa'%  but 
the  actual  quantity  given  by  this  nde  is 

Ha'b  +  .■iafi"  +  ft*  Sab"  +  IP 


next       ' 
but 

I  the      \ 


consequently  the   result  given  by  the  rule  differs  from  I 

.     1  1.11  .      3a6*  +  ft*       , ,  , 

required  number  o  by  the  quantity  — — — —  ,  which  may  very 

well  be  greater  than  l,  an<l  if  so  the  number  given  by  the  nde 
will  be  too  great.  The  rule  is  more  likely  to  be  in  error  at 
the  commencement  of  tlie  operation,  because  then  a  is  not  so 
great  as  afterwards. 

The  name  of  trial  divisor  has  been  very  properly  assigned 
to  3o'. 

58,  Hence  we  see  wliy  in  arithmetic  no  rule  can  he  given 
for  the  extraction  of  the  higher  roots;  for  the  rule  for  the 
cube  root  becomes,  as  we  have  seen,  uncertain ;  and  if  in  the 
case  of  high  roots  we  adopted  the  method  of  Art.  52,  we 
should  find  that  the  trial  divisor  na""'  would  scarcely  CTcr 
give  us  any  help  in  discovering  the  figures  of  the  root. 

5!).     The  dbtinction  between  the  nlgebriiieal  and  arith- 
metical operations  will  be  seen  at  once  by  observing  the  dift'er- 
ence  m  the  operations  of  nquaring  (or  raising  to  any  power) 
nn  algebraical  expression  and  a  number.    M'e  have 
(o»  +  fc)'  -  n',T'  +  9afj.v  +  V. 


INVOLDTION  i 


vsuppose  .T  =  10,  then  luo  +  b  represents  a  number  having 
Idigits  a  and  6,  but  (lOa  +  b)'  is  not  represented  arithmetically 
*bj  lO'a*  +  lO.aaft  +  6",  unl^a  2ab  is  less  than  10,  and  if  this  be 

the  case  the  square  of  the  number  will  have  lost  algebraically 

the  type  of  the  number  itself. 

For  example,  18=10  +  8,  but  18*  is  not  represented  by 
^  10*  +  10.16  +  64,   but  by   itf.S  +  10.2  +  4. 

westit/ate  a  rule  for  pointing  in  the  extraction  of 
fthe  square  root  of  a  decimal  quantity. 

N 
A  decimal  quantity  may  be  represented  by  — ; ,  where  N 

VTepresents  the  number  supposing  the  decimal  point  omitted, 

rand  n  is  the  number  of  decimal  places.    Now  n  is  either  odd  or 

even ;  if  it  is  odd,  multiply  numerator  and  denominator  by  10, 

and  let  the  quantity  thus  modified  be  represented  by  — —, 

Hi'      \/M 


[Then 


10" 


.  formula  which  indicates  that   the 


r  square  root  of  M  is  to  be  extracted  as  in  whole  numbers,  and 
that  m  places  are  to  be  marked  off  for  decimals ;  but  in  point- 
ing itf  it  is  to  be  observed  that,  since  we  made  the  number  of 
decimal  places  even,  a  point  will  necessarily  fall  on  the  original 
unit's  place.  Hence  we  have  this  rule :  Put  a  point  over  the 
tmit'a  place,  atid  point  every  second  figure  right  and  lefi. 

The  rule  for  pointing  in  the  extraction  of  the  cube  root 
may  be  found  iu  a  similar  manner. 


Whta  p  pjurea  of  a  square  root  have  been  obtained  6y 
the  ordinary  met/tod,  p  -  l  mere  may  be  obtained  by  division 
only. 

Let  a  be  the  part  of  the  root  already  obtained,  w  the  part 
Loonsisting  of  p  -  I  tigures  which  we  wish  to  obtain,  and  let 
(JV  be  the  whole  root,  so  that 

iV-  olO'-'  +  «, 
.-.  N'  -  a'iO''''*  +2axl0>'-'  +  ^. 


Subtracting   n^io''  *  from   each   side   of  this   equation  ; 
dividing  by  Solo''"',  we  have 

~ : —  -  *  +  — ■ r  • 

Sflio''"'  aniop-' 

From  this   it  appears  that  the  division  above  indicated  i 

give  us  X  correctly,  if  we  can  prove  —  to  be  a  pre 

fraction. 

Now  X  consists  of  p  -  1  figures,  and  ,■.  is  <  lo'"' 

.-.  ar*  is  <  10"''-'; 

but  a  consists  of  jt>  figures,  and  .'.  is  not  <10'"' ; 

*»  10*'-* 

.•■ <  —. —  <  1 ; 

oio'-'      lo''-' 

J?*  1 

ZalO'"'      i' 

and  hence  the  division  will  give  us  the  p  -  \   figures  of  J 
correctly. 


ON    EQUATIONS. 

62.     An  eqiiation  has  already  been  defined  to  be  an  alge^ 
braical  sentence  expressing   the  equality  of  two  algebraical 
expressions,  or  (which  is  the  same  thing)  of  an  algebraical 
expression  to  zero. 

If  an  unknown  quantity  is  involved,  the  equation  involv- 
ing it  serves  to  determine  the  unknown  quantity,  and  it  is  our 
business  now  to  lay  <lown  rules  for  the  performance  of  this 
process,  which  is  called  the  solution  of  the  equation. 

If  when  cleared  of  radicals  an  equation  involves  only  the 
firat  power  of  the  unknown  quantity  ai,  it  is  called  a  aitnpU 
equation  ;  if  it  involves  -r*  also,  it  is  called  a  guadralio ;  and, 
generally,  if  it  involves  *"  it  is  said  to  be  an  tquation  of  n 
dimeaaion$,  or  of  the  n""  decree.  We  shall  in  this  treatise  be 
concerned  only  with  simple  and  quadratic  equations. 

A  value  of  w  which  satisfies  an  equatiou  is  called  a  root  of 
the  equation. 
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63.  Suppose  we  have  the  equation  jv  +  a  =  b  ;  then  sub- 
tracting a  from  each  side  we  have  ai  =  b  ~  a,  that  is,  a  quantity 
may  be  placed  on  the  other  side  of  an  equation  if  its  sign  be 
changed.     This  process,  which  is  one  of  the  most  frequent  ia 

I  the  solution  of  equations,  is  called  trajtaposition, 

64.  It  ia  manifest  that  if  the  same  operation  be  per- 
formed on  the  two  sides  of  an  equation,  tlie  equality  will  still 
Bubsist ;  we  may  therefore  multiply  or  divide  the  two  sides  of 

I   an   equation   by  the  same  quantity,  or   may  raii^e  the  two 
I  sides  to  the  same  power,  or  extract  any  root  of  both  sides.    If, 
for  example, 

**+  Zd»-  3  =  3j:*+  1, 
I  then  will  the  following  equations  hold  good, 
P{j^  +  2.V-3)-  P  {SX^  +  1), 
.t'  +  2.v-  S       3.t*+  I 
p  =  —p-  • 

(**  +  2jf  -  3)"  =  {SX*  +  I)% 


\/«'  +  S.r  -  3  -  v'sa'  +  1. 

A  frequent  process  in  the  solution  of  equations  is 
cleariny  the  equation  of  radicals  ;  this  is  done  by  putting  any 
radical  of  which  we  desire  to  rid  the  equation  on  one  side  by 
itself,  and  transposing  all  the  other  terms  to  the  other  side, 
we  then  raise  both  sides  of  the  equation  to  the  power  indicated 
by  the  radical,  which  consequently  disappears.  The  process 
will  be  imderstood  best  by  an  example  : 

y/m  +  1  +  \/af-  I  - 
I  The  process  of  clearing  this  equation  of  radicals  will  stand  as 
I  follows: 

transposing,         \/.t  +1=2-  v/jj  -  1, 

squaring.  .r  +  l  =  4  -  4  \/iv  -  l  +  .r  - 

transposing,        4  \/.t  —  1=2, 

dividing  by  *,       \/a!  -  1  =  ^, 

squaring,  ai  ~  I  =  ^; 

Itrhich  is  a  simple  equation  free  ^m  radicals. 
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It  is  obvioua  that  it  la  generally  ImpOBsiblc  to  ascertain 
the  degree  of  an  equation,  that  is,  whether  it  is  atrnple,  quad- 
ratic, or  of  any  higher  degree,  until  it  has  been  cleared  of 
radicals. 

66.  An  equation  is  cleared  of  fractions  by  multiplying 
both  sides  of  it  by  the  least  common  multiple  of  the  deno- 
minators. It  is  however  perhaps  practically  the  easiest  method 
to  multiply  by  each  of  the  denominators  in  succession,  and 
make  euch  simplifications  as  the  case  Edlows  ailer  each  mul- 
tiplication. 


ON   SIMPLE   EQUATIONS. 


1  mill-  I 

1 

simpU  ^H 


67.      To  find  the  value  of  an  unlmotvn  quantity  i 
equation. 

An  equation  given  as  a  simple  equation  may  involve 
radicals ;  if  so,  let  them  be  got  rid  of  first.  Next,  clear  the 
equation  of  fractions.  Next,  transpose  all  terms  involving  the 
imknown  quantity  to  the  left-hand  side,  and  all  terms  in- 
volving only  known  quantities  to  the  right-hand  side  of  the 
equation.  Divide  both  sides  by  the  coefficient,  or  sum  of  the 
coefficients,  of  the  unknown  quantity,  and  the  value  required 
is  obtained. 

It  is  manifest  that  a  simple  equation  can  have  only  onl 
Bolution. 


Ex.  1. 


2*  +  a  -  3.P  -  1, 

SJf  -  S*  -  S  +  I, 


«  (8 JT  -  1)  +  .S  {3*  -  2)  -  a, 

♦.V  +  9*  -  a  +  6  +  s. 

iSx  -  IS, 


8IHPLB  BQDATIONS. 
\/a!  +  1   -  y/w  -  I   -  S, 

•v/ai  +  I  -  2  -  \/x  -  1, 
*  +  1  +  4  -  *  y/  as  +  I  =  ^ 

4  y/ai  --r  i  =  6, 

V'«  +  1  -  - . 


It  may  be  remarked  that  we  should  have  obtained  the 
same  result  as  in  this  last  example,  if  we  had  proceeded  ia 
the  same  mamier  with  the  equation 

^m-r  1  +  \/^^\   =  % 

and  in  fact  the  value  \  will  verify  this  equation  but  not  the 
equation 

+  \/VT\  -  \,^a;  -  1  =  9. 
The  explanation  of  this  apparent  difficulty  is,  that  when- 
ever a  quantity  of  the  form  \/a  is  given,  it  must  be  supposed 
to   have  the  sign   it   attached   to  it,   because     (+  i/af  and 
{-  \/a)*  are  each  of  thera  equal  to  o  ;    so  that  the  equation   , 
of  Ex.  S.  might  more  properly  have  been  written 

*  v'.v  +  I  ±  y/x  -  ]  =  2, 
and  when  by  expelling  the  radicals  we  have  obtained  a  numer-   ^ 
ical  result  from  such  an  equation  as  tliis,  it  will  generally  be 
necessary  to  choose  particular  signs  for  tlie  radicals  in  order 
that  the  substitution  of  the  value  obtained  may  arithmetically   ' 
satisfy  the  equation,  i 


ON  QUADRATIC   EQUATIONS. 

68.  All  the  rules  for  the  simphfication  of  equations 
which  have  already  been  pven  apply  equally  to  quadratic 
eqaations :  indeed,  as  has  been  observed,  it  is  not  always,  until 
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the  simplification  has  been  effected,  that  we  are  able  1 
whether  the  equation  is  simple  or  quadratic.  By  such  Bin 
plilieatioD  the  equation,  if  a  quadratic,  will  be  reduced  to  oiu 
of  these  forms, 

or  .r"  +  a  ^  =  fr. 

In  the  first  case  we  have  at  once,   by  extracting  the  squai 
root  of  both  sides, 

.r  -  ±  \/l. 

Let  the  student  take  particular  notice  of  the  double  8 
prefixed  to  the  radical,  and  which  in  the  solution  of  quadrc 
equatuma  otit/kt  a/ways  to  be  prefixed,  because  —  \/b  and  1 
+  \/li  satisfy  the  equation  *'  =  &  equally  well,  since  the  i 
square  of  either  of  them  is  +  b. 

In  the  second  case  the  solution  is  not  so  obvious,  but  it  ia 

easily  effected,  by  observing  that  the  quantity  —  added  to  j 

each  side  of  the  e<iuation  will  make  the  leFUhand  side  » 
plete  sqliare ;  in  fact,  we  have 


--h*- 


which  may  be  written  thus 


extracting  the  square  root  of  each  side  we  have 


r  =  --  ±    \/ b  +  -. 


transposing. 

The  two  values  of  *, 

.«+  V6  +  l\„d-e_V6  +  ^, 
«  *  2  ♦ 

the   equation   «:*+««-  ft,  and  are  called  its   roots- 
1  student  may,  if  be  pleaMs,  actually  substitute  cither  of 
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'  the  expressions  which  we  have  found  in  the  equation,  and  he 
will  find  the  result  to  be  an  identity. 

Hence,  further,  we  see  that  every  quadratic  has  two  roots 
and  no  more*,  and  in  soh-ing  quadratics  the  student  should 
be  careful  always  to  represent  both  roots;  and  it  may  be 
mentioned  that  every  equation  has  as  many  roots  as  it  has 
dimensions,  that  is,  a  cubic  has  three  roots,  a  biquadratic  Jour, 
and  so  on. 

69.  The  following  form  of  a  quadratic  is  included  in  the 
preceding,  by  supposing  0  negative,  but  it  is  worthy  of  sepa- 
rate consideration.     Suppose 

flf"  +  ad?  =  -  6, 
Completing  the  square  as  before. 


^  =  -  -  ±    V^  _  b. 

Now,  suppose  that  -  is  less  than  b,  then 6  is  a  ne- 

*  4 

gative  quantity,  and  the  expression    \/  —  —  b  represents  an 

operation  which  cannot  be  performed,  for  there  is  no  quantity 

*  II  loaf  be  iihewn  hj  k  direct  proceai  (bat  a  quadmlc  hu  onlf  (vo  rooti;  for  if 
pMsibte,  auppoae  that  a,  fi,  7  are  tooie  of  the  equaiion 

.-.   o'+o«  +  6  =  «  (1), 

^+ap*A  =  0  (3), 

y'+ay  +  t^ft  (3). 
Suhtiacling  (3)  from  (1)  we  have 

ot  o  +  p  +  n=ft 
In  like  manner,  from  lubcneling  (•!)  (tam  (1)  Ihere  reiultn, 

a  +  y  +  a  =  Oi 
.-.  0^y,  whirli  ii  not  Hue.     Thercfnre  a  qii ad ratie  cannot  have  more  thi 


the  square  of  which  U  negative.  Quantities  of  this  kind  ate 
called  impossible  or  tmaqinarif,  and  the  roots  of  an  equation 
when  tbey  involve  such  quantities  are  called  impossible  or 
imoffintcry  roots ;  so  far  as  we  are  concerned  at  present  how- 
ever roots  of  this  kind  are  quite  as  much  the  object  of  our 
search  as  real  roots,  since  the  question  is  merely  this,  what 
symbohcal  quantity  substituted  for  x  and  operated  upon  ac- 
cording to  the  rules  of  algebra  will  satisf)'  a  given  equation  ?" 
It  is  manifest  that  if  one  root  of  a  quadratic  is  imaginary 
the  other  ia  also  imaginary. 

70.     If  a  and  fi  be  the  two  roots  of  a  quadratic  eqvatitr^M 
x'  4  ax  -(-  b  =  n, 


^  ax  +  b  -  (x  -  a)  (x  -  /3). 


*  When  the  toliidoii  o(  ■  prablcm  luili  to  ■ 
arc  imagliiarf ,  il  maf  generidlr  be  cuncliiiled  tl 
ibal  oODdiHon*  luppoted  in  id  enuncixion  (o 
iniuuce,  auppine  il  were  rc<)uired  to  ilivlile  the  n 


uidntic  (quation,  tht  roou  of  ' 
.1  the  probUm  ia  imiioMble,  l)i 
ic   utiiUcd  are  incanauiicnt.     f 
nbei  10  triio  two  parix  luch  that  ibeil 
'  and  (he  olhei  10  — .r,  llie  equation  ■ 


Jp-XOfrib^-h, 
*  -  «  ±  -J^, 
•n  iRi^narj  value,  becauiv  the  prahlcm  i«  an  Impoulblo  problcn 
howcra,  thai  iiiiixlriinl  meaning  mtj 
tjuanrllie*,  but  lo  enier  Into  the  dltcnui 
tatowrj  chancier  uf  this  work. 

One  kind  of  problim  however  maf  be  menlioned  In  this  plan  u  being  of  praciical 
Dlllilf.  !!uppoae  iniicad  of  ihe  abare  problem  ii  were  propoied  to  divide  •  oumbo  a 
Into  two  patia,  Ihc  pioduci  of  wlildi  ihould  be  ihe  gnaleil  potaile.  If  we  uU  one  pan 
r,  ih*  otber  a-  j,  and  Ihc  prudun  y.  wn  have  ihia  equation 

'("-')■». 

No*  Ify  lie  gTcain  than-j,  #  becoRie*  tmaginar]',  or  ihepmblon  ImpOMible;  t)i*r^l 
fan  ih(  grtateii  valuv  f  ran  have  li  —,  and  llien  '  •■  j  ■    Denfe  ili<  product  of  the  (■■  J 
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Ins  may  be  proved  by  substituting  for  a  and  /3  the  values  ■ 
already  obtained  for  tlie  roots  of  the  equation ;  it  may  also  ' 
be  proved  (more  elegantly)  thus. 

Since  a  and  /3  aro  roots  of  the  equation,  we  have 

a'+  aa  +  b  =  0, 

■:  o'  -  /S'  +  a  (o  -  jS)  -=  0, 
or«  =  -(„^/3) 


^*+  a.T  +  6  =  .v^-  (a  +  ^)  j»  +  a/3, 

-  (..V  -  a)  (*  -  fi). 

If  then  we  can  see  by  inspection  of  an  equation  a  quantity 
f  of  the  form  ^  -  a,  which  will  dinde  the  equation  without  re- 
mainder, we  shall  know  one  of  the  roots  of  the  equation,  and 
dividing  by  a?  -  a,  we  shall  have  the  factor  x  -  fi  left,  which 
I  ■will  give  us  the  other  root- 
It  raay  be  mentioned,  that  in  equations  of  all  degrees,  if 
I  a  be  a  root  of  the  equation,  a;  —  a  will  divide  without  re- 
mainder.    Hence  an  equation  which  appears  as  a  cubic  may 
sometimes  be  readily  reduced  to  a  quadratic,  by  expelling  a 
root  which  is  visible  on  inspection.     For  example,  suppose  we 
'  have  the  equation, 

ar--  1  .tij.'-6, 

or  j;'-  6.r*+  5=0. 

Here  it  is  manifest  that  1  is  a  root,  therefore  .v  —  l  will 
I  divide  without  remainder,  and  if  the  division  be  performed 
I  we  shall  have  only  a  quadratic  to  solve, 

71.  An  equation  raay  sometimes  be  treated  as  a  quad- 
ratic which  has  higher  powers  of  -v  in  it  than  the  second ; 
in  fact  every  equation  in  virtually  a  quadratic  which  has  only 
two  powers  of  .v  involved,  one  of  which  in  twice  as  great  as 
the  other.     See  Ex.  4. 
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72.  An  equation  which  presents  itself  under  the  form  of 
a  biquadratic  may  sometimes  be  solved  as  a  quadratic.  For 
example,  let  us  take  the  equation 

0^*  -  2a?*  -  400ar  «  999. 

Add  the  quantity  ^ai*-  +  4000?+  1  to  each  side,  and  the  equa- 
tion becomes 

a^  +  2.iP«  +  1  «  4a?'  +  400a?  +  1000 

or  0?^  +  1  «  A  (2a?  +  100), 

and  by  the  solution  of  these  quadratics  the  roots  of  the 
original  equation  may  all  be  found*. 

Ex.  1.  2-v*  +  So?  +  1  -  0?*  +  5, 

«T*+  So? «  4, 

9      9  25 

a?*+3ar+-=7   +4=  —  , 

4       4  4 


Ex.  2. 


S 

^i. 

X 

2 

2           1 
0?  —  1      a 

1  or  - 

1 

4. 

2a?  +  .V  -  1  • 

^x  (x 

- 

0, 

4af* 

-  4a?  -  Sa?  « 

4a?* -7a?- 

-1. 
-1, 

*  It  maj  be  worth  while  to  remftik  that  equations  which  can  be  lolTed  after  the 

manner  of  the  preceding  maj  be  constructed  bj  assigning  values  to  the  quantities  a,  b,  e 

in  the  following  formula, 

(jr«+a)«x:6(x  +  c)«, 

which  assumes,  when  arranged  according  to  powers  of  x,  the  form 

**  + (2a -*)*•- 26c* +  a«-6o«Ba. 
A  particular  case  Is  that  in  which  baia;  and  the  form  then  becomes 

«*- 4  acx-l- a*- 2(10*310; 
by  giving  to  a  and  e  different  values  we  maj  construct  an  infinite  rarietj  of  equations 
the  method  of  solving  which  might  not  be  at  first  sight  obvious. 
For  tuunplc,  let  caa ■  1,  and  we  have  the  eqnatioo 

*«-4*-l. 


SIMULTANEOUS  EQUATIONS.  49 

»  -  If      49      49  ^  16      S3 

4  '*"64''64    ei^ei' 

7  ^\/33 
a^ . 

8 

Ex.  S.  a;*  +  2^  +  3  s  407  +  1, 

sf  ^9,x  '^  -  2, 

^  -  2a?  +  1  —  -  If 

Ex.  4.  .r«  +  2or^  «  8, 

o?«  +  2o?*+  1  =  9, 
a?»  +  1  «  ±  S, 

^  B  -  1  Ji  3  «  2  or  -  4, 
0? «  \/^  or  —  \/4. 


ON  SIMULTANEOUS  EQUATIONS. 

73.  We  bave  seen  how  it  is  possible  to  find  the  value  of 
X  which  satisfies  a  given  simple  or  quadratic  equation ;  but 
sometimes  the  problem  is  presented  of  finding  two  unknown 
quantities  from  two  equations ;  two  equations  which  are  thus 
given  to  determine  two  quantities  x  and  y^  involved  in  both, 
are  said  to  be  simultaneous. 

74t.  The  simple  rule  for  the  solution  of  such  equations 
is  to  find  the  value  of  one  of  the  unknown  quantities  (y),  in 
terms  of  the  other  (x)  from  one  equation,  and  substitute  the 
value  so  found,  in  the  other ;  we  shall  thus  have  an  equation 
involving  x  only  for  determining  x,  and  this  may  be  a  simple 
equation  or  a  quadratic,  according  to  circiunstances* 
4 
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The  process  just  described  is  not  always  in  practice  the 
most  convenient;  it  is  manifest  that  it  does  not  signify  in 
what  manner  the  quantity  y  is  got  rid  of  between  the  two 
equations,  and  we  may  therefore  give  this  rule :  Eliminate  (f.e. 
get  rid  of)  y  between  the  two  equations,  and  obtain  x  from  the 
result.  The  ingenuity  of  the  student  will  frequently  be 
exercised  in  determining  the  most  convenient  mode  of  elimi- 
nation. 

75.  It  is  not  difficult  to  see  that  two  equations,  and  no 
more,  are  necessary  for  the  determination  of  two  unknown 
quantities ;  in  like  manner,  three  equations  will  be  necessary 
and  sufficient  to  determine  three  unknown  quantities,  and  so 
on.  The  name  simultaneous  is  applied  to  any  such  system  of 
equations,  however  many  there  may  be. 


Ex,  1.  Given     aw  +  6y  =  c     (l)' 

aw  +  b'y  =  c     (2) 


:} 

to  find  X  and  y. 

Multiply  (1)    by  b\    and  (2)    by  6,    and   the   equations 
become 

aVw  -^  bb'y  =  b'c, 

a'bw  +  bb'y  =  6c. 

Subtract  one  of  these  from  the  other,  and  there  results 

(aV  -  a'b)  w  ^  b'c  —  be; 

b'e  -  b& 
ab  --ab 

To  find  y  we  have  from  (i) 

y^-^^C'  ax), 

writing  for  x  its  value 

6'c  -  be' 


1  /  6'c  -  6c  \ 

y"6l^"«^^F:r^'-6) 

1    abc  --  abo      ac-^ae 
b'    ab'-^a'b        ab'-^a'b 
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BUB  we  have  fouod  both  x  and  y;  the  latter  however 
I  might  have  been  deterniined  more  neatly  by  treating  (l)  and 
I  (S)  as  we  did  in  finding  x,  that  is,  multiplying  the  former  by 
I  tf',  the  latter  by  a,  and  subtracting  the  resulting  equations. 

V6.  It  may  perhaps  be  also  worth  while  to  remark  even 
'  in  this  early  example  that,  in  a  system  of  equations  such  as 
(l)  and  (2),  when  x  has  been  found,  y  may  be  known  by  in- 
spection. For  it  is  to  be  observed,  that  in  (i)  and  (a)  x  bears 
the  same  relation  to  a  and  a',  that  y  bears  to  b  and  6';  in  fact, 
if  in  those  equations  we  write  b  for  a,  and  6'  for  a,  and  lastly, 
interchange  x  and  y,  the  equations  remain  unchanged ;  hence 
we  conclude,  that  the  value  of  y  may  be  obtained  from  that  of 
a)  by  writing  b  for  a,  b'  for  a',  and  of  course  a  for  6,  and  a' 
for  6'. 

„  b'e  —  be 

i"l  ow  »  =  — TT rr  i 

ab  ~  ab 

a'c  —  ao 
ba'  ~  b'a  ' 
which  is  the  same  result  as  before,  though  written  in  a  manner 
I  slightly  different, 


2»  +  l  - 


y  +  2 


0) 

(2) 


These  equations  must  first  be  cleared  of  fractions  and  put 
Bin  their  simplest  form. 

Multiplying  (l)  by  6,  there  results 
Sx  -  S  +  4y  -Zm,6, 

or  3tv  +  4,y=  n         is). 
Multiplying  (2)  by  3, 

Gis  +  3-y-2  =  0, 
or  6«  -  y  +  1  =  0 ; 
.-.  J/  -=  6*  +  1  (4). 
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Writing  this  value  for  y  in  (3), 

Sar  +  4(6a?  +  l)  •=  II, 

270?-=  11  -4  =  7; 

7 
/.   a?  «  —  ; 

27 

and  therefore  from  (4) 

^7  14  23 

•^  27  9  9 


Ex.  S.  ^  +  y « a         (1) 

jry  «  6  (2) 


}• 

From  (l)  y  =  a  -  .r, 

putting  this  value  for  y  in  (2),  we  have 

^  (a  -  ^)  —  6, 
or  a*  -  aa?  =  -  6. 

Completing  the  square  according  to  the  rule  of  Art.  6s, 

or  --aw  •\'  —  = 6, 

4        4 


a  /a' 

2  ^4 


2  4 


and  y 


Ex.  4.  df+y+2^«i0  (1), 

df  +  2y +  32^-11  X^)f 

2j?+   y  + 32^-2  (3). 

Subtracting  (l)  from  (2), 

y  + 22^-1  (4). 
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Multiplying  (l)  by  2,  and  subtracting  the  result  from  (3), 

-  y  +  2r  -  2  (5). 

Adding  (4)  and  (5), 

3z^  3, 
2r-l; 
therefore  from  (4)         y  »  l  -  2^  ■  l  -  2  «  -  1, 
and  from  (I)         ^s-y-^.l-laO. 

Ex.  5.  w  -{-y  -^z^l         (1), 

(6  +  c)af  +  (c  +  a)y  -f  (a  +  6);?  =  0  (2), 

bcof  +  cay  +  abz  =  0  (3). 

Multiply  (2)  by  6  c  and  (3)  by  6  +  c  and  subtract,  then 
{(a  +  c)bc-'(b  +  c)ac}y'^{(a  +  6)6c -(6 +  c)a6}2r  «  0, 
or  (6c*  -  ac*) y  +  (6'c  -  a6*)  z  ^  0; 

b^  c  "  a 

•  •  y  ■  "  :5  T z. 

<r  b  --  a 

Similarly  we  should  find  (see  the  remarks  on  Example  l), 

a*  c  —  6 

^  89  — z\ 

c«  a-6    ' 
therefore  substituting  in  (l) 

cf  c  --b        b^  c-  a 

z  — r  -z z  +  5r«s  1, 


c*a  —  6        <?  b  --  a 


or  z 


(cf  b  --  0      I?  c  -  a\ 
^  +  "B r  +  3 iH^' 
c    a  -  6      cr  a  --bj 


^  { c"  (a  -  6)  +  a»  (6  -  c)  +  fe»  (c  -  a) }  -  c«  (a  -  6) , 
;?  { c*  (a  -  6)  +  a  6  ( a  -  6)  -  c  (a*  -  6*)  }  -  c»  (a  -  6) 
Dividing  by  a  -  6 

2r  |c^  +  a6  -  c  (a  +  6) I  «  c^, 
or  ;er  (c  -  a)  (c  -  6)  -  c^ ; 

c^ 
•'•^"(c-a)(c-6)- 
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In  like  manner  y 


(6  -  a)  (6  -  c) ' 
and  X 


<jf 


(a  -  6)  (a  -  c)  ' 

77.  The  following  method  is  sometimes  convenient,  and 
is  applicable  to  equations  in  which  the  sum  of  the  indices  of 
the  unknown  quantities  is  the  same  in  each  term,  as  in  the 
following  example. 

Ex.  6.  y  +  ary  «  10  (l), 

2a?  +  y  «  7  (2). 

In  a  system  of  equations  such  as  this,  we  may  assume 

y^mof; 

.'.   aj^  (l  +  wi)  =  10 ; 
and  «r  (2  +  m)  =  75 
or  a?^  (2  +  ntf  =  49 ; 

.-.   10  (2  +  my  =  49  (1  +  wi), 

49         49 
nr  +  4m  +  4  =  —  m  +  — , 

10         10 

,       9  81         9         81        441 

tnr m  +  —  =  —  +  —  «  — , 

10  400       10       400       400 

9^21       3  3 

m  = =  -  or  —  ; 

20  2  5' 

/.  X  = «s  2  or  5, 

2  +  m 

y  =  S  or  -  S. 

78.  Sometimes  a  system  of  equations  may  be  given 
which  are  not  really  sufficient  to  determine  the  unknown 
quantities,  in  consequence  of  not  being  independent^  that 
is  to  say,  of  any  one  of  the  equations  being  deducible  from 
the  rest.  This  dependence  is  not  always  to  be  detected  by 
inspection,  but  will  become  apparent  if  we  endeavour  to  solve 
the  equations. 
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Ex.    Let  it  be  required  to  determine  j:,  y  and  e  from  the 
Ifollowing  Eyetem : 

9a  +  3if  +  Z'"  11  (l)) 

x~y  +  iz  =  5  (3), 

a'  +  9y-42  =  7  (3). 

Multiplying  (2)  by  3,  and  adding  the  result  to  (l),  we 
have 

5.r  +  7^  =  86  (4), 

Again,  multiplying  (3)  by  9  and  adding  (3), 

JOiP+  \\Z  =  52  (5). 

The  two  equations  which  we  have  thus  obtained,  viz.  (4) 
and  (5)  are  identical,  and  therefore  the  given  syatem  is  not 
sufficient  to  determine  a>,  ;/  and  z ;  in  fact  those  three  equa- 

ttions  ore  equivalent  to  only  two  independent  equations,  any 
one  of  them  being  derivable  from  tlie  otlier  two. 
The  preceding  examples  must  serve  for  the  elucidation 
of  the  method  of  solving  equations ;  the  illustrations  of  the 
process  might  be  indefinitely  extended,  but  a  familiar  ac- 
r  quaintance  with  the  most  convenient  methods  can  only  be 

I  acquired  by  the  practice  of  actual  solution  on  the  part  of  the 
student  himself. 
'S 


IN  PROBLEMS  WHICH   MAY  BE  RESOLVED  BY  MEANS 
OF  ALGEBRAICAL  EQUATIONS. 

79-  A  vast  variety  of  questions,  which  present  great  and 
perhaps  insuperable  difficulty  to  a  mind  unaided  by  the  art  of 
iymbolieal  reasoning,  are  rendered  extremely  simple  by  re- 
ducing them  to  algebraical  equations. 


The  most  general  rule  which  can  be  given  for  the 
solution  of  such  questions  is  this :  Denote  the  unknown  quan- 
titles  of  the  problem  by  sj-mbols  (.n, »/,  z,  &e.)  and  then  express 
the  conditions  of  the  problem  in  terms  of  those  symbols ;  we 
do  by  this  means,  in  fact,  express  by  algebraical  sentences  or 
equations  the  ordinary  written  sentences  in  which  the  problem 
'  1  gives.     The  equations  thus   constructed  must  be  solved 


S6 


according  to  tlie  methods  vt'hicli  have  been  previously  di^ 
cussed ;  the  equations  may,  for  aught  we  can  tell  by  inspection 
of  the  problem  a  priori,  rise  to  a  degree  above  the  second,  but 
of  course  we  shall  confine  our  attention  here  to  those  problems   i 
which  produce  either  simple  equations  or  quadratics. 

Ex.  I.     Divide  the  number  16  into  two  parts  such  1 
thctr  difference  shall  be  equal  to  half  the  number  itself. 

Let  x  represent  one  of  the  parts,  then  will  16  —  *  1 
present  the  other  and  16  —  Sar  will  represent  the  diflerenool 
of  the  two ;  but,  by  the  question,  this  difference  is  equal  UtM 
16 

—  or  8; 
2 

.*.  16-  2x=   8, 

S.V  =    8, 

.r  —   4     one  of  the  parts, 

iC  —  j;  =  12     the  other  part. 

Es.  2,     Two  pipes  will  separately  fill  a  cistern  in  a  houi 

and  b  hours  respectively ;  in  how  long  a  time  will  they  fill  i 

together  ? 

Let  .V  be  the  number  of  hours  required. 

Call  the  whole  content  of  the  cistern  l,  then  since  the  first 

pipe  pours  in  i  (or  the  whole  quantity  required  to  fill  the 

cistern)  in  a  hours,  it  pours  in  -  in  one  hour,  and  thcrefopojj 

-  in  2  hours. 
a 

Similarly,  the  second  pipe  pours  in  -  in  the  same  time  | 

therefore  they  together  pour  in  -  +  7  ■ 
But  this  quantity  is  the  whole  content  of  the  cistern,  w  id 


1  ah 

'  I       I  "  o  +  i' 
«^6 
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Ex«  S.  A's  money  exceeds  JB's  and  Cs  by  £a  and  £b  re- 
spectiYely,  and  that  of  B  and  C  together  is  £c :  find  the  sum 
possessed  by  each. 

Let  Of  a  the  sum  possessed  by  A ; 
/.  07  -  a  s B, 

and  ^  -  6  a C; 

therefore  by  question, 

2«  =  a  +  6  +  c, 
0  4-  6  +  c 

^  8=  as   ^  S, 

2 

-  a  -^  b  -^c       _, 
w  -  a  ^ =  ffs, 

2 

.       o  -  ft  +  c 
07  -  6  =5 =  (7s. 

2 

Ex.  4.  Divide  £a  among  three  persons,  so  that  the  first 
may  haye  m  times  as  much  as  the  second,  and  the  third  n 
times  as  much  as  the  first  and  second  together. 

Let  w  B  the  sum  allotted  to  the  second ; 

.*.  mo;  B  first, 

and  n^ao-^mw)^ third; 

.'.  w  +  mw  +  n  (a?-f  w?o?)  =  a, 

«r  (1  +  m)  (1  -h  w)  =  a, 

a 


w 


mw 


(1  +  m)  (1  +  fi)  ' 

ma 
(1  +  m)  (1  +  n)  ' 

na 


n  (u7  +  f»o?)  = 


1  +  n 


Ex.  5.  Divide  the  quantity  a  into  two  parts  such  that 
the  product  of  the  virhole  and  one  of  the  parts  shall  be  equal 
to  the  square  of  the  other  part. 
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Let  a  B  one  part ; 

.•.  a  -  a?  -  the  other; 

•*.  by  the  question, 

aw  ^  {a  -^  wy 

=  a*  -  2aw  +  a^, 

sf  -  Saw  =  -  a*; 

completing  the  square, 

a^  -  Saw  + 


9c?      9a^       ,      5a\ 


4 


Sa          \/5 
.•.  « ■*  ± a, 

2  2 


S  ±\/5 

^  = a. 

2 

We  must  take  the  negative  sign,  because a  is  greater 

than  a; 

•*.  a?  « a, 

2 

\/5  -  1 
a  ^  w  ^ a. 


Ex.  6.     The  sum  of  two  numbers  is  a,  and  the  sum  of 
their  cubes  b ;  find  the  numbers. 

Let  w  s  one  of  the  numbers ; 

.•.  a  -d?  =  the  other; 

.•.  by  the  question, 

^  +  (o  —  ^)^  «e  6, 
or  a^  '\-  c?  ^  Sa*w  +  Sa^  —  jt*  -i  6, 

6-a» 


/I?  "  aw 


Sa     ' 


/r  -  aj?  +  —  -1 +  — ; 

4         Sa         4 
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a       .   A-  o*      a* 
.'.  ^p  =  -  ±  'v +  — » 


2  Sa         4 


2        ^       So  4 


Hence  the  two  numbers  are  -  +  \/ +  — » 


2  Sa 


and X/  +  —  • 

2  So         4 

Ex.  7.  There  are  three  magnitudes,  the  sum  of  the  first 
and  second  of  which  is  o,  that  of  the  first  and  third  6,  and 
that  of  the  second  and  third  c  ;  find  them. 

Let  the  magnitudes  be  represented  by  w,  y,  %  respectively; 
then, 

a?  +  y  =  o, 

^  +  JiT  B  6, 

y  +  «  =  c; 
adding  these  equations  and  dividing  the  result  by  2, 

o  +  6  +  c 

^  2 

_.                   a  -{-h  -k-  c             a  -^  b  ^  c 
Hence  of  -s c  -* , 

2  2 

^2  2 

0  +  6  +  C  — 0  +  6  +  C 

«= a  = . 

2  2 

Ex.  8.  Required  four  magnitudes  the  products  of  which 
taken  three  together  are  a\  V^  c',  and  cP. 

Call  the  magnitudes  w,  y,  «,  and  u. 
Then  yxu  -i  a\ 

wxu  a  ft", 

^y  w  a  c*, 

/py«  a  cP. 
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Multiplying  these  equations  together,  we  have 

.'.  wyzu  «  abed; 
abed      abed 


/.    07 


y»u         o'    ' 


abed 
abed 
abed 


ON  RATIOS. 

81.  Eatio  is  the  relation  which  quantities  of  the  same 
kind  bear  to  each  other  in  respect  of  magnitude. 

Thus  6  is  twice  as  great  as  3,  and  2  is  twice  as  great  as  l ; 
therefore  we  should  say  that  the  ratio  of  6  to  3  is  the  same 
as  that  of  2  to  1,  or  as  we  may  write  for  shortness'  sake, 

6  :  3  ::  2  :  1. 

In  speaking  of  the  ratio  of  two  quantities  a  :  b,  a  and  b 
are  called  the  terms  of  the  ratio,  and  a  is  distinguished  as 
the  antecedent,  b  as  the  consequent, 

82.  It  is  easy  to  shew  that  the  terms  of  a  ratio  may  be 
multiplied  or  divided  by  any  (the  same)  number,  without 
affecting  the  value  of  the  ratio.  For  distinctness'  sake  let 
us  consider  a  and  b  as  representing  two  lines,  then  by  the 
symbol  a  we  mean  to  denote  a  line  a  times  as  great  as  a 
certain  standard  line  {afoot  for  instance),  and  by  b  a  line  6  times 
as  great.  The  lines  in  question  are  then  in  the  proportion 
of  the  numbers  a,  b ;  but  if  we  had  taken  a  line  only  half  as 
long  (six  inches)  for  the  standard,  the  lines  would  have  been 
represented  by  2  a,  and  2  b ;  but  their  ratio  of  course  is  not 
altered ; 

a  :  b  ::  2a  I  26. 
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^e  maoner  it  would  appear  that  a  :  b  ::  Sa  :  36,  and 
generally  that  the  terras  of  a  ratio  may  be  raultipUed  by  any 
number  without  affecting  the  value  of  the  ratio. 

Conversely,  the  terms  may  be  divided  by  any  number. 

83.  Hence  it  follmvs  that  we  may  Tepresent  ratios  alge- 
braically by  fractions,  of  which  the  antecedent  is  the  numerator 
and  the  consequent  the  denominator. 

For  by  what  has  been  said  the  ratio  of  a  :  fr  is  the  same 
as  the  ratio  of  -  :  l ;  now  l  is  a  given  quantity,  and  there- 
fore we  may  take  the  fraction  -  as  the  symbol  of  the  ratio 

:  1,  and  therefore  as  the  representative  of  the  ratio  a  :  b. 
In  fact,  the  ratio  a  :  b  may  be  conceived  to  mean  that  a 


nitudc  of  the  ratio  of  a  :  6, 

Henceforth  therefore  we  shall  represent  the  ratio  of  n  :  6 

by  the  fraction  - . 

If  a  is  greater  than  b,   the  ratio  7  is  called  a  ratio  of 

[  greater  inequality. 

if  a  =  b,  the  ratio  is  called  a  ratio  of  equality. 
If  a  is  less  than  b,  a  ratio  of  less  inequality. 

84.  A  ratio  of  greaier  inequality  is  diminished,  and  of 
Use  inequality  increased,  by  adding  the  same  quantity  to  each 
of  its  terms. 

Let  -  be  any  ratio,  and  let  x  be  added  to  each  of  its 

terms;  then 

fl  +  .r  .  a 

13  >  or  <  7, 

b  +  x  o 
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according  as 

(a  -f  J7)  fe  is  >  or  <  o  (fe  +  w\ 

or  as  &«r  is  >  or  <  aa?, 
or  as  6  is  >  or  <  a, 
i.  e.  as  the  ratio  is  one  of  less  or  greater  inequality. 

85.  Ratios  are  compounded  by  multiplying  together 
their  corresponding  terms. 

Thus  7  compounded  with  -  becomes  — . 
h  a  bd 

86.  A  ratio  is  increased  by  being  compounded  with  another 
of  greater  inequality^  and  diminished  by  being  compounded  unth 
one  of  less. 


-  compounded  with  -  becomes  — 
6  d  bd 


.    .   ac  .  a 

but  T-i  18  >  or  <  -  , 
bd  b 

according  as  -  is  >  or  <  1, 

d 

or  c  is  >  or  <  d, 
which  proves  the  proposition. 

ON  PROPORTION. 

87.  Proportion  is  the  equality  of  ratios ;  and  therefore, 

algebraically,  four  quantities  are  said  to  be  proportional,  when 

the  fraction  expressing  the  ratio  of  the  first  and  second  is 

equal  to  that  expressing  the  ratio  of  the  third  and  fourth ; 

a     c 
that  is,  a  :  6  ::  c  :  d  when  -  «b:  -  . 

6      d 

88.  If  a  :  h  ::  c  :  d^  then  ad  ■  be. 

For,  as  we  have  just  seen, 

a      c 
I'^d' 
and  .'.  ad  B  be. 
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89.  If  a  :  h  ::  c  :  d,  then  a«tb:b::cJid:d. 

a  ^b      c  :k  d 
^'•-6 d' 

90.  ijr  a  :  b  ::  c  :  d,  then 

ma^nb  :  pa  ^  qb  ::  mcn^nd  :  pc«^qd« 


For.- 

= 

c 

ma 

mc 

■'   nb 

nd' 

ma 

tt  1 
nb 

= 

mc 

ma  ^  nb 

mc  dt»  nd 

nb 

" 

nd 

ma  ^  nb 

nb      b 

mc  ^  nd      nd      d* 

in  like  manner  it  may.  be  shewn  that 

0'      pa  ^  qb      b 
pc  ^  qd      d* 

ma^nb      pa^qb 
mc  ^nd      pc  st  qd' 

91.     ijr  a  :  b  ::  c  :  d  ::  e  :  f  ::  &c.,  then 

a  :  b  ::  a  +  c  +  e+...:  b  +  d  +  f+... 


For  ^-^-1 
b     d     f 

.*.  ad  ■=»  6c, 

a/«  be, 

&c.  =  &c. 


•••  f 


.'.  by  addition, 


ad  +  n/+  ...  *i  be  *  be  +  ,.., 

,■.  ab  +  ad  +  a/+  ...  a  ba  +  be  +  (/e+  .... 
or  a{b  +  d+/  +  ...}  =b{a  +  cA-e+  ..,}; 
o      a  +  c  +  e  + 


b  +  d+/+,. 


92,  A  variety  of  other  propositions  in  proportion  may" 
be  demonstrated  in  like  manner  as  the  preceding.  The 
greatest  simplieity  is  introduced  by  this  method  of  repre- 
senting ratios  by  fractions,  and  it  will  be  instructive  to 
inquire  into  the  reason  of  the  much  more  complicated  pro- 
cesses which  Euclid  has  found  it  necessary  to  employ  in  the 
fifth  book  of  his  elements. 

Euclid's  definition  of  proportion  is  this :  Four  quantities 
are  said  to  be  proportional,  when  any  equimultiples  whatever 
being  taken  of  the  first  and  third,  and  any  whatever  of  the 
second  and  fourth ;  if  the  midtiplc  of  the  first  is  greater  than 
that  of  the  second,  the  multiple  of  the  third  is  greater  than 
that  of  the  fourth,  if  equal  equal,  and  if  less  less.  Now  this 
definition  is  an  immediate  consequence  of  the  algebrsioal 
representation  of  ratio ;  for  suppose  a  :  h  :i  e  :  d, 

then  r  "  3  • 


and  — r  = 

qb 


po 


and  if  po  is  >  qb,  po  is  >  qd, 
if  joo™  5ft,  pc*'  qd, 
and  if  pa  <  qb,  pc  <  qd, 
which  19  in  accordance  with  Euclid's  definition. 

And,  conversely,  from  Euclid's  definition  may  be  dedaoi 
tlic  algebraical  rule  of  proportion ;   that  is,  we  can  shew  i' 

if,  by  that  definition,  a  :  b  :: 


PROPORTION. 
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For  let  a,  b,  c,  d  be  four  quantities  such  that  if  any  equi- 
I  multiples  pa,  pc  be  taken  of  a  and  c,  and  any  equimultiplea 
I  gb,  qd  of  b  and  d,  if  pa  be  >  qb,  pc  is  >  qd,  if  equal  equal, 
[  and  if  less  less. 

Then  since  we  may  choose  p  and  ^  as  we  please,  we  can 

make  —r  as  nearly  equal  to  l  as  we  please ;  we  cannot,  it  is 

I  true,  always  make  it  precisely  equal  to  l,  because  p  and  q 
are  to  be  whole  numbers,  and  a  and  b  need  not  be  so ;  but 

I  nevertheless  we  can  make  the  fraction  —  aa  near  to  unity  aa 

qb 
I  iM  please' ;  we  may  therefore  suppose  that  we  have  taken  p 

I  and  a  such  that  ^  =  l ; 

[  56 

I  but  by  definition  we  must  in  this  case  have  also 


pa^pc 
qb       qd' 


Bence  it  appears  that  Euclid's  definition  of  proportion  and 
the  algebraical  follow  each  from  the  other ;  but  wherein  is 
the  propriety  of  Euclid's  peculiar  defiuition  ?     In  this,  that 

»the  algebraical  test  is  not  applicable  to  geometrical  quanti- 
ties; we  can  represent  ad<lition  and  subtraction  geometricaUy, 
but  not  division,  and  therefore  it  is  necessary  in  geometrical 
investigations  to  adopt  some  definition  which  involves  only 
the  notion  of  addition  and  of  a  comparison  of  magnitudes 
with  reference  to  greater  or  less. 


quuidly  M  V*.  ihen  we  can  make  ^  v^ 
t  pluse;  Tm^/3  =  t.tU2i...,  mH  thctefore  -m^jr  v^^'  neirljr, 

in  intlw  the  ipproiimaiioo  as  much  nearer  aa  we  pitnse  by  wking  ■  giealet 

imber  of  ligarea  in  Ihe  aquare  root. 


*  SuppoH,  foe  example,  vc  have  audi  . 
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On  variation. 


93.  When  one  quantity  y  depends  upon  another'fl!,~'E 
Bueh  a  manner  that,  if  ji  is  clianged  in  value,  the  value  of  y 
is  changed  in  the  same  proportion,  then  y  is  said  to  vary 
directly  as  x,  or  shortly,  to  vary  as  x. 

For  instance,  wc  know  by  Euclid,  vi,  i,  that  if  we  double 
the  base  of  a  triangle  the  vertex  remaining  the  same  we 
double  the  area,  and  that  in  whatever  proportion  we  alter 
the  base  the  area  is  altered  in  the  same  proportion,  henee 
wc  should  say  that  (the  altitude  being  given)  the  area  of  a 
triangle  varits  aa  tlie  bage. 

The  phrase  y  varies  as  x  is  written  thus,  y  a-a. 

94.  It  will  be  seen  that  we  have  here  introduced  the 
notion  of  quantities  entirely  diiferent  from  those  hitherto 
considered ;  hitherto  wc  Iiave  hud  to  do  only  with  quantities 
which  have  some  determinate  value,  but  the  relation  betweeu 
y  and  x  implied  in  the  fact  of  y  varying  as  x  does  not  de- 
termine either  x  or  y,  but  oaly  a  relation  between  them. 
Quantities  of  this  kind  we  call  variable  quantities,  to  d]»-_ 
tjngiiish  them  from  others  the  value  of  which  is  dctert 
mid  which  wc  call  comtant. 


I  iihiiiiik^M 
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95.     The   relation   expressed   by  y  a  .t   is  equivalent  \ 
the  equation  y  >  Cx,  where  C  is  some  constant  quantity  ;  for 

-  is  the  ratio  of  y  to  x,  and  the  preceding  equation  expresses 

that  this  is  constant,  or  always  the  same  whatever  values  w 
and  y  may  have,  and  this  is  the  same  thing  as  saying  that 
when  one  is  increased  the  other  is  increased  in  the  i 
proportion. 

90.     If  we  have  any  two  correwponding  values  of  *  and  j 
"cn  wc  can  determine  the  tjuantity   C;  thus,  suppose  y  «  .i 
1  it  is  given  that  when  x  ~  \,  y  ~'i,  theu  we  have 
y-Cr. 
but  3  -  C'l. 


97.  When  two  quantities  are  connected  by  the  relation 
C 

Wv  =»  — ,  9  is  8aitl  to  vary  inversely  as  x. 

And  when  three  quantities  w,  y,  z  arc  connected  in  such  a 
f  inamtei'  that  z  =  Cay,  z  \a  said  to  vary  jointly  as  x  and  y. 

98.  ^  y  «  X,  w\d  7.  ay,  then,  z  «  x. 
For  let  y  =  Car, 

«=  Ci/; 
.-.  is^CCv, 
^  and  CC  ia  constant ;  .".  «  =  a-. 

99.  If  y  ^  X  and  z  aUo  «  x.  (Aew  v  ye  w  x. 
For  let  y  =  O, 

.-.  !/«=  CC.*«, 

■\/ffS  =  \/CC'.3!, 

and  \/CC  is  constant;  .•.   \/y«  «  j?. 
Blany  other   propositions  may  be   demonstrated  in  like 
L  manner  with   perfect  facility.     We  shall   conclude  with  the 
L  following  proposition. 

100.  ^  z  be  a  quantity  depending  upon  tico  others,  x  and 
Vy,  in  such  a  manner  that  when  x  is  constant  and  y  allowed  to 
Wvary  z  ce  y,  and  tclten  y  is  constant  and  x  allowed  to  vary  z  =  x, 
LcAen  when  x  and  y  both  vary  ■/.  will  oc  x  y. 

Let  J  =  K .  xy,  where  u  is  a  quantity  which,  for  anything 
we  know  at  present  to  the  contrary,  may  involve  x  or  y  or 
both. 

Then  when  ai  ia  constant  and  y  variable  z  ec  y,  but 
hS  —  ua!.y,  therefore  u*  does  not  involve  y,  or  w  does  not 
[involve  y. 

In  like  manner  m  does  not  involve  x,  therefore  it  ia  con- 
l^tont,  or  £  a  iri/. 

We  may  illustrate  the  jjreceding  proposition  as  follows: 
rWhen  the  base  of  a  triangle  is  given  the  area  «  tlic  altitude, 

5—2 
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and  when  the  altitude  is  given  the  area  a  the  base ; 
when  neither  is  given,  the  nren  =  base  x  altitude. 

The  same  method  of  demonstration  is  applieahle  to  i 
following  more  general  proposition  : 

If  7.  be  a  quantity  depending  upon  a  ot/iers,  in  euch  a  matf 
ner  that  when  any  n  ~  \   of  them  are  constant  z  varies  as  (A« 
remaining  one ;  then  when  all  the  n  quantitiea  vary,  z  varies  e 
their  product. 


ON  ARITHMETICAL  PROQRESSION. 

101.  Dkf.  Quantities  are  said  to  be  in  arithmetical 
progression,  when  thej  increase  or  decrease  by  a  common 
difference. 

Thus  a,  a  +  d,  a  +  id, is  an  orithraetieal  series. 

102.  To  sum  an  arithmetical  aeries. 
Let  a  be  tlic  first  term,  d  the  common  difference  of  the 

terms ;  then  the  second  term  will  be  a  +  rf,  the  third  a  +  2rf, 
and  generally  the  ti'"  term  will  he  a  +  (n  -  I)  rf. 

Let  S  be  the  sum  of  n  terms,  then 

S~a  +  a+d  +  a  +  id+ +  «  +  (n-i)rf; 

wridng  the  terms  in  the  reverse  order,  we  have 

Sm  a  +  (n~  i)d  +  a  +  (n  -2)rf  +  a  +  (ii  -  3)  rf  + 

addiug  together  these  two  equations, 

9SmSa+  (n-i)(i+Sa  +  {n-l)d+aa  +  (N-  1}  d  .. 

+  9n  +  (n-\)dt 

"  ]  8a  +  (n  -  i}rf}n,  since  there  arc  n  tcnns; 


,  *. 


.  {«a  *  <«  -  I)  rfj  J. 


which  ill  the  expression  for  the  sum  required. 

The  expression  for  £  may  also  be  vrrittcn  thus :  let  /  1 
tb«  last  term,  Lc  /  -  u  +  (*•  -  i)  </,  tlteu 

*  -  (•  +  0  ;■ 
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CoH.     Any  three  of  the  quantities  a,  d,  ii,  and  S,  being 
C^ven,  the  fourtli  may  be  found. 

Ex,  I.     Find  the   sum    of   10  terms  of  the  arithmetical 

series  a,  5,  8,  

Here  a  =  2,d  =  3,  n  =  10; 

.-.  S  =  (4  +  9  X  S)  5 

-3!  X  5-  155. 

Ex,  2,     There  is  an  arithmetical  series  the  fourth  term 
I  of  which  is  9  and  the  seventh  15  :  find  the  series. 

The  formula  for  the  t*'"  temi  is  o  +  (fi  -  I)  d,  therefore 
in  this  example  we  have 

a  +  3d  =  9, 

a  -^^  6d=  15. 

Subtracting  the  first  of  these  equations  from  the  second, 

sd  =  6, 

rf=2; 


.nd  the  series  is  3,  3,  7»  S 


Ex.  3.  Insert  n  arithmetical  means  between  a  and  6. 
This  is  in  other  words  to  form  an  arithmetical  series  of  7*  +  2 
terms,  of  which  the  first  shall  be  a  and  the  last  b. 

Let  d  be  the  common  difference,  then  wc  must  have 
a+  (»+  l)(i  =  6; 

"  n+r 

Hence  the  terms  required  will  be 


Ex.  4.  Find  an  arithmetical  series  in  which  the  seventh 
term  is  three  times  as  great  as  the  second,  and  the  fourth 
exeeedfi  the  second  by  four. 
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If  a  be  the  first  term,  d  the  common  difference,  we  have 
the  conditions 

a  +  6d  ez  3  {a-h  d), 
a  +  3d!  =  a  +  d+4, 
or     2a  «=  3d, 
^d^^\ 
.".  d  =  2,  a  =  3, 
and  the  series  is  3,  5,  7,  9>  &c. 


ON  GEOMETRICAL  PROGRESSION. 

103.  Def.  a  series  of  quantities  are  said  to  be  in 
geometrical  progression  when  each  term  of  the  series  is  equal 
to  that  which  precedes  it  multiplied  by  some  constant  factor, 
i.e.  some  factor  which  is  the  same  for  all  the  terras,  or  in 
other  words,  when  the  ratio  of  any  two  successive  terms  is 
the  same. 

Thus  a,  ar,  ar^  af^, is  a  geometrical  series. 

104.  To  sum  a  geometrical  series. 

Let  a  be  the  first  term,  r  the  common  ratio  of  the  terms ; 

then  the  second  term  will  be  ar,  the  third  ar^,  and  generally 
the  n*^  term  will  be  ar*'^. 

Let  8  be  the  sum  of  n  terms,  then 

8 ^  a  +  ar  +  ar^  + +  ar'^'^, 

multiplying  by  r  we  have 

rS  =  ar  +  ar^  + +  ar^'^  +  ar"*; 

subtracting  the  former  of  these  equations  from  the  latter, 

we  have 

(r  -  I)  Sm  ar^^  a; 

.*.  S  ss  a , 

r  -  1 

which  is  th^  expression  for  the  sum  required.     The  result 
may  be  easily  verified  by  actual  division. 
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Cor.     ^y  three  of  the  four  quantities  a,  r,  n,  S  being 
given,  the  fourth  may  be  found. 

105.     If  the  quantity  r  be  less  than  l,  r'  will  be  less  aa 
I  n  is  greater,  and  if  we  Buppose  ti  indejimtebj  great,  »■'  will  be 
indefinitely  small,  and  we  shall  have 


Henee  it  appears  that  if  we  have  a  geometrical  series  in 
I  which  the  common  ratio  is  a  proper  fraction  there  is  a  certain 

3  continually 

I  approximates  the  more  terms  wo  take,  and  consequently  we 
may  say  that  the  sum  of  such  a  series  extended  ad  infinitum 


106.     An  example  of  a  geometrical  series  continued  ad 
I  infinitum  occurs  in  arithmetic,  in  the  case  of  recurring  decimals : 

I  thus  the  recurrinir  decimal  .333 =  —  +  — -  +  — -  + , 


land  the  sum  of  this  scries  i: 


I  But  more  generally 

107.  To  Jind  the  vuhjar  fraction  corresponding  to  a  given 
I  recurring  dfcimal. 

Let  the  decimal  be  represented  by  A  .  BRRR 

I  where  ^  is  the  integral  part,  B  the  nonrecurring  decimal  part. 
I  and  R  the  recurring ;  and  suppose  B  to  contain  ;;  digits,  and 
1  A  to  contain  q  digits. 

Let  S~A  .  BRRR ; 

.-.  1(^*1  S  =  ABR  .  RR , 

and  lO"  S  =•  AB  .  RR ; 
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...  (ioP-^9  ^  lOP)  8  ^  ABB -- AB, 

^  ^     ABB  -  AB 

and  S  «  — --. — :; r . 

IQP  (io«  -  1) 

This  quantity  reduced  to  its   lowest  terms  will  be  the 
vulgar  fraction  required. 

Ex.  1.     Find  the  sum  of  lO  terms  of  the  geometrical 
series  i,  2,  4,  8,  

In  this  case  a  «  l,  r  =  2,  n  a  lo  ; 

2^-1 

/.    S  «  B  2'<>  -  1  «  1023. 

2  -  1 

Ex.  2.     There  is  a  geometrical  series  of  which  the  second 
term  is  6  and  the^ur^A  54 ;  find  it. 

Here  ar  ^  6, 

ar^  «  54; 
•     54 

r  =  ±  3  ; 

6 

.'.  o  =  —  •  ±  2 ; 

«fcs 

.*.  the  series  is 


2,  6,   18,   54,, 
or  -2,   6,    -  18,   54, 


Ex.  3.  Insert  n  geometrical  means  between  a  and  6. 
This  is  in  other  words  to  construct  a  series  of  which  the  first 
term  is  o,  and  the  (n  +  2)*^  term  6. 

Therefore  we  must  have 

and  the  geometrical  means  required  are 
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Ex.  4.    Find  the  sum  of  the  series  l  -F  ^  +  J  +  ...  orf 

infinitum. 

In  this  case  o  -  l,    f  «  ^ ; 

.-.  S- =--2. 

Ex.  5.     Find  the  vulgar  fraction  corresponding  to  the 

recurring  decimal  2  .  46262 

Let  S  -  2 .  462^, 

1000  S«  2462.te, 
10  iS  124.62; 

.-.   990  iS  =  2438, 

2438       1219 


and  S 


990        495 


ON  HARMONICAL  PROGRESSION. 

108.  Def.  a  series  of  quantities  are  said  to  be  in 
harmonical  progression,  when  any  three  successive  terms  are 
so  related,  that  the  first  is  to  the  third  as  the  difference  be- 
tween the  first  and  the  second  is  to  the  difference  between 
the  second  and  third. 

Thus  if  a,  6,  c  are  in  harmonical  progression, 

a  :  c  ::  a  —  6  :  6—  c. 

7%«  reciprocals  of  quantities  in  harmonical  progression  are 
in  arithmetical  progression. 

Let  «,  6,  c  be  quantities  in  harmonical  progression,  then 
by  definition, 

a      a  --  b 

c      b  ^  c' 
6  —  c      a  —  6 


or 


1111 
c      b      b      a 
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1  ,    1   . 


which  proves  that  the  difference  between  -  and  -  is  the  same 

a  b 

as  between  -  and  -  ,  or  that  - ,  7  ,  -  are  in  arithmetical  pro- 

o  c  a    b    c  ^ 

gression. 

Cor.  Hence  we  may,  if  we  please,  take  it  as  the  defi- 
nition of  quantities  in  harmonical  progression  that  their  re- 
ciprocals are  in  arithmetical. 

109.  A  series  of  quantities  in  harmonical  progression 
admits  of  no  simple  summation. 

110.  The  three  kinds  of  progression  which  have  been 
treated  of,  may  be  brought  under  one  point  of  view  as  follows : 

If  a,  b,  c  are  in  arithmetical  progression,  we  have 


If  in  geometrical. 


If  in  Iiarmonicaly 


a 

— 

0 

a 

V 

— 

c 

a 

a 

_ 

b 

a 

b 

— 

c 

6 

a 

— 

b 

a 

b 

^ 

c 

c 

ON  PERMUTATIONS  AND  COMBINATIONS. 

111.  The  different  ways  in  which  any  number  of  quanti- 
ties can  be  arranged  are  called  their  permutations. 

Thus  the  permutations  of  the  letters  a,  6,  c  taken  two 
together  are  a 6,  ac,  ba,  be,  ca,  cb. 

The  combinations  of  a  number  of  quantities  are  the  col- 
lections which  can  be  made  of  them  without  regard  to 
arrangement. 

Thus  the  combinations  of  a,  6,  c,  taken  two  together,  are 
ab,  ac,  be:  ab,  ba,  which  were  two  permutations,  form  only 
one  combination,  and  so  of  the  rest. 


pBHirrTA-now  A?m  cosnn?t*Tioxa. 
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112.  To  find  the  number  of  permutatioru  ofn  thing*  taken 
'  1"  togeUter. 

Let  Jn/'r}  denote  the  nntnbcr  of  pcrmutAtions  of  n  things 
a,  b.  c,  d,...  taken  r  together. 

Then  it  U  manifes^t  that  the  number  uf  pcrnintntions  of  n 
things  taken  1  together  ia  n.  or  }n/'l{  -  "■ 

Again,  to  find  the  number  of  pcrmntntions  of  n  things 
taken  two  together,  we  observe  that  a  may  he  placed  before 
eaeh  of  the  «  -  I  other  letters  6,  c,  (/,..,  thus  forming  n  -  I 
permutations  in  which  a  stands  first ;  the  same  may  I>e  said 
of  each  of  the  other  letters ;  therefore  the  whole  number  of 
permutations  which  can  be  formed  is  ri  (n  -  I), 

or  {n/'sJ-nC  -  0- 

Now  suppose  that  {nPr\  =n(n  -  \)(n-  2)...{»  -  r+  l); 
then  if  wc  omit  a  and  form  the  j>ermutattons  of  n  —  1  things 
taken  r  together,  we  shall  have  (n  —  1)  (n  — 2)  ...  (n  —  r)  of 
such  permutations,  (by  writing  n  -  I  for  n  in  the  preceding 
formula) ;  and  before  each  of  these  we  ean  place  a.  thus  form- 
ing (n  -  I)  (n  -  2) ...  (n  -  r)  permutations  of  n  things  taken 
r  +  I  together  in  which  a  stands  first ;  the  same  may  be  said 
of  each  of  the  other  letters,  and  therefore 

{n/'(r+l)!.»(»-l)(»-«)...(»-r). 

Henee'  if  the  formula  assumed  for  {n/*rj  bo  true  for  one 
value  of  r,  it  is  true  for  the  next  superior  value,  but  it  l» 
true  when  r  =  2,  as  we  have  seen,  therefore  it  is  true  when 
r  "  3,  therefore  when  r  =  4,  therefore  &e.  therefore  generally 
true. 

The  preeeding  proof  is  an  instance  of  that  process  of 
induction,  which  we  have  already  used  in  several  instances. 
The  proof  may  be  exhibited  rather  more  concisely  as  fttllows. 

Let  |n/*r|  denote  the  number  of  permutations  of  n  things 
a,  b,  c,  d  ...  taken  r  together,  as  before.  Now  suppose  we 
omit  one  of  the  letters,  aa  n,  and  form  the  remainder  into 
permutations  taken  r  —  I  together,  of  which,  according  to  our 
notation,  there  will  be  {{«- l)/*(r  -  l)j ;  then  before  each 
of  these  permutations  wo  may  place  a,  thus  Jbrming  }(n  -  \) 
J*{r  -  i)j  permtUatiowi  ofn  things  taken  r  toffether,  in  tvhieh  a 


atands  first:  the  same  may  be  said  of  b,  c,  d.  and  there  are4| 
of  them ;  therefore  we  shall  have 

|»/'r|.,,](„-l)P(r-l)); 
in  like  mamier, 

J(»-l)i'(r-I)j.(„-l)|(a-J)/'(r-2)j, 
i(»  -  «)  P (r  -  «)(  .  (»  -  2)  j(»  -  3)  P{r-  S)} . 
&c,  =  &c. 
{(«  -  ,■  +  S)Psi  .  (,.  -  r  +  5)  i(„  -  r  +  I)  P.j 

.(„_r  +  2)(„-r+.). 
[since  it  is  manifest  that  J(n  -  r  +  l)/*!}  «  n  -  r  +  l]. 

Now  multiplying  together  the  corresponding  sides  of  tlu 
equations  and  leaving  out  tlie  common  factors,  we  have 

{nPr}  -  « (n  -  I)  (n  -  8) («  -  r  +  2)  (n  -  r  +  l). 

Cob.     If  r  =  n,  we  hare 

)»/'«(.„(„- l)(n-2) «.l. 

Ex.  1.     Find  the  number  of  permutations  of  7  thinj 
taken  *  together. 

In  this  case  n  —  7,  r  =  4. 

.-.    JTi'*}  =  7.6.5.4=  840. 

Ex,  8.  Find  the  number  of  permutations  of  3  tbingi 
taken  all  together. 

n  -  5,  r  Kt  5. 
.-.    {5P.^J  =  i5  .4.3.2.1  <■  120. 

Ex.  3.  Determine  the  nionber  of  triliteral  words,  which 
can  be  funned  of  8  eoiisonants  and  one  vowel,  the  vowel  being 
always  the  central  letter. 

It  18  evident  that  the  number  required  =  }  8  /*2  j  •  8 , 7  -  56.  ^ 

113.      To  fiiul  llie-  number  of  permutationa  of  a  thinya  tai 
all  together,  u'hett  a  tire  of  the  same  kind. 

I,et  J!  be  the  number  required. 

'Ilien  fiince  all  the  a  quantities  enter  into  each  permutation, 
if  wc  suppose  them  all  different,  eat^h  permutation  would  be 
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Dived  into  {ti/*aj  permutations,  and  therefore  the  whole 
number  of  permutations  would  be  jnPaJ  times  as  great;  but 
in  this  case  the  number  of  permutations  would  be  that  of  n 

I  things,  all  different,  taken  all  together,  or  jnpnj ;  hence  we 

I  have 

or  ,■"'"-■; '■'. 

"(--1) 2-' 

CoH.  In  like  manner,  if  there  were  a  quantities  of  one 
I  kind,  ^  of  another,  y  of  another,  &c.  we  should  have  for  the 
L  number  of  permutations 


■■7 


&c. 


Ex.     Determine  the  number  of  different  arrangements  of 

I  the  letters  forming  the  word  ej?ec(. 

In  this  example  »■=(>,  a  —  3,  /3  —  ^  ; 

.     ,      6.5.4.3.2.1 
.•.  the  number  reqmred  = =  ISO. 


114.      To  find  tlie  number  of  comhinatiom  o/n  things  taken 
I  r  together. 

Let  jnCrJ   denote  the  number  of  combinations.     Then 
I  since  the  order  of  the  quantities  is  not  regarded  in  a  oombi- 
I  nation,  each  combination  of  r  quantities  may  be  resolved  by 
wrmuting  them  into  {rPrj  permutations.     Hence  we  have 

.r{„C.! -"'"-" '-' -^". 

*         '  1  .S r 

Ex.  1.     Find   the   number  of  combinations   of  i)   things 
I  taken  5  together. 

In  this  case  n  »  9,  r  -  s  ; 


_,      9.8.7.6.S 
'       1.2.3.4.5 
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Ex.  2.  How  many  difierent  sums  of  money  can  be  formed 
by  selecting  3  coins  from  a  heap  containing  a  sovereign,  a 
half-sovereign,  a  crown,  a  half-crown,  a  shilling,  and  a  six- 
pence? 

n=^6,  r  ^3; 

6    5    4 

.*.  the  number  required  =  {6C3|  =  — — '—-  «  20. 

115.  The  number  of  combinations  of  n  things  taken  r 
together  is  the  same  <w  that  of  n  things  taken  (n  -  r)  together. 

In  other  words,  {nCr}  =  \nC(n  -  r)|. 

n(n  -  1) {n  -  r  +  1) 


Now   {nCr} 


1.2 


c    ^,  v>      n(n-l) (r  +  1) 

\nC{n-r)i  » ; {. 

^       ^  '*       1.2 (M-r) 

Suppose  n  —  r  greater  than  r,  which  may  be  done  without 
affecting  the  generality  of  the  proof : 

.^        r    r,f  v>      n(n-l) (r  +  1) 

then  \nCin  -  r){  =  — ^^ f - 

^       ^  ^*       1.2 {n-r) 

n{n  -  l)...(n  -  r  +  1)  (n  -r) (r  +  J) 

1  .  2 r{r  +  1) (u  -  r) 

n(»-  l) (n-  r  +  1) 


1  .  2 


(«  Cr). 


115.  (bis)  Another  mode  of  proving  this  proposition  is 
as  follows.  Whenever  r  of  the  n  quantities  are  taken  to  form 
a  combination,  n  -r  are  necessarily  omitted,  and  these  may 
be  supposed  to  be  formed  into  a  combination  which  may  be 
called  with  reference  to  the  former  a  complementary  combina- 
tion. Hence  each  combination  of  r  quantities  has  its  comple- 
mentary combination  of  n  -  r,  and  therefore  the  number  of 
the  two  sets  of  combinations  is  equal. 

116.  To  find  the  value  of  r  for  which  the  number  of  com- 
binations of  n  things  taken  r  togetlier  will  be  greatest, 

n(»-  l)(»-2) (/i-r+  l) 


We  have  seen  that  {n  Cr) 


±  •  sc  .o... ••.*..# 
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and   that    {«C(r-l)l-  ^  >^ ^  J ^^  _  ,) .  so 

that  (nCr)  «  {nC(r-  i)} .   Hence  if  we  suppose  r  to 

become  1,  2, 3... successively,  the  number  of  combinations  will 

continue  to  increase  as  long-  as is  greater  than  1, 

r 

and    therefore   if  we   determine    the  value  of  r  for   which 

first  becomes  equal  to  or  less  than  1  we  shall  be 

r 

able  to  ascertain  the  value  of  r  for  which  (n  Cr)  is  greatest. 

_               n-r  +  l                       n+l.-_         ,,,. 
Suppose «  1,   .•.  r  = ;  if  n  be  odd,  this  will 

be  integral  and  will  be  the  required  value  of  r ;  if  n  be  even,  the 

n  fi  ^  I*  4- 1 

value  -  will  be  the  last  for  which is  greater  than  1, 

2  r  ^ 

and  therefore  will  be  the  required  value. 

It  may  be  observed  that  if  n  be  odd,  InC )  «  InC ) 

by  Art.  115,  so  that  there  are  two  equal  maximum  values  of 
(n  Cr). 

Ex.     To  find  the  greatest  number  of  combinations  which 
can  be  formed  of  9  things. 

In  this  case  n  =  9,  and  r  = =  5,  or  r  « »  4. 

2  2 

9.8.7.6  .     , 

.*. «  126  IS  the  greatest  number  of  combinations. 

Let  us  verify  this  result 

(9Cl)-9, 

(9C2)-^-S6, 
^1.2 

^  ^       1.2.3.4  ' 
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(9C5) 
(9C6)- 


1. a. 3. 4.3" 

9.8.7.fi.5.* 

.2.3.*. 5.6" 


wliicli  sliew3  that  (sC*)  or  (f)C5)  ia  the  greatest  number  1 
combinations,  as  determined  by  the  rule. 


ON  THE  BINOMIAL  THEOREM. 

117.  We  have  already  seen  (Art.  46)  that  (a  + 
•  a*  +  Soft  +  A',  and  that  {a  +  6)'  -  a"  +  3a'6  +  sah*  +  6*.  ani 
we  might  find  the  expansion  of  any  other  positive  integral  power 
of  (I  +  ft  by  actual  multiplication :  the  binomial  theorem  ia  a 
formula  for  the  general  expansion  of  (a  +  6)'  according  to 
powers  of  b,  and  that  not  only  in  the  case  of  n  being  positive 
and  integral,  but  also  when  it  is  fractional  and  negative. 

118.  To  investigate  th«  Sinomiat  TIteorem  in  f/t«  case  <if< 
positive  inleynil  iruUx. 

We  have  by  actual  multipHcation 

{m  +  rt)  (*  +  6)  =  -T*  +  («  +  b)x  +  ah. 
(j' +  a)(.r  4  6)(«  +  c)  =  't^  +  {«  + ft +<•)*"+ (a')  +  a<-  +  6r).r+aA, 

In  examining  the  preceding  expressions  wc  ob&en'e  the 
following  laws : 

(1)  Tliat  they  consist  of  a  aeries  of  descending  powers 
of  X,  and  that  the  first  and  highest  index  is  the  uumber  of 
factors  forming  the  expression, 

(S)  That  the  coefficient  of  the  first  term  is  unity ;  of  the 
isccond,  the  sum  of  the  products  of  the  quantities  a,  ft,  r,  taken 
one  together ;  of  the  third,  the  sum  of  the  products  of  the 
Bamc  taken  two  together;  of  the  last,  the  product  of  them 
taken  all  together. 

Let  UH  suppose  that  this  law  holds  for  n  factora,  that  U, 


I 


(•  ♦  a)(*  4.  «)(>  +  o)..,(,  tpy-jr*  s,»- 


♦  s,^-i 
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where  iSi  «  a  +  6  +  c  +  .•.  +  p, 
*Sa  «  ab  4-  cic  +  .•. 
&c.  a  &c. 

Then  will 

(a?  +  a)  (^  +  6)  (j?  +  c)...(jo  •\-p){x  +  y) 

«  0?^+*  +  aSiV  +  S^x*~^  4-...+  S.'  suppose, 
where  S/  «  fli  +  g  =  a  +  5  +  c  +...  +  />  -♦-  y, 

&c.  B  &c. 
iS,  ^  qS^™  €Lhc^.,pq. 

Hence  it  appears,  that  if  the  assumed  law  be  true  for  n 
factors,  it  will  be  true  for  n  +  1 ;  but  it  is  true  for  three ; 
,\  tor  four;  .\  &c.  /.  generally  true. 

Now  let  a  8  6  s  c  «•..  =  !>. 

Then  Si  =  a  +  a  +  a  +  ...to  n  terms  =  na^ 

4S'j, «  a'  +  a*  + . . .  to  as  many  terms  as  there  are  com- 
binations of  n  things  taken  two  together 

n(n  -  1)    .    ,  ^ 

-  -^ 'a\  (Art.  114) 

1.2  ^  ' 

&c.  «=  &c. 

S,  -  a' ; 

and  (ar  +  a)  («  +  6) («  +  c)  ...  (of  +  p)  becomes  =  (;»  +  a)' ; 

.-.  (.r  +  a)"  «  a?»  +  nai^'^a  +  -^^ ^-a^-^a^  +  ...  +  o". 

1.2 

™                  1   .          ,    .        w(n  -  1)  ...  (n  -  r  +  1)    ,.,  ,         , 
The  general  term  being  — ^^ «"  'o^  and 

the  number  of  tenns  n  +  1. 
6 
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CoH.  1.     (I  +  a?)"=  1 '+  nx  + -a^  +  ...  +  *r". 

1.2 

Cor.  S.  It  appears  from  the  proposition  proved  in  Art. 
115,  that  the  coefficients  of  terms  at  the  same  distance  from 
the  beginning  and  end  of  the  series  are  the  same ;  which  is 
also  otherwise  apparent  from  the  fact  that  {po  +  a)"  »  (a  +  «)". 

E.X.  1.     («  +  by  -  a*  +  4a»6  +  ~a^V  +  ^^4^a6»  +  6*, 

^  1.2  1 .2.8 

-  a*  +  4a'6  +  6a«6*  +  4a6"  +  6*. 
Kx.  2.     Find  the  coefficient  of  a*ft^  in  the  expansion  of 

(a  +  by. 

The  coefficient  -  — — '—  «=  56. 

1 .2.3 

Ex.  S.    Find  the  middle  term  of  the  expansion  of  (l  +  ct)*. 
The  middle  term  is  the  fourth ; 

.•.  the  term  required  «  — — '—  .r*  =  20a'*. 

^  1.2.3 

Ex.  4.      (2o  -  3,r)' 

-  2»a»  -  3  .  2«  .  So»ir  +  -^2  .S»aj^  «  ^ /  ^  *  ^  3.^,3 

1.2  1.2.3 

-  8a'  -  SQa^x  +  54oa'^  -  27 a^ 

The  Theorem  may  be  applied  to  the  expansion  of  a  tri- 
nomial, as  in  the  following  examples. 

Ex.  5.     (I  -  .r  +  *»)' 

-  (1  -  *)'  +  3  (1  -  d?)'jr'  +  3  (1  -  «)^  +  *• 
«  1  -  3*  +  3«*  -J?* 

4  3.r»  -  6.1'  +  Sa* 

+  3.r*  -  3.1-*  +  a* 
•  1  -  3 J-  +  6a«  -  T.*'  +  6jr*  •  3.»*  +  «•. 
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Ex.  6.      (1  +  ;t  +  *•)" 


P 


n(n-l)(«-2)  ,  „ 


119.  The  series,  which  has  been  proved  for  (l+  w)"  when 
B  13  positive  ami  integral,  may  be  shewn  to  be  the  true  eeriea 
in  the  case  of  «  being  fractional  or  negative;  it  is  to  be 
remarked,  however,  that  there  is  this  important  distinction 
between  the  two  cases,  that  when  n  is  a  positive  integer  the 
series  comes  to  an  end,  but  when  n  is  fractional  or  negative 
the  series  will  be  infinitely  extended.  In  fact  we  hare  seen 
that  the  general  term  of  the  series,  when  n  is  a  positive  inte- 
ger, is 

»(»-0.........(„-r-M)^ 


and  this  becomes  zero  when 


but  if  we  prove  that  the  same  is  the  general  term  when  n  is 
fractional  or  negative,  it  will  be  apparent  that  it  never  can 
become  zero,  and  therefore  the  series  can  never  terminate. 
We  may,  however,  consider  the  series  indefinitely  continued 
even  in  the  case  of  «  being  a  positive  integer,  only  that  after 
a  certain  number  the  terms  will  be  in  reality  evanescent. 
This  being  premised,  we  may  proceed 

120.      To  exteml  the  Binomial  Theorem  to  (he  case  of  frac- 
^MonaA  arid  negative  indice/i. 


l»l(lB-  1)     . 

I  +  fwjj  -t-  — ^- -X*  +  Ac. 

I  .a 

(w/We  m  may  be  ani/  quantity  whatever)   be 
Bhortncss'  sake  by  the  symbol  y(m). 

Then,  according  to  the  same  notation. 


-cpresented  I 


/(»)  - 1  +  > 


I  .3 


^^*. 


Our  first  step  will  be  to  determine  the  form  of  the   pro- 
duct/{»i)  >e/(n):  to  do  this  we  observe,  that  by  actual  mul- 
tiplication it  is  clear  that  /(m)  *f(n)  will  be  a  series  pro-. 
cceding  by  ascending  powers  of  m, 

=  1  +  A.v  +  Bx*  + suppose. 

It  would  be  possible  to  determine  the  eocfEcicnta  A, 
by  actual  multiplication*;  hut  wc  obtain  them  more  simpl 
by  this  consideration,  that  although  the  values  of  A,  B,  . 
are  altered  by  altering  m  and  n,  yet  their  /orrnt,  that  b,  the 
manner  in  which  m  and  h  are  involved  lo  them,  arc  tlie  Satne 
whatever  r«  and  n  may  be  ;  and  therefore,  if  we  discover  the 
form  of  the  product /(m)  "/{n)  in  the  ease  of  wi  and  n  being 
positive  integers,  we  shall  know  its  form  whatever  m  and  m 
may  be. 

But  in  that  case  /(m)  =  (i  +  a)', 
and  /(«)  =  (!  +.r)-: 
.-.  /(«.)  x/(«)  -  (I  +  *)— 

^/(rn  +  n)  by  the  notation ; 

ftnd  hence,  by  Ihc  preceding  reasoning,  we  must  have  t 
aalli/ 

and  in  like  manner  we  shall  have  for  any  number  of  £acU: 
/W  ^/(n)  K/{p)  -  -/(m  +n  +p  +  ... 


nullipllui 


II  b,  .! 
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This  being  premised,  in  the  formula 

/M  x/(»)  x/{p) ./(m  +  „  +  y  + ), 

tnalie  m  =  n  =  p  = =  -, 

where  n  and  c  are  positive  whole  numbers,  and  let  there  be  i 
factors ;  then  we  have 


=  {]  +  mY  sinee  ^i  is  a  positive  integer  ; 


■••  (1 +■•)■-/ 


which  proves  the  tlicorem  for  fractional  iudicea. 
Again,  in  the  formula 

I  let^=:  -  n,  and  let  n  be  positive ; 

•••/(-»)-/(•■)-/(»)-'. 


(since  the  series  i  +  nx  +  - 


•  /(-") 


..becomes  I  when  .v^^, 

=  (1 +  *)""; 

^ 


•«(- 


•'). 


/W        ('  H 

:/(-„).,-„. 

which  proves  the  theorem  for  negative  indices*. 

*  The  Biaomial  Theorem,  ns  ipplied  )o  the  eipanalon  of  (l  +  j)*,  whether  n  be 
poaitiiE  or  negitiie,  iaiegril  or  fraclional,  is  due  lo  Sit  I.  Newton.  A  niethod  ofiaalnif 
■  binomial  lo  ■  poiitive  ponei  nithoul  goiog  through  the  proce**  ofkctaul  iiiultiplicxian 
KM  koovn  u  eulf  u  the  bcgianing  of  the  siiteeoth  century,  but  this  method  orUjr 
cxlmded  to  finding  the  luceeuive  powen  by  meiDS  of  Isblei  CBlculaled  for  the  purpose, 
■0  thmt  in  order  to  ratse  «  binomial  to  noy  power  all  the  inferior  powen  had  to  be  found. 
The  neil  step  was  ihe  tnethod  of  raitlOB  a  binumlal  to  a  poaitlve  integral  power,  wiihout 
Ihe  iDli:r*entlDn  of  the  inferior  poweta,  and  itala  waa  the  point  al  ahieh  the  (hemctD  had 
anived  before  Ihe  time  of  Newton.  He  completed  Ihe  theorem  by  obierring  that  tlie 
tame  rule  which  lerved  lo  eipanil  a  binomial  raised  lo  a  poslliie  power,  would  alio  aene 
to  exprois  ihc  root  or  the  reciprocal  of  a  binomial  in  Ihe  form  of  an  intinlte  leriei. 

It  maj  be  well  lo  obierve,  that  the  proof  giien  in  ihe  text  ii  not  that  which  wat 
gluen  by  ifae  discoverer ;  in  fact,  Newton  did  not  himself  give  any  complete  proof  of  his 
■  It  assured  himself  of  its  (ruth  by      '    '      ' 
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Ex.  1. 

^  ^  1.2  1.2.3 

»=  1  -  2a?  + a?'* ar  +  &c. 

1 .2  1.2.3 

=  1 -2a?  +  3a?*  -  4/P^  +  &C. 

Ex.  2.  (a  +  6af)-'  =  -[l  +  —  J 

If       6.r      _i(_i_i)^      -i(-i-i)(-i-g)  y.r»         1 
a\a  1.2  a«  1.2.3  a^  J 

If       hw      1.2  6^0?^      1 . 2 . 3  6V  1 

«  -<l + ^ r  +•••} 

a\        a       1.2a*        1.2.3a'  j 

a  \         a         or         a^  J 

which  is  a  result  obtainable  by  actual  division;  it  may  be 
observed,  however,  that  if  the  result  had  been  so  obtained 
we  should  have  had  also  a  remainder,  of  which  there  is  no 
trace  in  the  preceding  series:  the  fact  is,  that  the  series 
obtained  by  the  Binomial  Theorem  can  only  be  considered  as 
numerically  equal  to  the  quantities  expanded,  when  the  series 
are  convergent.  When  the  convergence  is  very  rapid  the 
Binomial  Theorem  may  be  conveniently  used  for  purposes  of 
approximation,  as  will  be  seen  in  the  next  Example. 

Ex.  3.     To    find    an    approximate    value    of  ^N^  +  ^, 
when  z  is  much  smaller  than  iV^. 

^j^U^I±.^p^~p~'^JL^ ]. 

\        pJV  1.2        JV*/-^ j 

lince  his  time ;  that  in  the  text  is  one  of  those  given  by  Euler,  and  appears  to  be  the 
most  elegant  which  has  been  proposed,  but  the  reasoning  is  somewhat  subtle,  and  will 
require  careful  consideration  on  the  part  of  the  ftudent  who  wiahet  to  master  it. 


7<1  + 
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By  taking  a  few  terms  of  this  series  we  may  obtain  the  result 
with  a  considerable  degree  of  accuracy. 

Ex.  4.     To  find  an  approximate  value  of  \/50. 

v/50-=  (49 +1)^  =  7  (l+^) 

fi.  l'   ,i(i-^)  '   ,i(i-0(i-^)  '   ,     I 

\        ^49  1.2       49*  1.2.3  49*      **'j 

/         1    1         1    1  1     1  \  • 

"'H^"^2i^"8i^"^l64^^-J 

/    .020408   .000416   .000008     \ 

=  71+ + ... 

V      2        8       16       / 

=  7  (1.010204  -  .000052  +  ...) 

=  7  (1.010152)  «  7.071064, 

which  is  correct  to  five  places  of  decimals. 

121.     To  find  the  greatest  term  in  the  expansion  of  {l  +  x)°. 

The  (r  +  1)*^  term  of  the  expansion  is  formed  from  the 

n  "^  r  -\-  1 

r^^  by  multiplying  it  by  the  quantity  w;    so  long 

r 

therefore  as  r  is  such  as  to  make  this  quantity  greater  than  l 

the  terms  will  increase,  but  when  it  becomes  less  than  i  the 

terms  will  decrease.     We  have  therefore  to  determine  the 

71  ^  1*  *^  1 

value  of  r  which  will  make  w  less  than  1,  but  in 

r 

doing  so  it  must  be  observed  that  it  is  the  numerical  value 

which  must  be  less  than  1,  and  therefore  there  will  be  two 

w  —  r  +  1 

cases   to   consider,    according   as  is   positive   or 

r 

negative. 

First,  let  it  be  positive.     Then 

n  -  r  +  1         .- 

Off  will  be  <  1, 

r 

provided  (n  +  l)  a?  <  r  (l  +  x), 

/v 
or  r  >  (n  +  1) . 
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If  therefore  we  take  r  equal  to  the  whole  number  next 

greater  than  (n  +  i)  — — ,  the  corresponding  term  will  be 

1  +  ^ 

the  greatest. 

Secondly,  let  be  negative,  then  will be 

r  r 


positive,  and  we  shall  have 

r  —  n  —  1 


iV<  1, 


r 
provided  -  (n  +  l)  cV  <  r  (1  -  x\ 


or  r  >  -  (n  +  1) 


and  the  value  of  r  required  will  be  the  whole  number  next 
greater  than  -  (n  +  l) 


1  -J? 

Let  us  now  determine  the  circumstances  under  which 
each  of  these  rules  will  apply. 

1.  Suppose w  positive,  then  must 

T 

m 

n  +  1  be  >  r 

>  (n  +  l) a  fortiori, 

or  n  +  1  >  0 ; 

i.  e.  n  must  be  either  positive  or  a  negative  quantity  less  than 
unity. 

91  ~  t*  4-  1 

2.  Suppose  w  negative,  then  must 

r 

91+1  be  <  r 

<  -  (n  +  1)  ; +  1, 

1—4? 

/since  r  is  the  integer  next  greater  than  -  (9i  +  i) >  , 

or  9»  +  1<  1  -  or, 
n  <  -  .T, 
or  n  must  be  negative. 


THE  BINOHIAL  THBOaSU.  89 

Ex.  1.     To  find  the  greatest  term  in  the  expansion  of 

1  07  1        9 

In  this  case  w  «  8,    ^  «  — ,    .*.  (n  +  l)  =  9  x  -  =  —  , 

4  1  +  ^  5       5 

or  the  second  term  is  the  greatest. 
Let  us  verify  this  result ; 


( 


(-;)' 


1\8            8      8.7    1       8.7.6    1 
1+-     =1+-  + .4. .  _  + 

4       1.24*       1.2.34^ 


7      7 
1  +2  +-  +  -  + 
4       8 


in  which  series  the  second  is  evidently  the  greatest  term. 
Ex.  2.     To  find  the  greatest  term  in  the  expansion  of 

In  this  case  n  «  -  12,  a?  =  - ; 

5 

w  1       11  3 

1  —  ^  44      4 

or  the  third  term  is  the  greatest. 
To  verify  this  result. 


(■n) 


-^*  12       12.13    1         12.13.14    1 

"  T"*"    1.2     5*  1.2.3      5^"*" 

12       78       364 

«  1 + + 

5        25       125 


300       390       364 

1 + + 

125       125       125 


which  verifies  the  result. 


122.    It  does  not  always  happen  that  the  value  of  (1  +  or)* 
can  be  calculated  approximately  by  taking  a  considerable 

number  of  terms  of  the  series  l  +  nor  +  — — - — «'+ 


1.2 
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in  other  words  it  is  not  always  true  that  this  series  is  con- 
vergent. It  will  be  desirable  therefore  to  ascertain  the  con- 
dition of  the  convergency  of  the  series,  which  may  be  done 
as  follows. 

Let  P  represent  the  jf^  term,  and  R  the  sum  of  the 
terms  after  thejp^;  so  that 

■'{(T'-)-^r;'-)(^-)-^ } 

Now  suppose  p  to  be  taken  very  large,  then  the  quantities 

,  , become  very  small,  and   we  shall  have 

p       p  +  \ 

approximately, 

a  geometrical  series  of  which  the  sum  cannot  be  calculated 
unless  X  be  less  than  unity,  (Art.  105).  Consequently  the  con- 
dition of  convergency  for  the  binomial  series  is  that  ob  shall 
be  a  proper  fraction. 


ON  LOGARITHMS. 

123.  Def.  The  logarithm  of  a  number  N  is  the  value 
of  w  which  satisfies  the  equation  a* »  N^  where  a  is  some 
given  number. 

Thus  if  a  be  10,  the  logarithm  of  100  is  2,  that  of  lOOO 
is  8 ;  and  that  of  any  number  between  100  and  1000  will  be 
greater  than  2  and  less  than  3,  so  that  it  may  be  represented 
by  2  followed  by  places  of  decimals. 

If  we  give  a  any  value,  as  10,  it  is  possible  to  find  the 
values  of  w  corresponding  to  all  values  of  iV,  that  is,  to  find 
the  logarithms  of  all  numbers  to  the  base  10;  suppose  these 
found  and  registered  in  tables,  these  will  be  the  common 
tables  of  logarithms ;  we  shall  see  of  what  use  they  may  be 
made  from  the  following  propositions. 
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124.  The  logarithm  of  ike  product  of  two  numbers  is  the 
sum,  and  the  logarithm  of  the  quotient  is  the  differmce  of  the 
logarithms  of  the  numbers. 

For  let  a'  «  iV,  a^  =  N',  where  N  N'  are  any  two  numbers, 
and  w  y  their  logarithms  to  the  base  a, 

then  a'-^y^NIf, 

but  by  definition  a*  +  y  is  the  logarithm  of  NN'  to  base  o, 
or  (as  we  usually  write  it)  a?  +  y  =  log^iViV"; 

.-.  log,  NN'  =  log,  N  +  log,  N\ 

In  like  manner 

N 

N 
and  .-.  log,  — ,  =  log,  iV  -  log,  iV^'. 

125.  The  logarithm  of  any  power  of  a  number  is  the 
logarithm  of  the  number  multiplied  by  tlie  index  which  expresses 
the  power. 

Suppose  a'  =  iV, 

then  dP'^NP, 

or  j5^elog,iV  by  definition, 
but  Of  =  log,  N ; 
.-.  log,  A"^  =  p  loga  iv; 
In  like  manner 

iog,i\r^  «liog,iv: 
p 

126.  Hence  it  appears  that  by  means  of  a  table  of 
logarithms,  multiplication  may  be  performed  by  addition, 
division  by  subtraction,  involution  by  multiplication,  and  et/o- 
lution  by  division. 

For  suppose  that  we  possess  such  a  table,  and  that  we 
wish  to  multiply  together  two  numbers  N  and  N\  We  look 
for  the  logarithms  of  these  two  numbers,  add  them  together, 
and  t^en  look  among  the  logarithms  for  the  stun  thus  found, 
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the  number  corresponding  to  that  logarithm  will  be  NN*: 
and  so  of  the  other  operations.  From  this  it  will  be  easily- 
understood  that  the  use  of  logarithms  greatly  facilitates  long 
calculations. 

127.  To  explain  the  advantage  of  choosing  10  as  the  base 
of  a  system  of  logarithms* . 

Suppose  we  have  any  two  numbers  in  which  the  digits 
are  the  same,  but  which  differ  from  each  other  in  the  position 
of  the  unit's  place:  for  example,  137  and  13700.     Then 

13700  =  137  X  100  =  137  x  10'; 

.-.   logio  13700  =  logio  137  +  2. 

Hence  the  logarithms  of  the  two  numbers  in  question  differ 
from  each  other  only  in  this,  that  the  larger  one  has  2  added 
to  it,  the  decimal  parts  of  the  two  being  the  same.  And  we 
may,  in  like  manner,  conclude  that  the  decimal  parts  of  the 
logarithms  of  all  numbers  having  the  same  digits,  but  a  dif- 
ferent unit's  place,  are  the  same.  Hence,  if  we  have  a  rule 
for  assigning  the  integral  part  of  a  logarithm,  the  tables  need 
not  contain  the  logarithms  of  all  numbers,  but  only  of  those 
in  which  the  digits  are  different. 

The  integral  part  of  a  logarithm  is  called  the  character- 
istic, the  decimal  part  the  mantissa. 

*  Logarithms  calculated  to  the  base  10  are  sometimes  called  Briggs*  Logarithms, 
from  the  name  of  their  inventor.  The  first  deviser  of  the  method  of  logarithms  however 
was  not  Briggs,  but  Napier,  baron  of  Marcheston  near  Edinburgh,  who,  in  1614,  pub- 
lished what  he  called  Canon  mirabilis  LogarUhmorum,  The  base  of  Napier*s  system  is 
the  value  of  the  series 

,,11  1 

1  +  1  +  1— o +1—6— «  + 


1.2"^1.2.3^1.2.3.4^ 

which  may  be  easily  shewn  to  be  equal  to  2.71^^18 ,  and  which  in  the  actual  cal- 
culation of  logarithms  and  in  many  mathematical  processes  is  the  most  convenient  base  \ 
it  is  usually  denoted  by  the  letter  e. 

Briggs*  logarithms  may  be  easily  deduced  firom  Napier's ;  for,  if  J^  be  any  number, 
we  have  by  definition, 

JV-IO*****^, 
.*.  taking  logarithms,  log.  N  =  logio  ^  ><  loS.  1®> 

.-.  logioJV=j^^.log.J\r. 
Hence  Briggs*  logarithms  may  be  deduced  from  Napier*8  by  multiplying  the  Utter  by 
the  quantity  i      .   ,  which  is  a  quantity  easily  calcuUted,  and  is  calUd  the  mod^ui. 
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128,  To  find  a  rule  for  ascertaining  the  characteriatic  of 
\  th£  logarithm  of  amj  number. 

We  have  logm  10' »« 2,  and  logi^lO'sS;  hence  the  loga- 
[  rithm  of  any  number  between  lOO  and  lOOO,  i.e.  of  any  number 
composed  of  three  digits,  is  between  2  and  3,  and  therefore 
the  characteristic  is  2 ;  similarly  for  numbers  of  four  digits 
the  characteristic  is  3 ;  and  generally  the  characteristic  is 
one  lesa  than  the  number  of  digits.  If  the  number  be  decimal 
we  must  have  a  negative  characteristic,  for 

login  I  =  0- 
logioiV'^'oSw  I  =  -I. 
and  Iog,„Ti^o-  =  Iog,o.oI  =  -3; 

rhcnce  the  logarithm  of  a  number  between  i  and  .  i  is  less  than 
I  0  and  greater  than  -  I ,  and  may  therefore  be  represented  by 
I  —  1  +  a  mantissa;  in  like  manner  the  logarithm  of  a  number 
I  between  .l  and  .01  will  be  -  2  +  a  mantissa;  and,  generally, 
the  characteristic  will  be  one  greater  than  the  number  of 
I  cyphers  which  precede  the  first  significant  figure. 

129.  On  tlie  use  of  logarithmic  tables. 
Since  by  the  preceding  article  we  know  at  once  the  cha- 

[  raeteristie  of  the  logarithm  of  any  proposed  number,  it  is  usual 
in  tables  to  give  only  the  mantissa  of  the  logarithm,  leaving 

I  the  characteristic  to  be  supplied  by  the  calculator.     Suppose, 

I  for  instance,  we  required  the  logarithm  of  3.7192  ;  looking  for 
the  number  37192  in  the  tables,  we  find  the  figures  570449.') ; 

I  hence  we  conclude,  that  the  logarithm  required  is  .5701495. 
If  the  number  had  been  37l-9'i,  the  logarithm  would  have  been 
2.5704*,f(3;  and  for  .037192,  the  logarithm  would  be  2.5704495,   , 
■  -  2  +  .570l.4[)5 ;  and  so  in  other  cases. 
Good  logarithmic  tables  arc  usually  calculated  for  .1  figures, 
but  the  logarithms  of  numbers  of  6  figures  may  be  found  very 
simply  if  we  assume  this  principle,  that  the  difl'erence  between 
the  logarithms  of  two  numbers  not  tliflTeriug  much  from  each 
other  is  proportional  to  the  difference  of  the  numbers.     ¥ov 
example,  the  mantissa  of  the  number  S65190  is  SHaiS.'^fi,  that  of  I 
SC51S0  is  5()24t7S,  and  the  difference  between  these  is  119; 
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now  suppose  we  wish  to  find  the  mantissn  of  the  number 
365124,  then  since  the  difference  for  10  is  119>  we  assume  that 

4 

the  difference  for  4  will  be  —  x  119,  or  48  nearly. 
Or  more  generally,  we  assume  that 

logio  (iVr+  w)  -  logio  ^  =  ^  l^^^gio  (iV  +  1 0)  -  log.o  N] . 

We  say  assume,  but  in  a  complete  treatise  on  the  subject  the 
proposition  would  be  not  assumed,  but  proved. 

To  render  the  process  of  finding  the  logarithm  of  a  number 
of  6  digits  more  easy,  tables  are  supplied  with  auxiliary  tables, 
called  tables  of  proportional  parts.     These  are  simply  the  re- 

suits  of  the  formula  —  {logic  (iV+  10)  -  logic  iV}   reduced  to 

numbers  for  each  value  of  n  from  1  up  to  9.  A  separate  table 
is  not  required  for  the  difference  between  each  pair  of  loga- 
rithms, because  in  looking  through  logarithmic  tables  it  will 
be  easily  seen  that  the  difference  remains  the  same  for  a  con- 
siderable number  of  logarithms.  Thus  in  the  example  just 
now  taken,  the  table  of  proportional  parts  is  as  in 
the  margin,  but  this  table  serves  for  all  numbers 
from  364850  up  to  367830.  These  tables  of  pro- 
portional parts  render  the  process  of  finding  loga- 
rithms of  numbers  of  6  figures  very  easy,  since  we 
have  only  to  inspect  the  table  and  ascertain  at 
once  the  quietntity  to  be  added  to  the  logarithm 
given  in  the  table. 

130.  The  preceding  articles  contain  so  much  of  the 
theory  of  logarithms,  as  is  necessary  to  render  their  utility 
obvious  and  the  mode  of  using  them  intelligible  ;  the  actual 
calculation  of  them  would  involve  us  in  series  >vith  which  the 
student  is  not  at  present  acquainted,  and  for  which,  if  he 
be  desirous  of  pursuing  the  subject,  he  is  referred  to  other 
treatises. 
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1.     The  science  of  platie  tri'jonometry,  according  to  tlie 

I fltrict  meaning  of  the  words,  treats  oftlie  measurement  o{  plane 

'triangles;  we  may  however  consider  the  name  as  applicable 

to  the  more  general  subject  of  the   measurement  of  plane 

angles,  of  which  the  measurement  of  triangles  forms  an  im- 

^^^portant  part. 

^■elf 
^Hco 


2.  The  term  angle  will  be  used  in  this  subject  in  a  more 
[extended  sense  than  that  which  is  attached  to  it  in  Euclid's 
elements,  for  an  angle  according  to  Euclid's  definition  cannot 
exctMjd  two  right  angles,  tind  indeed,  according  to  our  ordinary 
conception  of  an  angle  or  oymer,  it  is  manifest  that  there  can 
be  no  such  thing  as  an  angle  exceeding  that  limit:  but  there 
no  such  restriction  in  Trigonometry ;  in  that  science  tlie 
lagnitude  of  an  angle  is  unlimited.  To  make  this  under- 
flrtood,  let  BOA  be  a  fixed  ^ 

raight  line,  and  OP  a  ^ 

line  which  revolves  about  y^ 

O,  and  which  at  first  co-  X 

incided  with  OA.     Then  y^ 

we  say,  that  when  OP  is    ^ -.^_ 

in  the  position  reprcscnt- 

i  the  figure,  it  has  described  the  angle  AOP ;  but  this 
node  of  conceiving  an  angle  admits  of  extension  to  angles  of 
mny  magnitude,  for  wc  may  suppose  OP  to  revolve  beyond 
^OB  and  so  describe  an  angle  greater  than  two  right  angles, 
lOr  more  generally,  we  may  suppose  it  to  describe  an  angle  of 
jiy  magnitude  whatever. 

The  same  thing  may  be  put  in  a  slightly  different 
point  of  view,  by  considering  the  point  P  to  trace  out  a  circle 
with  centre  O.  Then  it  is  proved  by  Euclid,  (vi.  33),  that  in 
the  same  circle  the  angle  standing  on  any  arc  is  proportional 
7 
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tu  tlint  arc,  so  that  the  arc  subtending  aii  angle  is  a 
nteaeiire  of  that  angle.  Now  it  will 
be  seen  that  the  arc  traced  out  by  P 
may  be  perfectly  iinlintitcd,  may  in 
fact  consist  of  any  number  of  circum- 
ferences or  any  i>ortion  of  a  circum- 
ference. The  student  will  frequently 
find  it  convenient  to  have  before  his 
mind  the  notion  of  the  subtending  arc, 
ns  the  measure  of  the  subtended  angle. 

ON  THE  MODE  OF  MEASURING  ANGLES. 

4.  Suppose  a  right  angle  to  be  divided  into  ninety  equal 
parts,  and  let  each  part  be  called  a  degree;  suppose  a  degree 
to  be  divided  into  sixlif  equal  parts  called  minutes,  and  a 
minute  into  sixtt/  equal  parts  called  seconds  :  then  the  magni- 
tude of  an  angle  may  be  assigned  by  saying  how  many  degrees, 
minutes,  and  Bcconds  it  contains. 

Degrees,  minutes,  aod  seconds,  are  thus  denoted,  25*  30' 
s-z".  We  may,  if  we  please,  denote  parts  of  a  second  by  a 
similar  notation ;  but  in  general  an  angle  will  be  determined 
with  sufficient  accuracy,  by  aMuigning  the  degrees,  minutea, 
end  seconds,  which  it  contains,  or  we  may  make  the  value 
exact  by  setting  down  beside  fractions  of  a  second. 

According  to  this  notation,  90**  represents  a  right  angle, 
ISO"  two  right  angles,  and  SdOf  four  right  angles  or  the  angle 
described  by  a  complete  revolution  of  the  revolving  line. 

5.  It  is  obvious,  that  this  mode  of  measuring  angles  is 
perfectly  arbitrary  ;  we  might,  for  instance,  (as  some  French 
authors  have  done)  divide  the  right  angle  into  one  hundred 
degrees,  or  grades  as  they  may  be  termed  to  distinguish  them 
from  English  degrcot,  each  grade  into  one  hundred  portA, 
and  so  on ;  and  this  is,  in  fact,  a  very  convenient  division, 
because  no  new  notation  will  be  required  to  denote  the 
different  parts;  for  such  a  quantity  as  ifi  45'  if  might  be 
written  .l.-VSt7>  and  thuH  the  only  mark  required  is  a  decimal 
point  to  flcparalQ  the  grades  from  the  parts.  As  the  former 
division  is  universal  in  thiii  country,  wv  shall  ad(»pt  it  here*  \ 
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It  may  however  be  worth  while  to  point  out  the  method 
of  passing  from  the  French  to  the  EngUsh  measure  and  the 
teverae. 

Let  E"  F"  denote  the  number  of  dcgreca  and  grades 
respectively  in  the  same  angle.  Then  since  the  right  angle 
which  in  the  one  case  is  divided  into  90  parts  is  in  the  other 
divided  into  100,  it  is  evident  that 


^^T  divided 


:  90  : 


and  /■  = 


=  -P  +  - 


E 


TVhich  formulED  give  simple  rules  for  effecting  the  reduction 
required.  It  is  to  be  observed  that,  in  passing  from  degrees 
to  grades,  it  is  necessary  first  to  express  minutes  and  seconds 
as  a  decimal  of  a  degree ;  and  that,  in  passing  from  grades 

to  degrees,  it  is  necessary  after  having  subtracted  —  accord- 
ting  to  the  preceding  formula  to  express  the  decimal  portion 
Wfif  the  result  in  minutes  and  seconds ;  the  meaning  of  this 
I  observation  will  be  seen  from  the  two  following  examples. 

Kx.   1.     To  find  how   many    degrees,   minutes,   &c.,  are 
>ontained  in  the  angle  2?"  is'  W. 
In  this  case,       F  =  27.1544 


20.25f 

.  £■  =.  24"  26 
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Ex.  2.     To  find  how  many  grades,  minutes,  &c.,  are  con- 
tained in  the  angle  23«  17'  5l". 

Here  we  must  reduce  17'  5 1"  to  the  decimal  of  a  degree. 

60)  51 


60)   17.85 


.2975 
.-.  E  -  23.2975 
E 

—  =    2.588611 
9 


E 

\  E  +  -  m  25.886111 

9 


\  /?,« ■■  ■•«« 


.-.   jP- 25^88' 6r  11 


Another  mode  of  measuring  angles  will  be  given  here- 
after.    (See  Art.  52,  page  138.) 


ON  THE  USE  OF  THE  SIGNS  +  AND  -  TO  INDICATE  THE 

DIRECTIONS  OF  LINES. 


6.  The  primary  use  of  the  signs  +  and  -  is,  as  we  have 
seen,  (Algebra,  Art.  5)  to  denote  addition  and  subtraction ; 
nevertheless,  we  found  that  these  signs  immediately  intro- 
duced the  notion  of  negative  quantities,  and  we  illustrated 
the  meaning  of  a  negative  quantity  by  a  debt,  which  may  be 
looked  upon  as  a  quantity  to  be  subtracted. 

We  must  now  still  "further  generalize  the  meaning  of  the 
signs  +  and  -,  and  it  will  be  easy  to  shew  that  if  a  line 
drawn  in  one  direction  be  called  positive,  then  a  line  drawn 
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in  the  opposite  direction 
will  properly  be  ac- 
counted    negative.       To  — ^ 

m.ike  this  appear,  let 
AB  be  any  straight  line 
of  length  a,  and  let  us  cut  otf  from  it  a  portion  CB  =  b,  thd 
the  remainder  AC=a-b.  Now  so  long  as  A  is  less  than  a, 
C  lies  to  the  right  of  A  and  a—  b  'ib  positive ;  but  suppose 
we  endeavour  to  cut  ofl"  from  AB  a  portion  BC  greater  than 
itself,  then  (although  the  operation  is  really  impossible,  yet) 
according  to  the  analogy  of  the  preceding  operation  we  shall 
have  for  the  remainder  AC*,  which  is  a  line  drawn  to  the 
k/l  of  A  and  is  represented  by  -  (6  -  a),  or  by  a  negative 
quantity.  Hence  then  we  see  how  that  if  a  line  drawn  in 
one  direction  is  accounted  positive,  then  a  line  drawn  in  the 
opposite  direction  is  properly  accounted  negative.  JM 


7.  A  more  comprehensive  view  of  this  subject  may  be 
given,  by  saying  that  the  signs  +  and  -  denote  any  exactly 
opposite  qualities  of  a  quantity ;  we  are  at  liberty  to  take 
these  signs  in  such  a  sense,  because  it  includes  the  original 
meaning,  viz.  that  of  addition  and  subtraction,  for  additive 
and  gubtractive  are  qualities  exactly  the  reverse  of  each  other. 
And  if  we  take  the  signs  +  and  -  as  having  this  meaning, 
we  shall  see  at  once,  that  among  other  qualities,  they  pro- 
perly designate  opposition  in  direction  when  applied  to  lines. 

As  an  example,  let  us  consider  what  will  be  the  meaning 
of  a  negative  angle.  Suppose  the 
line  O/*  by  its  revolution  about  O 
and  upwards  from  OA  to  describe 
the  angle  AOP,  and  let  angles  de- 
scribed in  this  manner  be  consi- 
dered positive.  Then  if  the  line 
revolve  doutntcards  from  OA  and 
describe  the  angle  AOP',  this  angle 
will  be  properly  accounted  negative. 

The  same  explanation  would  apply  to  negative  area. 
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O 


8.  In  what  follows, 
wo  nIiiiU  conHidcr  that  if 
AOn,  COD,  arc  two  lines 
III  ri^ht  angles  to  each 
othor.  then  lines  drawn 
l^anillol  to  AOD  are  po- 
tativo  ir  to  the  right,  ne-  S 
ini^tivc  U*  to  the  left  of 
CtK  and  lines  drawn  pa- 
wJlel  to  ViW  ore  positive 
if  drnwiialH^-e  AOD,  and 
ue^tivc  if  Ih>1ow  it* 

Wc  shall  soc  immediately  the  great  advantage   of  the 
Iv^ev^Mliug  ciaivenlions. 


OX  TlIK  TRIGONOMETRICAL  FUXCTIOXS  OF 

AX  AXGLE. 


rx-*.  U 


ri^  II. 


<% 


X     \ 


B       X 


<1 


'a  < 


iw.  air 


i/ 


^J*J*JW^4fe^r.lh,    .,K.    u„^.u     ^..V       Ki„    :^    utt 


TRIGONOMETRICAL  FUNCTIONS  OF  AN  ANGLE.  103 

PN  . 

(i)      yr^  18  defined  to  be  the  sine  of  the  angle  A  OP. 

(-)      ^jj  cosine 

,  ,     PN 

{^)      ^  tanyent  

W     7,^  cotangent    

/  N      OP 

vv      A»T  secant 


ON 


rn^         OP 

(o)     --—   cosecant  , 

^  s  ON 

(7)     1  -  -—  versedstne 

O" 


The  ratios  to  which  we  have  just  assigned  names  are 
called  the  trigonometrical  functions  of  the  angle,  that  is, 
quantities  which  depend  upon  that  angle  for  their  value,  and 
(conversely)  which  being  given  determine  the  value  of  the 
angle. 

For  shortness*  sake  we  usually  denote  an  angle  by  some 
single  letter,  as  for  instance  A ;  and  we  write  the  names  of 
the  functions  above  defined  thus,  sin  A,  cos  A,  tan  A,  cot  A, 
sec  A,  cosec  A,  vers  A  ♦. 

10.     The  meaning  of  these  names  f,  and  the  relations  of 

*  It  is  yomctimes  convenient  to  denote  by  a  single  symbol  the  angle  whose  sine  is  any 
given  quantity ;  the  following  is  the  notation  usually  adopted  ;  sin-*  jr,  cos-'jr,  tan-' jr, 
&c.  are  symbols  taken  to  represent  respectively  the  angle  whose  sine  is  jr,  the  angle 
whose  cosine  is  jt,  the  angle  whose  tangent  is  x,  &c.  The  reasons  for  choosing  this  nota- 
tion it  is  not  necessary  to  discuss  here. 

t  In  the  older  treatises  on  Trigonometry  it  was  usual  to  define  the  line  PN  to  be  the 
sine  of  the  angle  PON  ot  of  the  arc  AP^  ON  to  be  the  cosine,  and  so  on.  The  dis- 
advantage of  this  method  is  that  in  order  to  make  an  angle  determinable  from  its  sine,  it 
is  necessary  to  state  what  is  the  radius  of  the  circle  in  which  the  lines  are  drawn.  If 
however  we  suppose  the  radius  of  the  circle  to  be  tini/y  this  method  of  definition  will 
coincide  with  that  given  in  the  text. 


the  trigonometrical  functions  to  each  other,  will  be  seen  t 
distinctly  from  another  mode  of  defining  them. 


/^^ 

X 

r" 

^ 

T 

1 

/ 

A, 

r' 

\ 

N'                yi 

k 

Suppose  the  point  P  at  the  extremity  of  the  revolving  li 
OP  to  truce  out  a  circle  of  radius  r.  At  the  point  A,  which 
is  the  initial  position  of  P,  draw  tlie  tangent  TA  T',  and  let 
OP  be  produced  to  meet  AT  m  T\  also  draw  /"iV  perpen- 
dicular to  OA  ',  then  we  may  define  the  trigonometrical  func- 
tion of  the  angle  POA  or  A,  thus : 


sin  A  = 


PN 


^       ,     AT  I      PN ,    \ 

umA=-^  --    \  "  f^^'  "y  similar  triangles], 

^     OT  (      OP    ^       ■    .,      .  ■       ,    ^ 
sec  A  =   —     \  =  f.jL.'  "i'  similar  triangles  I, 


With  regard  to  the  three  other  functions  we  may  obi 
that  tlie  complement  of  an  angle  is  its  defect  of  a  right  D 
and  that  rotine  merely  signifies  sine  of  the  complemeiU,  i 
tangent  tangent  of  the  complement,  and  cosecant  secant  of  { 
^trnpUment.     Ucnce  these  functions  need  no  new  dcfinitii 


TRIOONOMETIi 


i.NX'TIONS  or  AX  AKGLE. 
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cot  A^tan  COP 


CT" 


but  if  wc  take  AOC a  right  angle  and  draw  the  tangent  CT', 
and  PM  pcrpcndieular  to  OC,  and  produce  OP  to  meet  CJ" 
in  T",  we  shall  have 


cosee  A  =  sec  COP  = 


OT" 


PM     ON 

OM'PN' 
OP      OP 

Tm^PN' 


I  Another  function  is  sometimes  introduced:  if  wc  join  AP,  then 


From  the  definitions  given  of  the  trigonometrical 
functions  a  number  of  connecting  relations  may   be   easily 
^         deduced ;  the  following  are  some  of  the  most  important,  and 

I  the  student  is  advised  to  examine  their  truth  and  make  him- 
self familiar  with  them : 


Bin'  A  +  cos'  A  =  1*,  tan  A  = 


sin^ 
cos  A ' 


secJ"- 


cosA 


sill  A ' 


s'mA  ' 


12.  Furthermore,  if  one  of  the  trigonometrical  functions 
1)e  given,  it  is  not  difficult  to  express  all  the  rest  in  terms  of 
it.  For  example,  let  it  be  required  to  express  all  the  func- 
tions in  terms  of  the  sine. 


Wc  have  cos  A  =  ^  y/\  —  siu'^. 


Vn 


\/\  —  sinM 


rtM,  &c.  repteienu{>in^)',  (nx^)',  ie.  ta  (he  f^wnre  of 
IS  whale  to  be  ihe  n 
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13.  Let  US  here  imiuire  hy  the  way  what  is  the  I 
of  the  ambiguity  of  tlic  siifn  in  the  [(receding  example. 

The  reason  will  appear 
thus;  let  AOP  be  the 
angle  of  which  the  sine  is 
given:  take  BOP"  =  AOP. 
then  it  in  ovitlent  that  . 
sin  AOP"  =  sin  AOP,  and  ' 
therefore  the  given  sine  may  as  well  belong  to  AOP"  as  to 
AOP.  But  it  is  not  true  that  cos  AOP"  =  cos  ^Oi*;  for  OJV. 
ON'  are  drawn  on  opposite  sides  of  O,  and  therefore  if  one  is 
positive  the  other  is  negative:  hence  we  have  cos  AOP' 
■a  -  COB  AOP ;  and  therefore  in  the  above  3et  of  formulie,  we 
must  take  the  upper  or  lower  sign,  aceording  as  we  suppose 
the  given  sine  to  belong  to  AOP  or  AOP". 

14.  The  difference  between  a  given  angle  and  two  right 
angles  is  called  its  suppletaaU.  The  preceding  remarks  shew 
us  that  the  sine  of  au  angle  is  the  sine  of  its  supplement,  and 
that  the  cosine  of  an  angle  is  the  cosine  of  its  supplement  with 
the  sign  changed. 

15.  To  trace  the  sign  of  sin  \,  cos  A.,  tan  A,  sec  A,  aa  A 
increases  from  fP  to  SCxfi,  (See  the  figures  of  Art.  0) 

PN 

Uy  our  dcfniition,  sin  A  «  —    ,  and  has  tJicrefore  the  same 

sign   aa  PN,  since  there  is  no   reason   why  OP  should   ever 
chan^ 

licnce  sin  A  is  positive  when  A  is   between  0"  and  I 
negative  when  Iictwecn  180°  and  360". 
ON 


SffJM 


Hence  cos  A  ia  positive  when  A  is  between  0"  and  90", 
negative  when    between  90*  and    270",    and  positive   when 
bctwccQ  270"  and  SliiA 
PN 


have  the  same  sign,  negative  when  they  have  contrary  signs, 
Ueiucc  too  A  a  powtive  when  A  i»  between  u"  and  < 
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letwecD   1 80"  and  270";  oegative  when  it  is  between  po"  and 

^80",  or  between  370"  and  sUo". 

OP 
Soc  ^  =  ..i,-  fiid  has  therefore  the  same  sign  as  cos  A. 

In  like  manner  may  be  determined  the  signs  of  cot  A  and 
Bcoscc  A.     \Qrs  A  is  always  positive. 

The  sign   of  chd  A   may  be  deter-  ~ 

KmLQcd  tJius.     Let  AOP  be  the  angle  A, 
*  AP  the  subtending  arc  ;  join  AP,    thtn 

chdjJn— -,  Now  draw  OQ  perpen- 
dicular to  AP,  and  therefore  bisecting  it ; 
then  OQ  also  bisects  the  angle  A  OP,  and   o 

therefore  each  of  the  angles  AOQ,  POQ  =  —  ; 

, ,   ^     AP       AQ  .A 

.:  chdA  =-77^=2— --r=  asm  — . 
AO       AO  a 

Hence  chd  A  has  the  same  sign  as  sin  — ;  but  gin  —  is  posi- 
tive while  —  is  between  0"  and  ISO",  or  A  between  (f  and  3(T0', 


nd  negative  while  —  is  between  180"  and  300",  or  A  between 

tS6(fi  and  720*.     Therefore  chd  A  is  positive  while  the  revolv- 
ping  line  makes  its  first  revolution,  negative  while  it  makes  its 
second,  and  so  on'^^ 


'  If  we  adopt  the  mode  of  defining  tlie  trigonometricftl  fuactioni  given  in  AtL  10, 
Coniidei  Ihe  ladiui  of  the  citcle  to  be  llviyi  >  poBitive  qiiuilltjr  ai  it  mutt  be,  the 
change  of  ugn  of  each  of  ibc  ruticliont  sill  depend  upon  ihal  of  >  tingle  line,  nunelr, 
ipoQ  fX.  the  tangent  upon  A  T,  and  no  ou ;  and  it  ii  vtif  etnj  (torn  thii  mode 
definition  to  delertninA  Ihe  change  of  >ign  of  (hose  funcliani  for  which  the  lingle  line 
queation  U  drB"n  pcrpendiculat  to  tome  Kxed  line,  for  we  have  only  la  auume  the 
Aioetions  to  be  poiiliio  in  the  Snt  quadianl,  and  then  coniidei  Ihcm  to  be  poaitirc  or 
negalive  in  the  rest  ueordlng  a*  lliej  arc  drawn  in  the  same  direction  an  in  the  fiiat  or 
In  the  opposite.  To  this  chun  belong  all  ibe  runctianii  except  the  secant,  coseeant,  and 
chord,  and  it  will  perliapa  be  useful  to  ihew  hov  the  general  principle  of  uung  the 
DigatiTe  sign  as  indicative  of  direclion  applies  in  ttiese  less  simple  cases. 

1.    Speaking  of  the  radiua  of  the  circle  as  unity,  we  may  say  that  the  iccuit  ia  the  line 
dnwa  ftom  the  centie  through  the  CKltemily  of  the  arc  to  meci  the  line  touching  the 
r  if  this  dehnition  be  alriclly  fullowed  ia 


n 


rircle  ai  the  beginning  of 
e  second  quadrant,  thai  if 


n  the  figure  of  Art.  18  wc  Join  OP' and  produe 
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16.      To  determine  the  cltange  of  magnititde  of  sin  A,  OM  % 
tan  A,  sec  A,  cot  A,  cosec  A,  while  A  increases  fi-om  (fi  to  360*.  ^ 

Rotaiiiing  the  same  figures  aa  in  the  lost  article,  it  will  be  ^ 
seen, that  as 
A  increases  from  0"  to  90",    ON  decreaaes  from   OF  to  0, 

PN  increases  from  0  to  OP, 
A 90"  to   180",   ON  increases  from  0  to  OP, 

PN  decreases  from  OP  to  0, 
A 180"  to  270",   ON  clecreasea  from   OP  to  0, 

PN  increases  from  0  to  OP, 
A a70«to3GG",   ON  increases   from  0  to    OP, 

PN  decreases  from  OP  to  0. 
Hence  observing  the  changes  of  sign,  as  already  explained, 
it  is  easy  to  deduce  the  following  table  for  the  changes  of  sign 
and  value  of  the  functions. 


A  between  [     0  . 

.90" 

90". 

.  ISO" 

180". 

.  270<»    270"  . 

.360" 

sin^ 

0...  I 

1    ...0 

0   . 

.  -1      -  1    . 

.0 

cos  .J 

I  ...0 

0   . 

.  -1 

-1    . 

.0 

0  ...  1      1 

tan  .J 

0. 

.  +  oe 

-00. 

.0 

0  . 

.  +00 

-00  . 

.0 

BCCJ 

1  ...+00 

-X. 

.-  I 

-1    . 

.-=c 

......    1 

cot^ 

+  00 

..0 

0   . 

.-so 

+  00   . 

.0 

0   . 

,  -00 

cosecrf    I+C0...I 

1  ...+«) 

..  -I 

- 1  . 

.-» 

»iiall  never  make  il  mtcl  the  line  touching  the  rirele  it  ji  ;  tbercfoie  we  mutl  aujigwie  ll 
ili*wn  <n  [lie  revene  direetian  and  mutt  accoual  il  negaliie. 

3.     Similar  mtiarki  ipplf  In  Ihe  eoiecuii. 

S.  The  ehonl  la  Ihe  portion  of  the  lint  drawn  duough  A  (fig.  AfL  10)  and  the 
ntKmilj  of  the  arc,  imeicepled  bf  the  cinle :  no*  If  we  luppoae  an  Indefinite  lint  to 
remlTc  round  one  exiremiijr  A,  ii  i>  evident  that  ■  eertaln  ponion  a(  li  will  be  inur- 
cepted  hj  Ihe  cltde  white  ihe  line  rnoltea  ihniUKh  two  Tight  anglen.  thai  ii,  while  tfP 
rc«ol*oa  thnnigh  four  right  angln.  but  aflcr  tlial  If  the  line  continue  to  revolve  no  pot. 
(ion  will  be  Intereeplnl ;  coniequentlf  there  will  be  no  chonl  Aom  3(iO"  to  730"  unleas  w* 
auppBM  the  above  revolting  line  to  be  produced  backwudi.  lod  the  chord*  to  formed  will 
b«  tighilji  accounted  negaiiTr. 

The  pTcc«dlng  coni'luiinnt  are  In  accordance  with  thote  in  the  to) 

Anolhet  inodt  of  contiderinit  ihia  quntlon  l<  to  contider  the  revolving  tine 
Indflliiiig  on  both  aide*  of  the  potnl  about  which  it  revolve*,  and  then  the  poallin 
nrgallv*  tntercqiled  linn  inaji  b*  dlKTimlmiled  b|r  obtiTving  on  which 
polM  of  iwntniinn  the  intrtcqited  ponion  Ilea  i  If  It  lie  on  the  tame  aide  M  that 
'  eoucof  liiEenliiuadraiil  it  will  bcpoaltlve,  ifotherwii* 


imied  will 
ililnMl^^H 
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The  student  h  recommenJcil  to  make  himself  as  familiar 
as  possible  with  the  results  of  the  preceding  table :  and  it  may 
be  observed,  to  aid  him  in  doing  so,  that  if  he  becomes  well 

IBcquaintcd  with  the  changes  of  the  sine  and  cotiine,  those  of 
the  other  functions  ore  at  once  deducible. 
It  will  be  remarked  that   the  trigonometrical  functions 
change  sign  in  passing  through  0  and  <»  ,  and  for  no  other 
values, 
xa> 
lb< 


17-     The  values  of  vers  A  and  chd  A  liave  not  yet  been 
l^ven.      They  are  of  no  great  importance,  as  tliose  functions 

may  always  be  replaced  by  i  -  cos  A,  and  3  sin  —  respectively ; 

■&ey  arc  however  as  follows : 


A  between 

0». 

.900 

90". 

.  180* 

I8tf>. 

.  270" 

270". 

.360" 

\craA 

0  ...  1 

1  ...2 

2   ...  1 

...0 

A  between 

0«. 

.180" 

180-. 

.360« 

360". 

.  5 10" 

5400. 

.720' 

chords 

0  . 

.  2 

2   , 

.  0 

0  . 

.  -3 

-2  . 

.0 

We    have   already  seen    that  sin  ^  =  sin  (180"-^)   and 
pEbat  cos  J  =  -  cos  (ISO"  -  A)  (Art.  u)  ;    wo  shall   now  prove 
more  general  propositions  of  the  same  kind. 

18.      To  prove  t/uit,  n  being  any  inteffer, 

«nA  =  isin(*n,90»±A)  =  ±  sm  }(ln  +  2)90"  t  AJ. 

It  is  manifest  that  none  of  the  trigonometrical  functions, 
■(except  the  chord,)  are  altered  by  supposing  the  angle  to  be 
■'increased  by  any  number  of  complete  revolutions  of  the  rc- 
■YOlving  line ;  that  is  to  say,  sin  A  =  sin  (•tH.90"  +  A). 

Again,  if  we  take  P'OA  =  -  POJ,  it  is  cndent  that 
If  AT-  PN,  and 

,:sinA=  -sin(-^) 

=  -  sin  {in. 90"-  //) 
■  by  what  precedes. 
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Again,  if  we  produce  POy  P^Oy  to  P"',  P",  it  may  be  seen 
that 

Bin  (180®  -  ^  -  sin  A, 

and     sin  (180®  +  -rf)  -  -  sin  A. 

Hence  sin  ^  ■»  =a>  sin  (2 .90®  7  A) 

=  ±sin  {(4n  +  2)90<>T  ^1- 

Other  propositions  may  be  demonstrated  in  like  manner : 
as  for  example, 

cos  A  «  cos  (720®  st  A)y 
cos  -rf  -  -  cos  (540®  ±  ^), 
tan  -<<  =  ±  tan  {\%(fi  ±  ^). 


ON  FORMULA  INVOLVING  MORE  THAN  ONE  ANGLE. 


19.  Given  the  sines  and  cosines  of  ttco  angles,  to  find  the 
sine  and  cosine  of  their  sum  or  difference. 

Let  POQ,  Q03I  be  any  two  angles,  which  call  A  and  B 
respectively. 

From  any  point  P  in  OP  draw  PQ  perpendicular  to  OQ, 
and  from  P,  Q  draw  PN,  QM  perpendicular  to  OM,  and  QR 
perpendicular  to  PN. 


FORUULiE  INVOLVING  MORE  THAN  ONE  ANGLE. 


Ill 


It  will  be  seen  that 

QPR  «  90<^  -  PQR  -  RQO  =  QOM  =  B  ; 

PN     PR  +  QM 


then  sin  (^  +  S)  -  sin  PON  = 


OP 


OP 


^  PR      OQ   QM 
"OP'PQ^  OP~OQ 

=  sin  ^  cos  i?  +  cos  ^  sin  ^ (l). 

Again,  cosiA  +  B)  =  cosPON^  —  = ^^^^^ 

OQ   OMPQ   QR 
'^OP'OQ     TJP^PQ 

=  cos  A  cos  5  -  sin  J  sin  B (2). 

For  the  sine  and  cosine  of  the  difference  of  two  angles  we 
must  make  a  new  construction. 


o  a 

Let  POQ  =  A,  QOM  =  ^  as  before,  then  POM=  A  -^  B. 
From  any  point  M  in  OM  draw  the  lines  MP,  MQ  perpcn- , 
dicular  to  OP  and  OQ  respectively,  QN  perpendicular  to  OP, 
and  MR  to  QN.     It  is  evident  that  MQR  =  A. 
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Tlien  sin{A- ff)"  sin  POM- 


PM      QN  -  QR 


Again.  co3(A-B)  =  coaPOM^ 


OM  OM 

QN   OQQR_  MQ 
"  OQ'  OM      MQ'  OM 

=  sin^cus  B  ~  COS  ^  sin  B (3). 

OP      ON+MR 


OM           OM 
ON   OQ      MR  MQ 
~OQ'^M^  MQ'OM 
cos  A  cosB  +  stn  ^  sin  B (*). 

20,  It  will  be  obsen-ed,  tliat  the  preceding^  fomiula!  have 
been  proved  by  means  of  figures  whicli  suppose  both  A  and 
B,  as  well  as  A  +  B  and  A  ~  B,  to  be  each  less  than  a  riglit 
angle ;  nevertheless  we  arc  justified  in  concluding  that  the 
same  formulic  will  hold  in  all  cases,  provided  the  proper 
signs  be  given  to  the  quantities  which  enter :  and  herein 
consists  one  great  advantage  of  tlie  mo<le  of  denoting  the 
directions  of  lines  by  their  signs,  that  when  any  formula 
has  been  established  for  a  standard  case  in  which  all  the 
lines  arc  positive,  the  same  may  be  safely  assumed  to  be 
true  in  all  other  cases. 

(The  student  will  find  it  a  useful  exercise  to  demonstrate 
any  of  the  formulio  (l),  (a),  (3),  (*)  in  particular  cases  in 
which  the  preceding  conditions  are  not  fulfilled ;  as  for  in- 
stance, when  ^  is  >  gO*,  B  <  90°.  and  .-!  -f  C  <  180"). 

As  an  example  of  what  has  been  here  remarked,  it  may 
be  observed,  that  the  formuUe  (s)  and  (4)  just  proved,  may 
be  deduced  from  the  formulm  (l)  and  (2)  by  changing  the 
sign  of  the  angle  B.     For  we  have  from  (i). 

wxi{A  +  B)*-  sin  A  cos B  -(■  cos  A  sin B\ 
now  write  -  B  for  B,  and  we  have 

sinM  -  /?)-8in^co8(-i?)  +  co9^sin(-  B) 
•  sin  A  cos  B  -  cos  A  sin  B, 


which  ttgree»  with  (3); 
fW>m  («). 


and  similarly    (+)  may    be  dedui 


FORMULA 
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But  still  further,  (2)  may  be  deduced  from  (i):  for  we 
I  lave 

cosC^  +  ii)  =  sia  5(90"  -  A)-  B] 

=  sin  (90°  -  A)  COS  {-  B)  +  cos  (flO"  -  A)  sin  ( -  B) 
=  cos  A  cos  B  -  sin  A  sin  B. 

Hence  it  appears,  that  the  only  formula  which  it  is  quite 
I  necessary  to  establish  by  reference  to  a  geometrical  figure,  ia 
I  the  fundamental  formula  (l). 

21.     By  making  B  *•  A  vre  obtain  the  following  formula) : 
sin  2  ^  =  a  sin  A  cos  A, 
cos  2^  =  cos-  A  -  sin' J, 
I  which  last  formula,  in  consequence  of  the  relation 

cos' J  +  sin*^  =  I, 

I  may  be  put  under  either  of  the  following  forma, 

cos^A  =  Scos*.^  -  1, 

COB  2  A  =  1  -  a  sin'.^. 

Also,  conTcrsely,  we  have  the  following  useful  formulas, 

J        a.  ^  /l   +  COS  2  J 

cos  A  =  ■i'  \/  — ■ , 


sin  A 


.w^ 


Q0S2A 


We  may  observe  that  the  sign  ±  necessarily  attaches  to 
Itiiese  two  formulie ;  and  when   the  limits  between  which  A 
I  Ues  are  known,  the  proper  sign  may  be  given.     Thus, 
Pif  A  lie  between  0"  and  90', 


cos^ 


..va: 


>aZA 


ainA 


■*J' 


%iA 


*  A  lie  between  90°  and  180°, 

.  /i  +  cos 2^    .  ,       /r 
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if  A  lie  between  180"  and  27O", 


V- 


-,    sin^ 


-y^ 


anil  if  J  lie  between  270"  and  360". 


.  =  v/' 


,    sin^ 


=-y^ 


We  have  expressed  sin.^  and  con  A  in  terms  of  cosiA 
we  may  also  obtain  expressions  for  them  in  terms  of  mi  2  J 
as  follows: 

I  +  ainsj  =eo3M  +  sinM  +  2  sin  ^  cos  J  =  (eos^  +  s\nA)\ 
J  -  sin  2  J  =  cos"  ^  +  sin*  ^  -  2  sin  ^  cos  A  -  (cm  A  -  ein  Af; 


.:  C08  ^  +  sin  v4  -  =t  \/l  +8in2^,, 


3  ^  -  6in ^  -  J.  \/l-sinSA, 


...(«) 


and  cos^  =  ±  i  \/l  +sin9v(  i  ^\/l  -sin  9^, 

H\nA=^^  vTTsieS^  f  J  \/T-BinSA, 
the  expressions  required. 

There  is  greater  difficulty  in  determining  the  proper  signs 
to  be  used  in  this  case  than  in  the  preceding ;  but  the  follow- 
ing considerations  will  lead  us  to  the  point  which  we  desire. 

From  0"  to  43",  sin  A  is  positive,  cos  A  is  positive,  and 
COS  A  is  >  sin  J  ;  therefore,  looking  to  the  equations  (a),  we 
sec  that  the  upper  sign  of  each  nidical  mu»t  he  taken. 

From  45"  to  13.5°,  for  like  reasons,  eos  ^  +  sin  ^  is  positive, 
and  cos  A  -em  A  negative. 

From  iSsHo  335",  cos  A  +  siaA  is  negative,  and  eos  <* -sin  A 
negative. 

From  225°  to  313",  cos  J+sin^  is  negative,  and  cos  A-  sin  A 
positive. 

From  3i3°to3tio",  COS  A  +  »\nA  is  positive,  iiud  cos  A  -  VA 
positive. 
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Hence  we  have  the  following  table  of  signs  : 


0°  to  45" 

45nol35'^ 

1 SS"^  to  225° 

225^0  315° 

S15°to3600 

cos^ 

+       + 

+ 

—            — 

-            + 

+            + 

sin  A 

+      - 

+           + 

+ 

—            — 

+            - 

22.     To  express  tan  (A  ±  B)  in  terms  of  tan  A  and  tan  B. 

We  have 

sin  {A  ±  B) 


tan  (^  ±  S)  = 


eos(J±jB) 

sin  A  cos  B  ^co^A  sin  B 


cos  A  cos  jB  =f  sin  -rf  sin  B 
(dividing  numerator  and  denominator  by  cos  A  cos  B) 

tan  A  =fc  tan  B 
1  sf  tan  A  tan  jS  * 

Making  B  ^  A,  vfe  obtain  the  formula, 

2  tan^ 


tan  2^ 


1  -  tan''  A 


23.     The  following  formulsd  are  of  great  service  in  trigo- 
nometrical investigations. 

We  have 

,      A  +  B     A'-B       ^     A-¥  B      A-B 
-4  = — --  +  -—r-y     B^  — r— ; 


.    A^-B        A-B           A+B   .    A  "B 
.•.  sm  A  «  sm cos +  cos sm 


.    ^       .    A  +  B        A-'B           A+B    .    A--  B 
sm  B  =  sm cos cos sm , 

2  2  2  2 

A  +B        A^B       .    A  +  B    .    A-B 
cos  A  =  cos cos  - —    —  sm sm 


2 


o 


2 


A  +  B        A-B       .    A  +  B    .    A-B 

cos  B  =  cos cos +  sm sm 

2  2  2  2 

8—2 
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Hence 

sm  -4  +  smS  =  2  sin cos (l) 

2  2  ^  ' 

sm  -4  -  sm  S  =  2  cos sm (2) 

2  2  ^  ' 

COS -4  +  COs£«  2  cos COS (3) 

2  2  ^  ^ 

COS  5  -  COS  -4  =  2  sm sm (4) 

2  2  ^  ' 

24.  The  formula)  which  have  been  investigated  in  the 
last  few  articles  may  be  easily  extended  to  functions  of  three 
or  more  angles.     For  instance, 

sin  {A  -\-  B  +C)^  sin  {A  +  B)  cos  C  +  cos  {A  +  B)  sin  C 

-(sin^cosA  +  cosJ  sin£)  cosC+(cos^  cos£-sin^  sin£)sin(7 

■■  sin  A  cos  A  cos  C7  +  sin  A  cos  A  cos  C 

+  sin  C  cos  A  cos  £  -  sin  ^  sin  jff  sin  (7. 

Similarly  we  may  express  cos  {A  -v  B  -v  (7),  tan  {A  +  B  ■\-  C), 
&c.f  in  terms  of  the  trigonometrical  functions  of  the  simple 
angles. 

In  like  manner  we  may  express  sin  3  A^  cos  3  A, 

sin  3  J  s  sin  (^  +  2  J)  =  sin  A  cos  2  A  +  cos  ^  sin  2  itf 

■■  sin  -^  (1  -  2  sin^-^)  +  2  sin  -4  cos*  J 

«  sin  -4  { 1  -  2  sin*-^  +  2-2  sin*^} 

=  3  sin^  -  4sin'-^  ; 
cos  3  ^  »  cos  {A  -\-  2  A)  ^  cos  A  cos  2  J  -  sin  ^  sin  2  ^ 

«  cos  A  (2  cos'-^  -  1)  -  2  sin*-^  cos  A 

«  cos  A  {2  cos*-<<  -1-2  +  2  cos*-4| 

—  4  cos^  ^  -  3  cos  A. 
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DETERMINATION  OF  THE  NUMERICAL  VALUES  OF 
THE  TRIGONOMETRICAL  FUNCTIONS  OF  ANGLES. 

25.  The  value  of  the  trigonometrical  functions  of  certain 
angles  may  be  expressed  with  great  facility  and  simplicity, 
that  of  others  must  be  found  by  a  laborious  course  of  calcu- 
lation. A  few  which  present  the  most  simple  investigation 
are  here  given. 

To  find  the  value  of  sin  4S^. 

In  general         sin*^  +  cos* -4  =  i. 

Let  ^  «  45® ;    .".  cos  A  =  cos  45®  =  sin  45® ; 

/.  2  sin'  45®  =  1, 
sin«  45®  =  ^, 

sin  45®  ■ 


the  positive  sign  of  the  radical  is  taken,  because  we  know  that 
sin  45®  is  positive. 

Hence  also  cos  45®  =  — -^ ,  and  tan  45®  =  cot  45®  =  i. 

To  find  the  value  ofdn  SO®. 

cos  SO®  e  sin  60®  «  2  sin  SO®  cos  SO® ; 

.*.  2  sin  30®  =  1, 

sin  SO®  =  ^. 

\/s 

Also  cosSO®=  v^l  -  sin* SO®  = ,     and  tanSO® 


v/i' 


The  values  of  sin  45®  and  sin  SO®  may  be  obtained  very 
simply  by  a  geometrical  figure,  thus : 
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Let  ACB  be  an  isosceles  triangle  and  having  a  right  angle 
at  C     Then  each  of  the  angles  A  and  S  is  an  angle  of  45®. 

A 


.'.  sin  45®  =  - 


BC 


BC 


BC 


.       „     AD 

.*.  sin  SO®  =  ~  ^ 

AB 


AB     ^C'  +  BC*      \/^BC^      v/2 

Again,   let  ABC  be   an   equilateral  a 

triangle,  and  draw  BD  perpendicular  to, 
and  therefore  bisecting  AC.  Then  since 
the  angles  A,  B,  C,  are  equal  to  each 
other  and  together  equal  to  180®,  each  of 
them  is  60®,  and  therefore  ABD,  which 
manifestly  is  half  of  ABC,  -  so®. 

"^      1 

~"  • 

2 

To  find  the  value  of  sin  18®. 

Sff*  =  90®  -  54® ; 
.-.  sinS6®  =  cos  54®. 

We  have  seen  (Art.  24)  that  cossA  «  4  cos?  A  -  S  cos^  ; 
also,  S6®  -  2  X  18®,  and  54®  -  S  x  is®; 

.'.  2  sin  18®  cos  18®  -  4  cos^  18®  -  S  cos  18®, 
2  sin  18^  -  4  cos*  18^-3-1-4  sin*  18*», 

sin  1 8*^      1 

2        ^4,' 

Completing  the  square, 

.,.     Sims'*       1       1       1        5 
sm'  18**  +  —    —  +  —  ■.-  + m  — . 


sm*  1 8^  + 


16* 


16      16 


smlS'^i  — 


-  1  +  v/5 
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the  positive  sign  ia  given  to  the  radical,  because  we  know  that 

sin  18°  is  positive. 

By  means  of  the  preceding  values,  we  may  investigate  a 
J  rariety  of  others.  For  instance,  if  it  were  required  to  find 
I  sin  12",  we  should  have 

sin  13"  s.  bin  (ao"  -  18°), 

=.fiin30«co9  IS*-  co»SO»  wn  IS"; 

and  consequently  sin  is"  becomes  known.  In  short,  we  can 
find  the  valuer  of  the  trigonometrical  functions  of  any  angles, 
wliich  are  combinations  of  those  wliich  have  been  discussed. 

26.  The  values  of  the  trigonometrical  functions  of  all 
angles  from  l'  up  to  iw"  may  be  calculated  by  methods  not 
here  explained,  and  arranged  in  tables  for  the  puriioses  of 
practical  application.  Still  more  useful  are  tablei^  containing 
the  togarithrns  of  these  values;  the  student  who  is  desirous  of 
understanding  the  mode  of  constructing  such  tables  is  referred 
to  the  treatise  of  Snotvball  or  lit/mere,  or  any  other  complete 
treatise  on  Trigonometry. 


ON  THE  SOLUTION  OF  TttlANOLES. 


27.  A  triangle  consists  of  six  parts,  viz.,  three  sides  and 
three  angles:  tliree  of  these  being  given,  the  others  may 
be  found,  unless  the  three  aiujfea  be  the  three  given  parts,  in 
which  case  nothing  fiirther  can  be  found.  The  angles  of  a 
triangle  arc  not  in  fact  indepeiident  parts,  flieir  sum  being 
always  two  right  angles ;  it  may  be  said,  that  if  three  indepen- 
dent parts  be  given,  the  others  may  iu  general  be  found. 

28.  Before  we  engage  ourselves  with  the  solution  of  a 
triangle,  we  must  investigate  certain  formulas  connecting  the 
parts  of  a  triangle. 

We  shall  denote  the  angles  of  a  triangle  by  J,  B,  C,  the 
sides  respectively  opposite  to  them  by  a,  b,  c. 
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29.     The  sides  of  a  triangle  are  proportional  to  the  eines 
of  the  opposite  angUs, 

Fio.  I.  Fig.  II. 

A. 

A 


li  DC  B  CD 

Let  ABC  be  a  triangle.  From  any  angular  point  A  let  fall 
the  perpendicular  AD  on  the  opposite  dde  (fig.  1),  or  that 
side  produced  (fig.  2). 

Then  in  the  first  case,  AD  a  c  sin  £  «  6  sin  C; 
in  the  second,  AD  =  c  sin  i?  *  6  sin  (180^  -  C)  —  6  sin  C ; 

therefore  m  both,  — - —  = . 

6  c 

In  like  manner, 

sin  A      sin  B     sin  (7 

a  b  c     ' 

which  proves  the  theorem. 

30.  To  express  the  cosine  of  an  angle  of  a  triangle  in 
terms  of  the  sides. 

With  the  same  figures  as  in  the  last  proposition,  we  have 
in  fig.  1, 

a  -  BD  +  DC  «  c  cos  £  +  6  cos  C, 
in  fig.  2, 

a  -  BD  -  DC^  c  cos  j9  -  6  cos  (ISO®  -C)-ccosi?+6co8C; 
therefore  in  both  cases, 

cosi3      cosC       a* 
b  c         abc' 

.    ,.,                    cos  C     cos  A       6* 
in  like  manner, + « 

c  a  abc 

,    COS -4        COSjB         c* 

and + . , 


abc* 
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adding  the  last  two  of  these  equations  and  subtracting  the 
first,  we  have 

6«  +  c»  -  a« 

cos  A  «  r , 

2  6c 
which  is  the  expression  required*. 

This  formula  may  be  written  thus : 

a*  =  6*  +  c*  -  2  6c  cos  -4, 

which  equation,  as  it  is  easy  to  see,  includes  in  itself  Euclid 
Book  ^  Props.  XII.  and  xiii. 

31.      To  express  sin  — ,    cos  — ,    tan  —  in  terms  of  the 

a  M  a 

sides. 

^     .   ^  .  ,  A      1  -  cos  A      2bc  -V  ~  c^  -^  a* 

By  Art.  21,  sm*  —  = , 

•^  2  2  4  6c 

a*  -  (6  -  c)*      (o  -  6  +  c)  (o  +  6  -  c) 
4  6c  4  6c 

*  It  may  be  remarked  that  the  formula  of  this  article  may  be  deduced  from  thoee  of 
the  preceding,  and  conversely.    Thus  assuming  that 


sin  A     sin  B     sin  C 


T""    b    ~    0    '  ^^ — ir:^  =^      ^ 


and  that  A  +  B  +  C^  180®,  /        Stl.fl  f 

we  have  sin  ^38in(£  + C)  =  sinCcos£  +  sin£cosC;    /       '     ^       ~" 

••  "^     •>  *v>^    »'rf^^*..t^-»_  .•.  a  =  ocos-B  +  6cosC,  \^    ^^J^     =;.     ^ 

which  is  the  fundamental  equation  in  the  text;  the  remainder  of  the  process isoTcoursI 

the  same. 

To  deduce  the  formulie  of  Art.  29  from  that  of  Art.  30,  it  will  be  seen  that  in  Art.  82, 
the  following  formula  is  proved, 

sin  .4  =.  ^  \/S(S-a){S-b){S-c), 

where  S  = 5 ; 

"""^        ^    y/S{S'a){S'b)(S-c); 


-abo 


a 


■In  >4 

now  this  expression  for  involves  a,  6,  c  symmetrically,  and  therefore  we  should 

arrive  at  the  same  result  if  we  had  expressed  — y-  or  -- —  in  terms  of  a,  b,  and  o. 

Hence  it  follows  that «  — r —  = . 

a  b  0 
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Let  a  -^  b  -{-  c  ^  qS, 
.'.  a  "b  +  c  =  2(S  -  6), 
o  +  6  -  c  =  2  (5  -  c), 

and   sin  ^  -  ^/i^IA(^ 

2  ^  be 

In  like  manner, 

^A      1  +  cos  ^      2  6  c  +  6*  +  c*  -  a' 

cos*  —  = « _  . 

2  2  4  6c 

^  (6  -f  cy  -  a*      {a  +  b  +  c)(b  +  e-a) 
^bc  4  6c 

S(S^a) 
"        b~c        • 


^,\A^^^. 


.'.  cos  ^  - 

2  6c 

Hence  also  we  have 


2        ^        5(5 -a) 

32.     To  express  sin  A  m  ^emw  o/"  the  sides. 

This  is  done  at  once  by  means  of  the  expressions  just 
proved:  for 

sin  i4  B  2  sin  —  cos  —  ; 


-  ^   VSk^S -  a){S  --  b){S -  c). 

DC 

This  expression  has  the  advantage  of  being  adapted  to 
logarithmie  computation^  that  is  to  say,  it  consists  of  factors. 
The  formula  for  the  cosine  (Art.  30)  has  not  this  advantage. 

33.     To  j)rove  the  following  formula^ 

A-B      a-b       C 

tan « cot  —  . 

2  a  +  b        2 
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We  have,  by  Art.  29, 


b      sin  jB  ' 

0-6      sin  ^  -  sin  jB 
a  +  b      sin  ^  +  sin  ^ 


A+B    .    A" B 

2  COS sm 


.    A+B        A-B 

2  sm COS 


2 

,  by  Art.  23, 


tan 


,      A  +  B' 
tan 


but  ^  +  S  =  180"-  C, 

A  +  B        .     C 
/.  =  90^  -  - , 

2  2 

and  tan =  cot  — . 

2  2 


Substituting  in  the  equation  before  obtained,  we  have 

,      A-  B      a-'h        C 

tan =  r-  cot  — . 

2  a  +  6         2 


Having  established  the  preceding  necessary  formulae,  we 
now  proceed  to  the  solution  of  triangles. 

34.     Let  two  angles  and  the  side  between  them  (A,  C,  b)  be 
given. 

The  other  angle  is  known  at  once,  because 
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Again,  we  have 

.  sin^ 

a  =  o , 

sin^ 

-  ,  sin  C 

and  c  =  6  — — - ; 
sin  J? 

which  determine  a  and  e. 

35.  Let  two  angles  and  a  eide  opposite  to  one   of  them 
(A,  Cy  a)  be  given. 

As  before^  the  third  angle  is  known,  because 

B  =  180  -  ^  -  C 

Ai  A        ^^^* 

Also,  6  =  a-T — 7, 

sin^ 

sin  C 
c  »  a . 

which  determine  6  and  e. 

36.  Let  two  sides  and  the  included  angle  (C,  a,  b)  fre  given. 

We  determine  the  other  angles  thus, 

A  +  B^  180®  -  C. 

Again,  by  Art  33, 

,      A^B      a^h       C 

tan ■ -cot—, 

2  a  +h        2 

which  determines  A  --  B:   thus-  A  ^-B  and  A  —  B  are  both 

A  4-  B     A  ^  B 

known ;  and  therefore  A  and  B,  which  are  +  — - — 

2  2 

and respectively,  are  also  known. 

To  determine  c  we  have 

sin  C 

c^a  -. — . . 
sm^ 

87.    There  is  another  mode  of  solving  the  triangle  in  this 
Smee  cos  C  « ; , 

9ab 
we  have  c*  -  «•  +  5«  -.  9ab  ces  C; 
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I 


and  this  equation  in  fact  determines  c,  but  in  its  present  state 
it  would  be  practically  of  no  use  because  it  is  not  adapted  to 
logarithmic  computation;  we  can  however  modify  Jt  in  such 
a  manner  as  to  render  it  suitable,  as  follows : 

c^  ».  o'  +  6*  -  2ab  COS  C 

=  (a'  +  fc')  [cos*— +  sin'  -]  -206  jcos"  —  sin*-) 

C  C 

B  (o  -  6)*  cos'—  +  (a  +  by  sin*  — 


.(a-.)..o,.f{..(»-±|)-t.„-^}. 


Since  the  tangent  of  an  angle  may  be  of  any  magnitude, 
there  will  be  on  angle  the  tangent  of  which  ia tan  — ; 


let  Q  be  such  an  angle,  1 


>  that 


or  that  log  tan  8  =  log  (a  +  fc)  -  log  (o  -  6)  +  log  tan  — . 

The  value  of  6  is  found  by  looking  in  the  tables  and 
finding  an  angle  which  has  for  its  logarithmic  tangent  the 
preceding  quantity,  and  may  therefore  be  now  supposed  to 
be  known. 

Also  we  have 

r 
c-'^  ia  -  by  cos'  -  (1  +  tan'0) 

=  (a  -  6)''  cos'  —  8ec"0, 


which  equation  determines  c. 

The  sides  a,  b,  c  being  all  known,  A  and  B  may  be  de- 
termined by  any  of  the  expressions  given  in  Arts.  (30),  (31),  (S2). 
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lowarithmi^^^ 


'  3&  The  process  of  adopting  a  formoU  to  logarithm 
computatioD,  which  has  beea  introduced  in  the  preceding 
article,  is  one  of  frequent  use.  The  angle  9,  wluch  has  been 
employed  to  assist  the  calculation,  is  called  a  subfidiary  anylt. 
It  will  be  seen  that  the  possibility  of  facilitating  calculations 
by  this  means,  arises  from  the  fact  of  our  possessing  tables 
containing  nil  the  trigonometrical  functions  of  tlie  same  angle, 
so  that  OS  soon  as  one  function  of  an  angle  is  known  all  the 
others  become  known ;  for  instance,  in  the  ease  we  have  been 
considering,  as  soon  as  a  certain  quantity  was  fixed  upon  as 
representing  tlic  tangent  of  an  angle,  the  cosine  of  that  angle 
was  known  by  inspection  of  the  tabic,  and  the  calculation  was 
itparcd  by  which  it  would  have  been  necessary  to  determine 
the  cosine  from  the  tangent.  The  adaptation  of  formuhe  to 
logaritlunic  computation  is  a  matter  not  of  rule,  but  of  inge- 
nuity, and  fre<|ueuUy  n  formula  may  be  adapted  in  various 
ways  equally  good  ;  we  must  however  be  careful  to  ascertain 
that  the  supposition  we  make  involves  no  absurdity ;  for 
instance,  we  may  not  assume  a  quantity  to  be  =  cos  9,  (9 
being  the  fubsidiary  angle,)  unless  we  have  ascertained  that 
tlio  qtiAuUty  is  not  greater  than  unity,  and  so  in  other  in- 
RtitneeK. 

Wo  mimoin  a  few  examples  of  the  adaptation  of  forniu] 
to  IciftariUiniic  computation. 

Kx.  I.     «  a  ■/«  +  ^if- 

lo«8  than  fl. 


ft*  +  V  a  -  -v/o'  -  b\  where  A 

Assume  A  ■  a  sin  B,  which  equation  determines  Q ; 


-  \''a  +  acoafl  +  \/a  -a con 9 

-  V'««(c09-  +  Bio?) 


-  2  \/a  sin  { -  +  «•>  J , 
which  form  is  adapted  to  logarithmic  computation. 
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Ex.  2.     X  =  COB  a  COS  ^  ■¥  sina  ein  /3  cos  y 

=  cos  a  eo9  j8  (l  +  tan  a  tan  )3  coa  7). 
Assume  tan  a  tan  /3  cos  7  =  tan  9 ; 

.■.  0!  =  cos  a  cos/3  (!  +  tan  9), 
.cos0  +  8in0 

■=  cos  a  COS  a '—; , 

COS  0 

,-  -  Bin  (9  +  45") 

-  V  2  COB  a  COS  j3 ^- — , 

'  cosy 

■which  is  in  the  form  required. 

39.  We  may  here  make  a  remark  respecting  the  tables 
of  logarithmic  trigonometrical  functions,  which,  if  we  had 
troubled  tlie  student  with  a  complete  account  of  the  forma- 
tion of  such  tables  would  have  found  a  more  fitting  place 
elsewhere. 

It  appeared  from  the  account  of  logarithms  given  in  the 
treatise  on  Algebra,  (page  93,  Art.  128)  that  the  logarithms  of 
numbers  less  than  unity  have  negative  characteristics.  Now 
all  sinea  and  cosines  are  less  than  unity,  (except  sin  90"  and 
cos  90*,)  and  therefore  their  logarithms  have  negative  charac- 
teristics ;  but  it  is  not  convenient  to  register  such  quantities 
in  tables,  and  therefore  it  is  usual  to  add  10  to  each  of  the 
logarithmic  functions,  and  thus  the  characteristic  -  i  is  re- 
placed by  9.  This  is  merely  matter  of  convenient  arrange- 
ment, but  it  entails  the  following  precaution,  that  when  the 
logarithms  of  numbers  and  those  of  trigonometrical  functions 
occur  in  the  same  equation,  10  must  be  subtracted  from  each 
logaritkmic  faaetion  of  an  angle. 

For  instance,  suppose  we  had  tlic  equation 
b  =  a  sin  C, 
in  which  a  and  C  are  given  and  b  is  to  be  found;   we  should 
take  the  logarithms  thus, 

log  6  =  log  a  +  log  sin  C  -  10, 
I  instead  of 

log  h  ->  log  n  -(-  log  sin  C. 
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Or  we  may  make  the  distinction  between  the  two  kinds  I 
of  logarithms  more  manifest  by  a  difference  of  uotatioa,  and  J 
may  write  the  preceding  formula  thus, 

logio^  =  logio'^  +  i  sin  f*-  10, 

where  logm  indicates  the  logarithm  of  a  number  to  base  10^  I 
and  L  the  logarithm  of  a  trigonometrical  function  to  the  a 
base  when  10  has  been  added  to  it. 

40.  Let  two  aides  and  an  angle  opposite  to  one  of  thtan  I 
(a,  b,  A)  6c  given. 

To  determine  B,  we  have 


C  is  then  known  from  the  formula 

C  =  1 30"  -  ^  -  B. 

and  c  from 

sin  C 

c~a   . — -.. 

smA 

41.     The  solution  of  the  triangle  In  this  case  however  iB% 
not  without  ambiguity ;  for  the  equation 

sin  B  =•  -  sin  A, 

does  not  determine  one  angle  but  two,  because 

sini?  =  sin  (180"  -  B), 
and  the  question  is  whether  there  is  any  test  togttide  ii 
choosing  one  of  the  values  rather  than  the  othw. 

Now  I8(f>  -  B  "  A  *  C,  and  therefore  B  and  i8(f  ~  B 
cannot  both  be  leaa  than  A  ;  but  the  greater  side  ia  opposite 
the  greater  angle,  (Euclid,  i.  18}  consequently,  if  ft  be  lens  tliim 
a,  B  must  be  loss  than  A,  but  the  two  values  of  B  determined 
cannot  both  be  less  than  A,  therefore  we  know  which  to  choose. 
On  the  other  hand,  if  b  be  greater  than  a,  B  must  be  greater 
than  A,  but  both  of  the  values  determined  may  be  so,  tlicre- 
fore  the  solution  is  ambiffuous. 


t 
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The  same  results  may  be  obtained  very  simply  by 
geometrical  considerations. 

Let    CAB   be   the   given    angle, 
AC  the  given   side;   with  centre   C 
and   distance    a    (the   value    of  the 
other  given  side)  describe  an  arc  of 
a  circle,  which,   if  a  be  less  than  b 
will  (as  in  the  figure)  cut  the  straight 
line  AB  in  two  points  B,  £t  on  the 
same  aide  of  A.     Now  each   of  the   A 
triangles  CAB,  CAB',  has  all  the  data  of  the  question,  and 
therefore  the  solution  is  ambiguous.     If  a  hod  been  greater 
than  b,  the  points  BB"  would  have  been  on  opposite  sides  of   | 
A,  and  tliere  would  have  been  only  one  triangle  answering 
the  given  conditions. 

43.     It  may  perhaps  be  not  without  use  to  give  a  third 

investigation  of  the  ambiijuom  cage  in  the  solution  of  triangles. 

We  have  the  formula, 

a*  "b*  -ir  «*-26cc03  J, 
or  c*  -  2fcc  cos  A  =  a*  ~V 

In  this  equation  a  ft  and  A  are  given,  and  we  may  there- 
fore find  c ;  completing  the  square, 

c"-  ibccosA  +  6'  cos'^  -  a*  -b^  sm'  A; 
.:  e  -  ft  cos  A  J"  v^o*  -  ft*  sin'  A. 

We  have  here  two  values  of  c,  and  if  both  values  are 
admissible  the  soUition  is  ambiguous;  but  the  only  thing 
which  can  limit  their  admissibility  is  their  sif/n;  hei 
solution  ib  ambiguous  if  both  values  of  c  are  positive 


f         i.e.  if  ftcos^  >  \/ a'  -  b^ sin' A- 
or  It*  cos'  A  z^  1^  —  \P  sin*  A, 
or  6'  (cos*  A  +  sin'  A')>  t^\ 
or  A  >  «  ; 

'  which  is  the  game  conclusion  as  that  which  we  have 
I  at  before. 
8 
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44.     J,et  all  th^  ndea  be  iiiven. 

This  case  may  be  solved  by  any  of  the  fomiulw. 


<-  ^ be ■ 


J        ./S(.S-a) 


45.  We  have  now  considered  all  the  casea  of  oblique- 
angled  triangles.  In  practice,  the  trianglca  to  be  solved  are 
frequently  right-angled,  in  which  case  the  solution  is  much 
simplified.  One  application  of  the  methods  of  solving  trian- 
gles is  to  the  finding  of  the  heights  and  distances  of  inaccessible 
objects ;  in  problems  of  this  kind  we  suppose  the  magnitudes 
of  certain  lines  and  angles  to  be  measured  by  means  of  proper 
inslrumcnta,  a  description  of  which  however  would  not  be 
appropriate  here.  We  subjoin  a  few  simple  examples  of  the 
method  of 


FINDING  HEIGHTS  AND  DISTANCES. 


Ex.  1.  A  river  of  unknown 
breadth  runs  between  an  observer 
and  a  tower  on  it«  opposite  bank ; 
find  the  breadth  of  the  ri^er  and 
the  height  of  tbc  towci'. 


Let  AB  be  the  tower,  BC  the  breadth  of  the  river ;  let 
the  angle  BCJ  be  observed,  and  then  let  the  observer  retreat 
in  the  direction  of  the  line  BC  to  J>.  measuring  the  distance 
CD,  and  ob«enring  the  angle  CDJ. 
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Let  JCB  =  a,    CDA  -  /3.    TO  =  a. 

AB  =  x,     BC^  y. 

Then  y  =  or  cot  a  from  the  triangle  ABC, 

and  y  +  a  =  j^cot  (3 ABD, 

(ubtracting  the  first  of  these  equations  from  the  second 
a  =  «  (cot  ^  -  cot  a) ; 

a  810/3 


cot  /B  -  cot  a 
y  =  to  cot  a  = 


Bm(a-/3)' 


COS  a  sin  /3 


Ex.  2.  From  the  top  of  a  tower,  a  person  observes  the 
■angle  of  depression  of  two  distant  points  in  the  horizontal 
F plane,  the  distance  of  which  from  each  other  he  knows,  and 
I  also  the  angle  subtended  at  his  eye  by  the  line  joining  the 
t  two  points ;  required  the  height  of  the  tower. 


Let  AB  be  the  tower, 
\C.D  the  two  points  ;  then 
I  the  angles  observed  are 
%-aCAr  BZ>A.  CBD,  which 
f  call  a,  |8,  y  respectively, 
lolso  let  CD  =  a,  and  let 
ithe  height   of  the    tower 


Then  in  the  triangle  BCD,  BC  -  x  cosec  a,  BD  =  «  coaec/a 
.-.  a*  -«*coBec*a  +«*  cosec' ^  -  2ip*  cosec  a  cosec  ^  cos  7, 


and  I 


v/cosec*  a  +  cobcc'  /3  —  2  cosec  a  cosec  /3  coa  7 


Ex.  s.     From  a  station  B  at  the  base  of  a  mountain,  its 
lumniit  A  is  seen  at  an  elevation  of  60° ;  after  walking  one 
Bjcile  towards  the  summit  up  a  plane  making  an  angle  of  30" 

9^8 
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with  the  horizon,  to  another  station  C,  the  angle  BCA  b  ob- 
served to  be  135^     Find  the  height  of  the  mountain. 

From  the  triangle  ABC^  we  have 

Bin  BAC 

An  BCA 

m   BC.-. 


Bin  {BCA  +  ABC) 
Bin  135® 


sin  45® 

Bin  15''  3I 

and  the  height  of  the  mountain  «  AB  Bin  6(fi 

Bin  60®  Bin  45^ 


-5C. 


Bin  15® 


But  Bin  60®  -  — ,  sin  45® 


— • 


2  '  ^/^ 

Bin  15®  -  Bin  (45®  -  SO®)  -  sin  45®  cos  S(fi  -  cos  45®  Bin  SO® 

v/s-  1 

2\/2 

and  BC  m  176*0  yards; 

.\  the  height  -  1760 .  — 1 .  880  (s  +  >/s), 

«  880  X  4 . 7  nearly  -  41S6  yards. 

We  shall   here  subjoin  a   few  propositions  relating   to 
triangles. 

46.     To  find  the  arta  ijfa  triangle  in  terms  of  the  eidee. 

I<ct  ABC  be  the  triangle ;  from  A  draw  the  perpendicular 
i4D  on  the  opposite  side  BC    Then 

..                   BCnAD     ax6sinC 
the  area  -  ■  « : 


MISCELLANEOUS  PnoPOSlTlOXS. 


but  (by  Art.  32)  sin  C  -  —  y/s  (5  -  o)  (5  -  6)  (5"  -  c) ; 
therefore  the  area  =  ■•/s^S  -  «)  (S-  6)  (S-c). 

47.      To  find  tfie  radi'13  of  a  circle  inscribed  in  a  triangle. 

Let  ABC  be  the  tri- 
acgle ;  bisect   the   angles, 
and  let  O  be  the  point  in 
which  the  bisecting   lines 
meet,  then  (by  Euclid,  iv, 
*),  O  is  the  centre,  aud  if 
we   draw    OD.    OE.    OF,    __ 
perpendicular  to  the  sides  ^ 
BC,  AC,  AB,  respectively,  any  one  of  these  will  be  the  radius  ] 
of  the  inscribed  circle.     Call  the  radius  r ;  then 

area  of  A  ABC  •=  A  BOC  +  A  AOC  +  A  AOB. 


■  ^/SiS-a){S-b){S-c)- 


=  rS; 


..^/< 


'(S~a){S-b){S-c) 


48.     To  find  the  radiitg  i^f  a  circle  circumscribed  about  a 
triangle. 

Bisect  the  sides  in  the  points  D,  E,  F,  and  from  the  ' 
points  of  bisection  draw  perpendiculars  meeting  in  the  point 
O;  then   (Euc.  iv.  5),   O  is  the  centre  of  the  circumscribed 
circle ;  join    OA,   OB,    OC,   and   describe  the  circle  BCA. 
Call  the  radius  B ;  then  (as  in  Art.  46) 
AB.BC 


area  of  ABC  - 


-  sin  ABC, 
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or  \/S{S  -  a)  {S  -  6)  (*S  -c)  «  —  sin ,  (Euc.  ni.  20), 

«  —  sm  -/f  0-E  =  —  .— -- ; 
2  2    9R 


Rm 


ahc 


^\/S{S-a){S^b){S-cy 


49.     To  find  the  circumference  and  area  of  a  regular  polygon 
im9cribed  in  a  circle. 

Let  O  be  the  centre  of  the  circle^  AB  one  of  the  sides 
of  the  polygon,  of  which  suppose  that  the   number  is  n; 


and  let  the  mdiiis  of  the  circle  be  r.    Join  OJ^  OB  and  draw 

S6(fi 
OP  perpendicular  to  JB ;  then  the  angle  JOB  «  -    - ,  and 

It 


ciiciiinference  of 


n.AB, 


^Mn.JPm^n.JOmkJOPm^nrtin 


180^ 
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AB.OP 


Again,  area  of  polygon  =  n .  area  of  AOB,  =  n  - 


-n.AO  sin  AOP  x  AO  cos  AOP  =  nr'- 

From  these  expressions  we  see,  that  if  the  number  of  sides 
18  given,  the  circumference  of  the  polygon  is  proportional  to 
the  radius,  and  the  area  to  the  square  of  the  radius  of  the 
circumscribing  circle. 

50.  To  find  Che  circumference  and  area  of  a  regular  polygon 
eircumsoribed  about  a  circle. 

XiCt  AB  be  any  one  of  the  sides  of  the  polygon,  touching 


I  the  circle  at  P.  n  the  number  of  sides,  and  r  the  radiua,  as 
I  liefore.     Join  OP.     Then  circumference  of  polygon 

~„.AB  =  in .  AP  =  2u .  OP  tan  AOr- 


Again, 


I  of  polygon  = 


As  in  the  cose  of  the  inscribed  polygon,  we  observe  that 
I  the  circum^ence  is  proportional  to  the  radius,  and  the  area 
I  to  the  square  of  the  radius,  the  number  of  aides  being  given. 

51.  If  we  suppose  a  regular  polygon  to  be  inscribed  in  a 
l^circlc,  and  another  of  the  same  number  of  sides  to  be  circum- 
I  scribed  about  it,  it  ia  easy  to  see  that  the  greater  the  number 
lof  sides  the  more  nearly  will  each  of  the  polygons  approximate 
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to  the  other  and  to  tlie  circle  which  lies  between  them.  In 
fact,  suppose  C,  C',  to  be  the  circumferences  of  the  two  poly- 
gons, then  we  have  seen  that 


C  ISO" 

Suppose  «  to  be  indeSnitely  great,  then  cos becomes 

cofltf"  or  1,  and  C^C'. 

Or  let  A,  A'  be  the  areas  of  the  two  polygons,  then 


"a'  »  ' 

and  if  n  be  indefinitely  great,  A  ^  J(.  

Cooaequently,  if  we  suppose  the  number  of  the  sides  looe 
indefinitely  increased,  the  inscribed  and  cireumscribed  polygon 
will  coincide  with  each  other,  and  therefore  with  the  circle. 
AVe  may  therefore  consider  a  circle  as  being  a  regular  polygon 
having  an  indefinite  number  of  sides,  and  may  extend  to  it 
those  properties  which  we  have  proved  concerning  polygons. 
Now  wc  have  seen  that  the  circumference  of  polygons  is  pro- 
portional to  the  radius,  and  the  area  to  the  square  of  thai 
radius  of  the  circle,  whether  inscribed  or  circumscribed,  antt  , 
therefore  we  conclude  that  the  circumffrence  of  a  circle  is 
proportional  to  its  radius,  and  the  area  to  the  mptare  of  th» 
radius. 

Wc  liave  in  fact,  (taking  the  inscribed  polygon,) 
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JgQO 

if  n  be  indefinitely  great,  cos =»  l,  and 

n 

f     •    1^^\         J      (     •    ^^0%    . 
C7=  2  (nsm 1  r,  -4  =  [nsm ]  r. 

What  will  be  the  value  of  n  sin ,  when  n  is  made 

n 

indefinitely  great  ?     Its  value,  which  is  always  denoted  by  ir, 

might  be  calculated  as  follows : 

6        1       J 

In  general         cos  -  =  —^\/i  +  cos  9 ; 


cos 


.90^        1 


2       v/i' 


cos 


90"        1        /  1 

^0 


&c.  =  &c. 

po® 

By  this  means  we  can  calculate  the  value  of  cos  - — ,  where 

2' 

l>  is  as  large  a  number  as  we  please.    Suppose  now  that  n  «  2^ 

where  p  is  very  large, 

.,  .    180"  90"  .    90^ 

then  IT  B  n  sm «  2^*+'  cos  —  sm  — , 

n  2'         2' 

90"     /  oqo 

=  2P+>  cos  — \/  1  -  COS*  —  ,  nearly. 

But  this  and  other  operose  methods  are  superseded  by  modes 
of  calculation  of  a  more  refined  character,  the  introduction  of 
which  however  would  be  unsuitable  to  the  design  of  the 
present  treatise:  the  result  is  that 

TT  B  5.1415926535 

The  quantity  ir  may  be  calculated  to  any  degree  of  accu-> 
racy,  but  it  is  of  the  class  of  quantities  caUed  incommensurahlei 
that  isy  it  cannot  be  expressed  by  the  ratio  of  any  two  whole 


numbers  however  great:  in  general  we  may  consider  SjSTSs 
as  a  sufficiently  accurate  value  of  ir. 

The  fraction  ^ ,  or  still  more  nearly  — ,  are  approxii] 

tions  to  the  value  of  ir. 

Accoriiing  to  the  notation  we  have  adopted, 
the  circumference  of  a  circle  nSirr. 


■'i2.  The  introduction  of  the  quantity  tt  renders  thia  a 
proper  place  for  explaining  another  mode  of  measuring  angles, 
besides  tliat  which  has  been  hitherto  used. 

Hitherto  we  have  considered  the  right  angle  to  be  divided 
into  90  degrees,  and  have  measured  angles  by  the  number  of 
degrees  they  contain ;  but  there  is  another  mode  depending 
upon  the  proposition  (£uc.  vi.  33)  that  angles  at  the  centre  a 
a  circle  are  proportional  to  the  arcs  on  which  they  stand,  aoj 
which  is  of  frequent  use. 

Let  POA  be  an  angle  at  the  centre  O  of  a  circle,  i 


:  also  let  { 


radius  of  which  is  r;  APB  a  semicircle  =  n 

length  of  the  arc  J  P  -  a.     Then,  by  liualid, 

angle  POA  a 

•i  right  angles      n-r' 

. .     9  right  aneles 

.*.  angle  POA  -  —^ ^ — . 


.(A). 


Now  supposing  a  and  r  to  be  given,  although  tlie  angle  POA 
will  be  determined,  yet  its  numerical  value  will  not  Ih*  settled, 
unless  we  make  some  convention  as  to  what  angle  we  shall 
call  unity.  We  are  at  liberty  to  make  any  convention  tliat 
wo  please,  but  we  Hhall  be  guided  in  our  choice  by  the  C00:_ 
sidenition  of  what  will  make  the  equation  (A)  the  m 
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and  it  is  manifeat  that  the  most  simple  form  will  be  given  to 

that  equation  by  making 

2  right  angles 
-^  —    -.^1 (B), 

we  shall  then  have,  (denoting  the  numerical  value  of  the 
angle  POA  by  0), 


..(C). 


i 


Let  us  consider  the  results  of  the  assumption  (B).  The 
numerical  value  of  two  right  angles  is  the  quantity  ir,  instead 
of  180",  as  in  the  former  method,  and  the  unit  of  angle,  instead 

of  being  the  ninetieth  part  of  a  right  angle,  is  — ~ — 

or  57"  \Y  44"  iS'"  nearly*. 

Again,  making  0=1  in  equation  (C),  we  have  a^r; 
vhicb  shews  that  f/t«  unit  of  av^le  is  that  angU  which  is  sub- 
tendtii  btj  an  arc  of  lejii/th  egual  to  radios. 

53.     Another   mode  of  considering  this  subject   is    the 
following.    Let  POA  be  any  angle, 
and  about  O  as  centre  suppose  any 
two  circles  described ;  let  JPA,  P'J' 
be  the  subtending  arcs  in  the  two 
circles,  and  draw  PN,  P'^  per- 
pendicular to   OAA'i   then,  if  the 
radius   of  the   circle   were   given, 
the   are    PA   woidd  be   a   proper 
measure    of  the    angle,    and    we 
might  define  PA  to  be  the  are,  PN  the  sine,   ON  the  cosine, 
&c.   of   the    angle  POA ;  but    this   being    inconvenient,    in 
consequence  of  its  being  necessary  to  know  the  radius,  we 

PN  ON 

have  defined  -— -  to  be  the  sine,  -    -  to  be  the  cosine,  &c.  of 

POA,   these  ratios   being  independent   of  the  radius,  since 
PN     P'N       ,  ON     ON         ,         ,,  ... 

^PQ-'-pTfj  and  —  =  pT^;  and  on  the  same  prmciple  we 

of  the  angle,  not  the  are  PA, 
ich  I  glidly  adopt  i  "  the  iludent 


should  take   as  the 

'«  niorgaa  makes  ihe  fallowing 


l(  mneinber  not  to  conrmiHl  St  with  3 


n  »erne  ;  uid  lo  [i  20=  1,  for  20  chillingt  an  1  peuiui." 
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PA 
but  -^-r .     Thus  we  are  led,  in  a  rather  tlifferent  way  from 

that  pursued   iu    the   last   article,   to   choose   — r^-   as    the 

radius 

niCHsurc  of  an  angle,  and  this  ehoice  implies  that  the  nu- 
merical value  of  two  right  angles  is  v,  which  was  our  first 
assumption  in  the  other  cose. 

64.  From  the  equation  (C)  (Art.  52),  we  see,  that  if 
r  ■  1,  0<=  a;  that  is  to  say,  if  we  suppose  the  radius  of  the 
circle  to  be  unity,  the  numerical  value  of  the  angle  and  the 
subtending  arc  is  the  same.  Hence,  if  we  make  this  sup- 
position respecting  the  radius,  we  are  not  under  the  neees- 
8ity  of  making  any  distinction  between  arc»  and  angUs,  since 
their  numerical  value  is  the  same. 

55.  It  is  frequently  a  matter  of  indifference  which  mode 
of  measuring  angles  we  adopt ;  but  this  must  be  carefully 
borne  in  mind,  that  in  every  example  either  the  one  or  the 
other  must  be  used  exclusively.  It  will  perhaps  be  found 
generally  advantageous  to  use  that  last  explained,  or  the  circu- 
lar meagtirt  as  it  is  sometimes  called*,  as  being  the  more  brief. 

It  is  easy  to  pass  frou]  one  mode  of  measurement  to  the 
oUier :  for  8up{)osc  that  $  is  the  circular  measure  of  an  angle, 

then  the  angle  contains  —  ISO  degrees;  and,  conversely,  if  an 

angle  contains  «»,  its  circular  measure  is  ^ —  ir. 
^  180 

Ex.  I.     Find  the  drcutar  measure  of  25" 30'. 

™™        .       .  25.5 

ino  circiuar  measure  — x  3 .  14159. 

180 

-  .44505S. 

Kx.  s.     Kind    the    numbf>r    of  dt^rees.    minutes,    aiMl_ 

seconds  in  tbo  angle  f^  which  the  circular  measure  is  £.5 

In  this  case 

— ~ —  X  I80»-  l*S»I*'«0", 
3.UI59 

the  number  of  degrees,  mioutes,  and  secooda  required. 

•  l>ir.D*H 
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Definitions.  A  right  cone  ia  a  surface  generated  by 
an  indefinite  straight  line,  which  always  passes  through  a 
given  point,  and  makes  a  given  angle  with  a  given  straight 
line  passing  through  that  point. 

The  point  through  which  the  generating  line  always  passes, 
is  called  the  vertex  of  the  cone.  The  given  straight  liLe 
passing  through  the  vertex,  is  called  the  axis  of  the  cone. 

The  common  notion  of  a  cone  is  that  of  a  pyramid  stand- 
ing on  a  circular  base ;  it  is  clear  that  a  cone  as  above  defined 
will  consist  of  two  such  pyramids  of  indefinite  height,  having 
their  axes  in  the  same  straight  line  and  their  vertices  coin- 
cident. 

If  we  conceive  a  cone  to  be  cut  by  a  plane,  the  curve 
formed  by  the  intersection  will  be  different  according  to  the 
position  of  the  cutting  plane.  There  are  however  only  three 
different  modes  in  which  it  13  possible  for  the  intersection  to 
take  place. 

For  distinctness  of  conception, 
let  the  annexed  figure  represent  a 
cone ;  B  is  the  vertex,  CDBCiy  is 
the  intersection  of  the  cone  by  the 
plane  of  the  paper ;  the  cone  is  sup- 
posed to  be  of  indefinite  length  both 
above  and  below  B.     Then 

(I)  The  cutting  plane  may  be 
parallel  to  the  Hue  BC  and  perpen- 
dicular to  the  plane  of  the  paper,  in 
which  case  it  will  only  cut  one  portion 
of  the  cone  as  BCD,  and  not  the 
other  BCD',  and  the  curve  formed 
by  the  intersection  will  evidently  be 
a  curve  of  one  branch  and  unlimited 
in  extent,  since  the  cone  is  supposed 
to  be  unlimited.  This  curve  is  called 
the  parabola. 
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(2)  The  cutting  plane  may  be  inclined  to  the  line  BO, 
and  may  cut  the  cone  wholly  on  one  side  of  B,  that  is,  may 
cut  the  portion  BCD  without  cutting  the  portion  BCD';  io 
this  eaae  the  curve  will  be  one  of  limited  extent,  and  of  an 
oval  form.    This  is  the  ellipse. 

(3)  The  euttiny  plane  may,  as  in  the  last  case,  be  in- 
clined to  BC,  but  mity  cut  the  cone  on  both  sides  of  B,  that 
is,  may  cut  the  portion  BC'D'  as  well  as  BCD;  in  this  case 
the  curve  will  coitaist  of  two  branches,  each  of  unlimited 
extent.     This  is  the  hyjterbola. 

In  these  three  positions  of  the  cutting  plane  are  included 
two  ca«C3,  which  perhaps  deserve  separate  notice ;  namely, 
that  in  which  the  cutting  plane  is  perpendicular  to  the  axis 
of  the  cone  and  the  section  consequently  a  circle,  and  that 
in  which  the  plane  passes  through  the  vertex  and  the  section 
is  two  straight  lines:  but  these  positions  of  the  cutting  plane 
need  not  be  further  alluded  to,  because  the  circle  may  be 
considered  as  a  particular  case  of  an  ellipse,  and  the  two 
straight  lines  of  an  hyperbola. 

We  may  say  therefore  that  there  are  only  three  diJTcrcnt 
Rections  of  a  cone,  the  parabola,  the  ellipse,  and  the  hyperbola, 
and  it  will  be  our  business  to  study  tlie  properties  of  these 
Conic  Sections  in  order. 

It  may  be  remarked,  by  the  way,  that  the  Conic  Sections 
are  curves  of  especial  interest  for  three  reasons;  firjut,  ou 
account  of  the  simplicity  and  elegance  of  their  properties ; 
secondly,  because  of  their  historical  interest  as  curves  known 
and  studied  with  success  by  tiie  ancients*;  and,  thirdly,  be- 
cause science  has  taught  us  that  they  are  what  may  be  called 
physical  curves.  A  stone  when  projected  describes  a  |)arabola, 
the  planets  move  in  ellipses,  many  comets  describe  parabolas, 
some  hyperbolas. 

Although  we  have  spoken  of  the  Conic  Sections  as  the 
sections  of  a  cone,  which  is  a  mode  of  proceeding  rendered 
appropriate  by  the  name  usually  given  to  the  three  curves  in 
question,  we  shall  find  it  convenient  iu  treating  of  their  pro- 
perties to  adopt  other  definitions,  and  we  shall  have  to  shew 
*  Th«  DiMi  uieiiai  trMtite  on  the  lubjcct  ntwn  l>  tlut  of  ApoUoniua,  of  Ptrf*  In 
■■■mphflla,  «ha  Haurith«d  In  ihe  niim  uf  Pluhmy  KucigttM,  ■Noui  ■,»:.  HO.  I*. 
baokmruoiilr  SMilouwelhcnnlj  ant  of  Mi  vorki  vhlcb  hu  rnn«  down  lo  ut-  _ 
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that  the  curves  so  defined  are  really  conic  sections  according 
to  our  prcBent  notion.  It  ia  convenient  to  conceive  of  a 
curve  as  traced  by  a  point  which  moves  according  to  an 
assigned  law ;  thus  we  may  consider  a  circle  as  a  curve  traced 
by  a  point,  which  moves  under  the  condition  of  being  always 
at  the  same  distance  from  a  fixed  point ;  and  this  is  t)ie  mode 
of  definition  which  we  shall  adopt  in  tlie  case  of  each  of  the 
conic  sections ;  we  shall  call  the  curves  so  defined  by  the 
names  of  the  Parabola,  Ellipse,  and  Hyperbola,  and  after- 
wards prove  that  the  curves  defined  are  the  three  sections 
of  a  cone. 

Aa  we  shall  have  much  to  do  with  the  tangents  to  the 
conic  sections,  we  will  here  explain  the  proi>er  notion  of  the 
tangent  of  a  curve.  Let  P  be  a  point  in  a  curve,  P'  a  con- 
tiguous     point,     draw   t ^ 

the  secant  PP'S,  that 
is  the  line  cuttinff  the 
curve  in  P  and  /*'. 
Now  suppose  P"  to  ap- 
proach P,  then,  when 
P"  and  P  arc  indffinitely  near  together,  the  secant  SPP  will 
become  the  tangent  TP.  In  other  words,  a  tangent  may 
be  conceived  of  as  a  secant,  drawn  through  two  points  in  the 
curve  indefinitely  near  to  each  other. 

Note.     It   will  be  understood,  that  in   this  sul^ect  an 
L  algebraical  notation  is  used  for  the  purpose  of  abbreviation 
only.     Thus  JB .  CD  will  be  merely  a  contracted  form  of 
the  phrase  "  the  rectangle  under  AB,  CD." 

Also  it  may  be  observed,  that  in  the  figures  the  dotted 
lines  refer  wholly  to  the  corollaries  of  the  propositions. 


:OSIC  SECTIONS, 


THE  PARABOLA. 


Rl 

,^^^ 

^ 

^ 
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Def.     If  a  poiut  P  moves  iu  Buch  a  ninnner,  that  iWI 
distance  Sf   from   a  given   point  5  is  always   equal   to   ita 
perpendicular  distance  PM  from  a  given  fixed  line  LM,  the 
curve  traced  out  by  P  is  called  a  parabola. 

The  tixcd  line  LM  is  called  the  directrix,  and  the  point 
S  the  focus. 

Draw  SL  perpendicular  to  the  directrix,  and  bisect  it  in 
the  point  ^ :  it  is  manifest,  from  the  definition,  that  J  is  a 
point  in  the  parabola ;  this  point  is  called  the  vtrtej:. 

It  is  further  manifest,  that  the  curve  v>ill  be  exactly 
similar  on  opposite  sides  of  the  line  AS  produced ;  this  line 
is  called  the  (tm. 

Hence  it  also  follows,  that  a  line  PNP"  drawn  through  P 
perpendicular  to  the  axis  to  meet  the  paraboU  in  P  will  be 
bisected  in  JV:  PNP  is  called  an  ordittale,  and  the  line  AN 
an  atidciiiiia  of  the  axis. 

The  ordinate  BC,  through  the  focus,  is  called  the  i 
rvcttim. 

Any  line  MPV  parallel  to  the  axis  U  called  a  diamcttrt^ 
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The  names  abscissa  and  ordinate  are  not  confined  to  lini 
measured  along  the  axis  and  perpendicular  to  it ;  they  are 
also  applied  to  lines  measured  along  any  diameter  and  parallel 
to  the  tangent  at  the  extremity  of  that  diameter :  thus  if 
QVQ'  be  drawn  parallel  to  the  tangent  PT,  PVis  called  an 
abscissa  of  the  diameter,  and  QVQ'  an  ordinate.  The  pro- 
priety of  this  nomenclature  will  be  seen  hereafter,  when  it  is 
proved  that  the  properties  of  the  lines  PV,  QFQ'  are  exactly 
analogous  to  those  of  ^A',  PNP". 

If  PT  be  a  tangent  to  the  curve  at  P,  NT  is  called  the 
iubtangent. 

The  normal  PG  is  a  line   perpendicular  to  the  tangent. 
NG  is  called  the  subnormal. 


Piioi-.    I. 

The  lalus  rectum  BC  =  4AS. 

Draw    BK  perpendicular  to    the 
directrix,   and   produce   SA  to  meet  K 
the  directrix  in  X ;  then 

SB  =  BK  by  definition, 

~SL^ZAS, 

since  AS  •=  AL  by  definition  ; 

.-.  SC=2SB''*AS. 


The  (wvjmt  at   any  point   of  a  parabola  bisects  the  angltt 
between,  the  focal  distance  atui  tlie  diameter  through  the  point. 

Let  P  be  a  point  in  the  parabola,  P'  a  contiguous  point :  J 
draw  the  secant  TPP*.  join  SP,  SP',  and  draw  PAf,  P'M',  1 
perpendicular  to  the  directrix,  and  P'm,  P'n  perpendicular  to  J 
PM,  SP  respectively. 

•  The  .ludent  [•  requealed  to  join  "he  point.  P,  ^  in  tb«  figur.. 
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Then  y\e  Bliall  assume  what  "wiH  hereafter  be  proved'^. 
uaiuelv,  that  when  F  and  F'  are  indefinitely  near  topether 
Fit  will  coincide  with  the  arc  of  the  circle  described  with 
centre  S  and  radiub  SF\  in  other  words  that  Sn  will  be 
ecjual  to  SF'. 

Hence  Fu  -  SF  -  SF' 

«  FM  -  F^M*  (h\  definition  of  parabola ' 

-  Fm  : 


•J 


therefore  in  the  right-ang-led  triangles  PmFy  PnP^,  we  haye 
the  bide  Fm  =■  the  bide  Fn,  and  PP'  common ;  theref<M«  the 
trlaii^^Ieb  are  equal  in  all  respects,  and  z  mPP^^  z  uPP^. 

iiut  when  y  has  approached  indefinitely  near  to  P,  mPP^ 
is  the  angle  between  the  tangent  and  the  perpendicular  cm 
the  directrix,  and  nPF^  is  the  angle  between  the  tangent  and 


*  Nevion,  .Seciion  i.  Ltmnu  vii.    Thii  maj  be  aho  prored  trigooomeiricaUj :  for 
let  i*Q  be  •  very  siuaII  arc  of  •  circle  haring  O  for  its 
centre :  join  l*Qj  aod  draw  the  tangents  PT,  QT,  and 
let  or  interact  the  arc  i*Q  and  the  chord  i*i^  in  A 
and  B  respectirelj.    Then  it  is  manifest  that 
PAQ  is  >  PBQ  and  <  f  r  +  <^r, 
or  that  PA  is  >PBMnd<  PT, 

P  4 

or  that  j^^  is  >  sin  POA  and  <  tan  POA, 

^^^  'an  l4>!{  ""  ^^  ^'^^'^  ^ '  ^^^  ^^'^  **  indefinitely  small.    Therefore  PB  and  PT 

arc  equul  when  PA  is  indefinite]/  small,  and  therefore  PA  which  is  intermediMe  in 
value  is  equal  to  either  of  them. 

Iiaa^llli".?***!!'  **"  ~"»P"»'«>«>  «he  force  of  this  reasoning  more  completely  vboi  h* 
lias  ra«i  tli«  tir«t  secUon  of  Newtoo*s  Princlpi*. 
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the  focal  distance.     And  these  angles  have  been  shewn  to  be 
equal,  therefore  the  proposition  is  true. 

Cor.  1.  The  tangent  at  the  vertex  is  perpendicular  to 
the  axis. 

Cor.  2.  The  normal  bisects  the  angle  between  the  focal 
distance  and  the  diameter  at  the  point. 

CoR.  3.  If  T,  G  (see  figure,  page  146)  are  the  intersec- 
tions of  the  tangent  and  normal  respectively  with  the  axis, 
SP^ST^  SG.    (Eucl.  I.  5.) 


Prop.  III. 


T7ie  mhtangent  is  equal  to  twice  the  abscissa.    (NT  «  2  AN), 


-M 

IV""''^ 

^ 

'1 

''/ 

1 

T                L 

\ 

N 

\ 

Draw  PM  perpendicular  to  the  directrix  LM ;  then 

ST  "SP^  PM  -  LN, 
or  AT  +  AS-'AL  +  AN; 
and      AS  =  AL ; 

.'.      AT  -  AN, 
or     NT  mi  AN. 
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Prop.  IV. 

The  subnormal  is  constant^    and  equal   to  half  tlie    latus 
rectum.     (NG  -  2  AS). 


T  :r     A     S  N 

Yor  SG'ST^  AS  +  AT 

«  -4S  +  AN  (by  preceding  Prop.) 
m2AS  +  SN; 

.'.  NG^SG-SN^2AS. 

Prop.  V. 

TTie  rectangle  under  the  latus  rectum  and  the  abscissa  is  equal 
to  the  square  of  a  semi-ordinate  of  the  aans.  (PN*  —  4  AS  .AN). 

Because  AN  is  divided  into  two  parts  in  S,  if  S  is  between 
A  and  N,  or  because  AS  is 
divided  into  two  parts  in  N, 
if  JV  is  between  A  and  S, 

.'.  ^AS.AN+SN^-'LN^ 

(Euc.  11.  8.) 

/.  FN*  ^4 AS.  AN. 

Prop.  VI. 

If  a  perpendicular  is  drawn  from  the  focus  on  the  tangent, 
the  point  of  intersection  lies  in  the  tangent  at  the  vertex. 

LfCt  ^K  be  the  tangent  at  the  vertex  intersecting  the 
tangent  PT^in  Y\  join  SY,  which  shall  be  perpendicular  to 
PT. 
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Because  AY  is  parallel  to  PN,  and  AT  ^  AN ;  therefore 
TV  «  py.     (Euc.  VI.  2.) 


Also  SP  =  ST,  and  SY  is 
common  to  the  two  triangles 
SPY,  STY:  therefore  these 
two  triangles  have  their  sides 
respectively  equal,  and  are 
therefore  equal  in  all  respects. 


Therefore  z  SYP  =  z  SYT,  and  therefore  each  is  a  right 
angle.  Hence  SY  is  perpendicular  to  PT,  and  therefore  the 
proposition  is  true. 

Cor.     SY^^SP.AS. 
For  from  similar  triangles  SAY,  SYP, 

AS  :  SY  ::  SY  :  SP. 


■.  "  •■ 


Prop.  VII. 


/     ' 


If  from  any  poirU  F  in  the  ordinate  PR  the  line  FQ  is 
drawn  parallel  to  the  axis  and  meeting  the  parabola  in  Q,  then 
PF .  FR  =  4  AS .  QF.  t 


Draw  QE  perpendicular  to  the 
axis;  then  because  PR  is  divided 
into  two  equal  parts  in  N  and  two 
unequal  in  F, 

.'.  PF.FR~PN*-NF*  (EucUd, 
II.  5.) 

-  PN*  -  QE? 

=  4AS.JN  -'kJS.JE 
m4JS.EN~4jS.QF. 


•ot: 


4 


/--"if         -    ^'   '■ 
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Prop.  VHI. 

If  from  either  ewtremity  of  an  ordinate  QVQ'  a  perpendicular 
QD  is  let  fall  on  the  diameter,  then  QD*  =  4  AS .  PV. 


Draw  the  tangent  P  T,  and  QF  perpendicular  to  the  ordi- 
nate PNR,  then  from  similar  triangles  QD  V,  PNT, 

QD  :  DV  ::  PN  :  NT, 
but  PIP^4AS.JN^2JS.NT;     '^  lAW't^l 
.\  PN,:  NT  ::  2AS  :  PN       \-  i^:  l^.l'S 

::  4>AS  :  PR; 
.-.   QD  :  DV  ::  ^JS  :  PR, 
or  4.ilfif.DF=  QD.PR^PF.PR. 

Also  (Prop.  VII.) 

^AS.QF^PF.FR, 

or  i^AS.DP^PF.FR; 

.-.  ^AS.PV^PF.PR"  PF.FR 

^PF\ 

or  QD^^^AS.PV. 

The  proof  would  be  similar  if  we  were  to  draw  Q'//  per- 
pendicular to  the  diameter  from  Q'.    ^  ^  C    i^  '  '•  *  •  « ! ,   .  j       a 

Cor.  Hence  QD^QTD^,  and  therefore  QV^QlV,  or  a 
diameter  bisects  all  its  ordinates. 
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Prop.  IX. 

The  square  of  a  semi-ordinate  of  tlie  diameter  at  any  paint 
is  equal  to  four  times  the  rectangle  under  the  focal  distance  of 
the  point  and  tlie  abscissa. 

(QV»=4SP.PV). 


T  AS 

Draw  AV  the  tangent  at  the  vertex,  SY  perpendicular  to 
the  tangent  PT,  QD  perpendicular  to  the  diameter,  and  join 
SP.     Then  by  similar  triangles  QDV,  SAY, 

Qjr  :  QD"  ::  SY^  :  AS", 
but  from  similar  triangles  SAY,  SYP, 

AS  :  SY  ::  SY  :  SP, 

or     Sl^^AS.SP; 

.-.   QV^  :  Qiy  ::  SP  :  AS, 

but     Qiy  -  ^AS  .  PV;    (Prop,  vm.) 

.-.  QV^ :  4AS  .  PV  ::  SP  :  AS, 

or     QV^^^SP  .  PV. 

Obs.  It  will  be  seen  that  this  proposition  includes  Prop  v., 
since  in  that  case  P  coincides  with  A  and  SP  «  AS. 


Prop.  X. 

^a  right  cone  is  cut  by  a  plane  which  is  parallel  to  a  line 
in  its  surface,  and  perpendicular  to  the  plane  containing  that  line 
and  the  axis,  the  section  is  a  parabola^ 

Let  BCD  be  the  section  of  the  cone  by  the  plane  of  the 
paper,  AGK  the  cutting  plane  which  is  supposed  perpen- 
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dicular  to  the  plane  of  the  paper  and  parallel  to  BC.  Let 
EMPP  be  any  circular  section  made  by  a  plane  perpendicular 
to  the  axis  of  the  cone.  Then  the  line  MNPy  in  which  the 
planes  EMPP,  AGK  intersect,  is  manifestly  perpendicular  to 
both  of  the  lines  ENP,  ANH,  in  which  those  planes  inter- 
sect the  plane  of  the  paper.     Draw  AL  parallel  to  CD. 


Then  by  similar  triangles  ANF,  BCD, 

AN  2  NP  ::  BC  :  CD; 
but  the  ratio  BC  :  CD  is  a  constant  ratio, 

.-.  AN  oc  NP. 

Again,  since  EPP  is  a  semicircle, 

NP  :  PN  ::  PN  :  EN 
::  PN  :  AL, 
or    NP.  AL^PN^: 

but  AL  is  a  line  of  constant  length,  therefore  NP  «  PN* ; 
and  we  have  also  proved  that  AN  «  NP,  therefore  PN'  «  ANj 
is  a  property  of  the  parabola,  (Prop,  v.) :  hence  the 
TO  GAK  is  a  parabola. 


1'* 
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THE   ELLIPSE. 


Def.  If  a  point  P  move  in  such  a  manner  that  the  sum 
of  its  distances  from  two  fixed  points  S^  H  is  always  the  same, 
the  curve  traced  out  by  P  will  be  an  ellipse. 

The  points  S,  H  are  called  the  foci^  and  the  point  C 
bisecting  SH  the  centre. 

Any  line  PCG  through  the  centre  is  called  a  diameter : 
it  is  manifest  that  the  centre  bisects  all  such  lines. 

The  diameter  ASHM  through  the  foci  is  called  the  axis 
major :  A,  M  are  called  vertices. 

A  line  PNR  perpendicular  to  the  axis  m^jor  is  called  an 
ordinate,  and  the  lines  AN,  NM  abscissce,  of  the  axis. 

The  ordinate  BCE  through  the  centre  is  called  the  axis 
minor,  and  that  through  either  focus  the  latus  rectum. 

The  diameter  DCK  which  is  parallel  to  the  -tangent  at  P 
is  said  to  be  conjttgate  to  PCG. 

A  line  QVQ'  parallel  to  the  conjugate  diameter  is  called 
an  ordinate  of  the  diameter  PCG,  and  the  lines  PV,  VG 
abscissae 
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A  perpendicular  to  the  axis  major  through  the  point  in 
which  a  tangent  at  the  extremity  of  the  latus  rectum  meets 
the  axis  is  called  the  directriw*. 


Prop.  I. 

The  sum  of  the  focal  distances  of  any  point  is  equal  to  the 
axis  major.     (SP  +  HP  =  2  AC). 


For,  by  definition, 

SP-^HP^SM+HM; 
.-.   ^{SP'^HP)^SJ  +  SM-^HJ  +  HM 

or   SP^HP^JMn^^AC. 

Cor.     SB-^HB^  ^AC. 
But  manifestly  SB^HB; 

.\  SBmAC. 
Hence  also  BC^  -  AC^  -  SC\ 


*  Thli  line  It  no  adled,  becmuse  it  may  be  proTcd,  that  if  froin  a  point  P  in  tho 
ellipae  PM  ii  drawn  perpendicular  to  the  directrix,  then  SP  ii  alwaji  lets  than  PAf  in 
a  constant  ratio.  Thai  the  ellipM  might  he  defined  in  a  manner  similar  to  that  adopted 
for  ibo  parabola.    The  ratio  above  mentioned  is  called  the  eccentrkUp  of  the  dlipic. 
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Prop.  II. 

Tlie  tangent  at  any  point  of  an  ellipse  makes  equal  angles 
with  the  focal  distances. 


Let  Py  P^  be  two  contiguous  points  in  the  ellipse ;  draw 
the  secant  TPP'T'-,  join  SP,  SP",  HP,  HP^,  and  draw  Pm. 
Pn  perpendicular  to  SP,  HP  respectively. 

Then  (as  in  the  case  of  the  parabola,)  when  P  and  P  are 
indefinitely  near  to  each  other,  Pm  «  SP  -  SP. 

In  like  manner 

PnmHP-  HP, 

but    SP-^HP^SP  +  BP; 

.-.  Pm  -  Pn.  ^^  y  ^^  ^  /=^  <!^^ 

And  therefore  in  the  right-angled  triangles  PmP,  PnP,  we 
have  the  side  Pm  b  Pn,  and  the  side  PP  common :  hence 
the  triangles  are  equal  in  all  respects,  and  z  PPm  •-  z  PPn : 
but  when  P  and  P  coincide  these  angles  are  those  which  the 
tangent  makes  with  the  focal  distances :  hence  the  proposition 
is  true. 

Cor.  1.  The  tangent  bisects  the  angle  between  HP  and 
SP  produced.  / 

Cor.  2.    The  tangent  at  either  vertex  is  perpendicular  t& 
the  axis  msgor. 


L  t^-^..^ 


#--? 


:?T 


tr^ 


-Ua- 
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Prop.  III. 

T%e  perpendiculars  from  the  fod  on  the  tangent  intersect  the 
tangent  in  the  circumference  of  a  circle,  having  the  aoAs  major  as 
diameter. 


Produce  SP  to  TT,  making  PW^HP:  join  WH,  cutting 
the  tangent  in  Z :  join  CZ. 

Then  in  the  triangles  HPZ,  WPZ,  we  have  the  sides  HP, 
WP  equal  by  construction,  PZ  common,  and  the  angles  HPZ, 
WPZ  equal  by  the  property  of  the  tangent :  therefore  the 
triangles  are  equal  in  all  respects,  and  z  PZH  =  z  PZ  W,  each 
of  which  is  therefore  a  right  angle.  Hence  HZ  is  the  per- 
pendicular on  the  tangent. 

Again,  SC  «  CH,  and  WZ-m  ZH;  /.  CZ  is  parallel  to 
SW;  and  by  similar  triangles  CZH,  SWH,  CZ^\S\V. 
But  SW^SP-k^PW^SP-^PH^StAC,  .-.  CZ^AC,  and 
therefore  Z  iaa  point  in  a  circle,  the  centre  of  which  is  C  and 
radius  AC. 

The  proof  would  have  been  the  same,  if  we  had  considered 
SV  the  perpendicular  from  the  focus  S. 

Cor.  Draw  the  conjugate  diameter  CD  cutting  SP  in  E. 
Then  PECZ  is  a  parallelogram ; 

.%  PE^CZ^  AC. 

Note.  As  the  circle,  which  is  the  subject  of  the  preceding 
proposition,  is  of  great  use  in  demonstrating  the  properties  of 
the  ellipse,  we  shall  call  it  the  auariliary  circle. 
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Prop.  IV. 

The  rectangle  under  the  perpendiculars  from  the  foci  on  the 
tangent  is  equal  to  the  square  of  the  semi-aais  minor. 

(SY.HZ-BC*). 


Produce  SY  io  meet  the  auxiliary  circle  in  Y'\  and  join 
C  Y\  CZ.  Then  because  Z  FF'  is  a  right  angle,  therefore  ZCV 
is  a  diameter  of  the  auxiliary  circle,  and  CZ,  CY'  are  in  the 
same  straight  line.  Hence  in  the  triangles  SCY",  ZCH,  the 
sides  SC,  CY*  are  respectively  equal  to  IIC,  CZ,  and 
z  SC  Y'  ^  L  HCZ ;  therefore  the  triangles  are  equal  in  all 
respects,  and  SY'  -  HZ. 

.'.  SY.  HZ  -  SY.  SY'^  AS .  SM\    (Eucl.  in.  35.) 
but   AS.  SM  =  AC^  -  -SC*    (EucL  ii.  5.) 

-  BC^ ;     (Prop.  i.  Cor.) 
.-.    SY.HZ^BC\ 

Cor,     By  similar  triangles,  SYP,  HZP,  (fig.  Prop,  iii.) 

SY  :  HZ  ::  SP  :  HP; 

.'.  SY^  :  SY  .  HZ  ::  SP  :  HP, 

.-.  SY*  :  BC  ::  SP  :  2  JC-  SP. 
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Prop.  V. 

The  rectangle  under  the  lines  intercepted  between  the  centre 
and  the  intersections  of  the  aais  with  the  ordinate  and  tangent 
respectively,  is  equal  to  the  square  of  the  semir<ucis  major. 
(CN.CT  =  A(?).        /....  i^,      <.'«-:        .     .  .-  .." 

.^•^. 


Produce  SP  to  W,  then  because  P  T  biaccta  the  exterior 
angle  WPH, 

.'.  ST  !  ET  ::  SP  :  HP.     (Eud.  vi.  a,) 

/.  ST+HT  :  ST-HT  ::  SP  +  HP  :  SP  -  HP, 

or  2Cr  :  SH  ::  iAC  :  SP  -  HP. 

Again,  we  have 

SP*''SN*  +  PJH*, 

HP*~HN'  +  PN*', 

.:  SP*  -  HP* 'n  SN*  -  HN*, 

or  (SP  -  HP)  iSP  +  HP) 

-  (SN  -  HN)  (SN  +  HN),  (EucL  ii.  6.) 

or  {SP-HP)iAC'>iCN.SH, 

or  aCN  :  SP-  HP  ::  9JC  i  SH. 

Hence     CT  :  w<C  ::  w<C  :  CN, 

or  CZ\r.  CTmAC*. 


.'^ 


/- 


^  • 
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Cor.     Produce  PN  to   meet  the  auxiliary  circle  in   Q. 
Join   CQ,   TQ. 

Then     CT.CN^AC^  CQ^, 

or   CT  :   CQ  ::   CQ  :   CN; 

therefore  CQT  is  a  riglit  angle,  and  QT  touches  the  circle 
at  Q;  that  is,  tfie  tangents  of  the  ellipse  and  circle  at  P  and  Q 
respectively  cut  the  inajar-axis  produced  in  the  same  point. 


'  '  Tiiop.  VI. 

■  •   ■ 

T/ie  rectangle  under  the  abscissas  of  the  cutis  major  is  to  the 
square  of  the  semi-ordinatCf  cw  the  square  of  the  cuvis  major  to 
the  square  of  the  aoAs  minor, 

(AN .  KM  :  PN»  ::  AC«  :  BC^). 


Draw  the  tangent  PT  and  the  perpendiculars  upon  it 
from  the  foci  SY,  HZ\  produce  PN  to  meet  the  auxiliary 
circle  in  Q,  join  CQ^  and  draw  the  tangent  QT\  then  the 
triangles  SYT,  PNT,  HZT  are  similar, 


•  • 


PN  :  SY  ::  NT  :  YT, 
and  PN  :  UZ  ::  NT  :  ZT; 

.'.  PN*  :  SY.HZ  ::  NT*  :  YT .  ZT. 


11 
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or  FN*  :  BC  ::  NT'  :   QT'     (Euc.  iii.  36), 

::   QiV*  :  CQ*  by  similar  triangles, 
::  JN,  NM  :  CQ*  by  property  of  the  circle, 
or  AN.NM  :  PN*  ::  AC  :  5C*. 
CoR.  1.     Hence  if  Z  be  the  latus  rectum, 

For  by  the  proposition 

JS.SM  :  —  ::  AC  :  BC?, 

4 


or 


or 


Cor.  2. 


BC  :  —  ::  AC^  :  BC,  (See  Prop,  iv.) 

4 

„^     L        ,„      „„ 
BC  :  -  ::  AC  :  BC, 

2 

.-.  L.AC"  zBC*. 

AN.NM '^QN^; 

.'.  QN  :  PN  ::  AC  :  BC. 


Prop.  VII. 

If  the  semidiameter  CD  m  conjugate  to  CP,  <A«n  CP  is  con- 
jugate to  CD. 


Draw  the  ordinates  PN,  DR  and  the  taDgents  PT,  DO, 
Then  the  triangles  PNT,  CDR  are  similar. 

But         CN.CT-AC*; 

.:  CN.NT^AC  -  ON* 

m  AN.NM;     (Euc.  11.5) 
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like  manner 

CR.RO-JR.RM, 

.:   CN.ST  :  CB .  BO 

:  AN.NM 

AB .  RM, 

:      PIf 

/)«■. 

NT- 

C/P, 

.:  CN  :  BO 

JfT 

CB, 

PN 

DR; 

therefore  the  triangles  PCN,  DOR  are  similar,   and   CP  is 
parallel  to  DO,  or  CP  ifl  conjugate  4x>  CD. 

Obs.     It  is  evident  that  the  m^jor  and  minor  axes  are 
conjugate  diaitietera. 


Paor.  VIIL 

The  rectangle  under  the  abaciaace  of  any  diameter  is  to  the 
square  of  the  aemiordinate,  as  the  square  of  the  diameter  to  the 
square  of  the  conjugate. 

(PV  .  VG  :  QV  ::  CP"  :  CD'). 


Let  the  ordinate  Q  VK  meet  the  axis  in  O.  Produce  the 
ordinates  NP,  LD  to  meet  the  auxiliary  circle  in  i**,  7/ 
respectively:  draw  Qjtf",  VW  perpendicular  to  the  axis:  let 
VW  cut  CP  in  X\  join  OX,  and  produce  it  to  meet  M^ 
produced  in  Q*. 

11-H8 
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Then  Q^M  :   QM  ::  XW  :  VW 

::  P'N  :  PN; 

therefore  Q'  is  a  point  in  the  auxiliary  circle. 

Again,  draw  the  tangents  FT,  PT  to  the  ellipse  and 
circle,  then  CD  is  parallel  to  PT. 

.'.  CL  :  NT  ::  DL  :  PN  ::  D'L  :  PN;(^''r,  Z-  f> 

therefore  the  triangles  CLU^  TNP  are  similar,  and  CEl  is 
parallel  to  P^T  and  perpendicular  to  CP. 

In  like  manner  Q'^  is  perpendicular  to  CP'. 

Now     CP^  :  CF«  ::  CF'*  :   CX^; 

.'.  CP^  ^CV^  :  CP'^  -  CX^  ::  CP^  :  CF\ 

or     PV.  VG  :  Q'X'  ::  CP*  :  AC^; 

and  Q'jr«  :  QF*  ::  CD'*  :  C2)«  ::  AC^  :  CD^; 

.-.  PV.  VG  :  QP  ::  CP^  :  Clfi. 

Obs.  It  will  be  seen  that  Prop,  vi,  is  a  particular  case  of 
this  proposition,  since  in  that  case  CP  ^  AC  and  CD  =  BC. 
It  has  already  been  remarked  that  the  axes  of  the  ellipse  are 
coi\jugate  diameters. 


I  -- 


Prop.  IX. 


77i«  sum  of  the  squares  of  conjugate  diameters  is  constant. 

(CP«  +  CD*  -  AC «  +  BC). 


Draw  the  tangents  PT,  DO^  the  ordinates  PN,  DR,  and 
Pn,  Dr  ordinates  to  the  minor  a)cis. 
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Then     CN .CT^  AC  ~  CR.CO; 
.:  CN :  CR  ::  CO  :  CT, 

::  CD  :  PT  by  similar  triangles  CDO,  TPC ; 
::  CR  :  NT  by  similar  triangles  CDR,   TPN ; 
or     C^  =  CN.  NT  -=  CJNT.  CT  -  CN* 
'  ^AC-  CN*; 

or     CR'  +  CJV*  =.  AC*. 
Similarly,     Cn*  +  Cr*  -  5C; 
.-.     CN*  +  C'n«  +  C/P  +  Cr*  =  AC*  +  BC\ 
or     CP»  +  C2)»  -  AC*  +  5C. 

Cor.     Since  CB?  -  -4C  -  CJ\P,  .-.   CR  -  the  ordinate  in 
the  auxiliary  circle  corresponding  to  the  point  P; 

.-.     PN  :  CR  ::  jBC  :  AC; 

similarly,     DR  :  CN  ::  BC  :  AC. 


Prop.  X. 

PcaraUdograma  circumacrihing  an  ellipte,  the  tides  of  which 
are  parallel  to  conjugate  diameters,  have  the  tame  area. 


Js       <^N:  aA'.i  ^r  :   Ci^ 


Jfo'x^  J^^TL-iL^'     fry    ^.'w.  :  Ct 


%^H 
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Let  abed  be  the  parallelogram  formed  by  tangents 
parallel  to  the  semiconjugate  diameters  CP,  CD.  Draw  CV 
perpendicular  to  the  tangent  PT,  and  the  ordinates  PN,  KR. 

Then  by  similar  triangles  CYT,  CKR, 

CT  :  CV  ::  CK  :  KR; 
.-.  CY.CK^  CT.KR; 
but  CT  :  AC  ::  AC  :  CN, 
and  KR  :  CN  ::  EC  :  AC     (Prop,  ix.  Cor.) 

.-.  CT.KR^AC.BC, 
and    .-.  Cr.CK^AC.BC; 

but  CV.  CK  is  one  fourth  of  the  parallelogram  abcd^  there- 
fore the  parallelogram  abed  ^^  AC .  BC  »  the  rectangle  under 
the  axes  of  the  ellipse. 


Prop.  XI. 

If  a  right  cone  is  cut  by  a  plane  which  is  not  parallel  to  a 
line  in  its  surface,  and  the  section  is  fjoliolly  on  one  side  of  the 
vertex,  tfie  section  is  an  ellipse. 


r 
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Let  BAD  be  the  section  of  the  cone  by  the  plane  of  the 
paper.  APMP'  the  cutting  plane  which  is  supposed  perpen- 
dicular to  the  plane  of  the  paper.  Let  EPFP  be  any  c 
cular  section  made  by  a  plane  perpendicular  to  the  axis  of  ] 
the  cone.  Then  the  line  PN'P',  in  which  the  planes  EPFP, 
APMP'  intersect,  is  manifestly  perpendicular  to  both  EF  I 
and  AM.  Draw  MK  parallel  to  AD.  Then  by  similar 
triangles, 

AN  :  EN  ::   AM  :   KM. 

and  NM  :  NF  ::  AM  :  AD; 

.:   AN.NM  :  EN.NF  ::  AM*  :  KM .  AD, 

or  AN.NM  :   PN^  ::  AM"  :  KM. AD; 

I  but  thia  ia  a  property  of  an  ellipse,  the  minor  axis  of  wliitli 
:  mean  proportional  between  A'M  and  AD ;  hence  the 
I  section  ia  an  ellipse. 


THE    HYPERBOLA. 


Dbf.  If  a  point  P  move  in  such  a  manner  that  the  dif- 
ference of  its  distances  from  two  fixed  points  .S',  H  is  always 
the  same,  the  curve  traced  out  by  P  will  be  an  hyperbola*. 

The  points  S,  II  are  called  the  foci,  and  the  point  C 
bisecting  SH  the  centre. 

It  is  evident  that  the  hyperbola  must  consist  of  two 
branches,  because  for  every  point  P  to  the  right  of  C  there 
will  be  another  P*  to  the  lelit  of  it,  exactly  similarly  situated ; 
consequently  the  curve  will  be  exactly  symmetrical  with  re- 
spect to  C.     Moreover,  it  is  clear  that  tie  branches  will  be 

*  Th«  hjpnboU  migiii  bv  ailined  as  ihe  locui  of  ■  point,  the  diitince  of  which  trnra 
a  given  point  (the/ntu),  ia  alwija  gicnlcr  in  ■  conitiuii  ratio  ihui  in  itiataoce  tiDm  a 
given  aluight  line  (the  ilirrcirir).  Thua  tile  conic  lecliona  admit  of  a  almple  definition 
■fipllnble  Id  all  three  vni«ll«a,  for  we  ma;  mj  thai  a  conle  wcllun  ia  the  locu*  oT  a 
point,  ihe  ditiadce  nf  iihich  tVum  a  given  poini  la  in  ■  conaiani  ratio  to  iia  diiriance  tttm 
•  given  line,  the  ratio  bditg  one  of  etjualit;  for  tlie  jwiahola,  of  leu  tnequalitf  for  lh« 
dllpic.  and  of  greater  inrqualitf  for  the  hyperbola. 
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infinite,  since  there  is  no  limit  put  to  the  magnitudes  of /Ti* 
and  SP  by  the  condition  of  their  diference  being  constant. 


The  definition  of  the  hyperbola  being  so  nearly  analog 
to  that  of  the  ellipse,  it  will  be  anticipated  that  many  of  thcij 
properties  will  be  possessed  in  common ;  al»o  the  nomenctl 
ture  18  so  devised,  as  to  preserve  as  much  as  possible  1 
analogy  between  the  two  curves. 

Any  line  PCG  through  the  centre  and  meeting  the  i 
branches  of  the  curve  is  called  a  diaiiteter :  it  is  manifest  t 
the  centre  bisects  oil  such  lines. 

The  diameter  ACM,  which  produced  passes  through  I 
fuci,  is  colled  the  arts  ntajor :  A,  At  are  called  vertices. 

FNR  is  an  orditiate  of  the  axis ',  AN,  JV^V  the  ttbacuact.  7 

A  line  DC  drawn  from  C\  perpendicular  to  the  axis  mi^or. 
and  such  that  BC  •  5C*  -  JC  is  called  the  ncmiajtis  minor ; 
BE(-iBC)  is  the  a.vi»  minor;  this  is  according  to  the 
analogy  of  the  ellipse,  io  which  we  had  BC  -  AC*  -  SC. 
(Ellipse,  Pi-op.  I.  Cor.) 

An  hyperbola  (represented  by  a  dotted  line  in  the  figure) 
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having  BE  for  its  m^'or  and  JM  for  its  minor  axis,  is  called 
the  conjugate  hyperbola. 

When  the  major  and  minor  axes  are  equal,  the  hyperbola 
is  said  to  be  rectangular ;  it  will  be  seen  that  the  rectangular 
has  the  same  kind  of  relation  to  the  common  hyperbola,  as 
the  circle  has  to  the  ellipse. 

A  line  KCD  drawn  through  C,  parallel  to  the  tangent  at 
P,  to  meet  the  conjugate  hpperbola,  is  called  the  diameter 
conjugate  to  PCG. 

Other  definitions  are  the  same  as  those  for  the  ellipse. 

An  asymptote  to  a  curve  is  a  line  which  continually  ap- 
proaches the  same,  but  being  produced  ever  so  far  does  not 
cut  it. 


Prop.  I. 


77l«  difference  of  the  focal  distances  of  any  point  is  equal  to 
the  axis  major.     (HP  -  SP  =  2  AC). 


For,  by  definition, 

HP-'SP^HA^  SA, 
HP-SP  ''SM'-  HM\ 
.-.  2(JJP  -  SP)  ^HA^  HM+  Saf  -  SA, 

^2AM, 
or  HP  --  SPm  AMm  %AC. 
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Prop.  11. 

JTie  tangent  at  any  point  of  an  hyperbola  makes  equal  angles 
with  the  focal  distances* 

Let  P,  P'  be  two  contiguous  points  in  the  hyperbola; 
draw  the  secant  TPPT\  join  8P,  SP",  HP,  HP',  and  draw 
Pm,  Pn  perpendicular  to  SP,  HP  respectively. 


Then  (as  in  the  case  of  the  parabola,)  when  P  and  P  are 
indefinitely  near  to  each  other,  Pm  ■»  SP  -  SP. 


In  like  manner 


Pn^HP^HP; 


but  HP-SP^HP--  SP, 
/.  Pm^Pn, 

and  therefore  in  the  right-angled  triangles  PmP,  PnP,  we 
have  the  side  Pm  ■  Pn,  and  the  side  PP  common :  hence 
the  triangles  are  equal  in  all  respects,  and  z  PPm  «  z  PPn : 
but  when  P  and  P'  coincide  these  angles  are  those  which  the 
tangent  makes  with  the  focal  distances;  hence  the  propo- 
sition is  true. 

CoR.     The  tangent  at  either  vertex  is  perpendicular  to 
the  axis  miyor. 


TUB  IITPBRDOLA. 


The  perpendiculars  from  the  fad  on  the  tangent  intersect  the 
!  tangent  in  the  circumference  of  a  circle  having  the  a,Tig  major  as 
I  diameter. 

Iq  HP  take  PW=  SP;  join  SW,  cutting  the  tangent 
PT  in  V:  join  CV. 


I 


Then  in  tbe  triangles  PSV,  IVPV,  we  have  the  sides  SP, 
PW  cquiU  by  construction,  PY  common,  and  the  angles  SPY, 
tVPy  equal  by  the  property  of  the  tangent;  therefore  the 
triangles  are  equal  in  all  respects,  and  ^  SVP  *•  l  WYP,  each 
of  which  is  therefore  a  right  angle.  Hence  SY  is  the  per- 
pendicular on  the  tangent. 

Again,  SC  =  CH  and  SY  -=  YW,  therefore  CY  is  parallel 
to  HW;  and  by  similar  triangles  CSY.  HSW,  CY^^  HW. 

But  ffir^  IIP  -  PW  -  HP  -  SP=^  2AC. 

Therefore  CY  =  AC,  and  therefore  Y  is  a  point  in  a  circle 
the  centre  of  which  is  C  and  radius  AC. 

The  proof  would  have  been  the  same  if  we  had  considered 
HZ  the  perpendicular  from  H,  or  if  we  had  drawn  the  tan- 
gent to  the  other  branch  of  the  curve. 

Cor,  Draw  the  semicoi\jugate  CD,  cutting  HP  in  E: 
then  CYPE  is  a  parallelogram,  and  PE'-CY-^  AC. 
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Prop.  IV. 

The  rectangle  under  the  perpendiculars  from   the  foci  on 
the  tangent  is  equal  to  the  square  of  the  semiojns  minor, 

(SY  .  HZ  =  BC^. 


Let  the  perpendicular  HZ  meet  the  auxiliary  circle  also 
in  V\  Join  CV,  CY' ;  then,  because  YZY'  is  a  right  angle, 
therefore  YCY'  is  a  diameter  of  the  auxiliary  circle,  and  CY, 
CY'  are  in  the  same  straight  line.  Hence  in  the  triangles 
SCY,  HCY*,  the  sides  SC,  CY  are  respectively  equal  to  the 
sides  HC,  CY'  and  ^  SCY  -  z  HCT ;  therefore  the  triangles 
are  equal  in  all  respects,  and  SY  ^  HY*  ^ 

.-.  SY.  HZ^nr.HZ, 

^HM.HA, 

-  HC  -  CAP,    (EucL  II.  6), 

-  BC*  by  definition. 

Cor.     By  similar  triangles  SFP,  HZP,  (fig.  Prop,  in.) 

SY  :  HZ  ::  SP  :  HP, 
.-.  SY*  :  SY.HZ  ::  SP  :  HP, 

.'.  SY^  :  BC  ::  SP  :  2JC+  SP. 


THB  HTPBRBOLA. 


173 


Prop.  V. 

The  rectangle  under  the  lines  intercepted  between  the  cen- 
tre and  the  intersections  of  the  axis  with  the  ordinate  and  ton- 
ffent  respectively  is  equal  to  the  square  of  the  semiaxis  major, 
(CN .  CT  =  AC). 


Because  PT  bisects  the-  angle  HPS, 

.-.  HT  :  ST  ::  HP  :  SP.  (Euc.  vi.  S); 
.-.  HT  -  ST  :  HT  +  ST  ::  HP  -  SP  :  HP  +  SP, 

or  iCT  :  SH  ::  2 AC  :  HP  +  SP. 
Again,  we  have 

SP*  -  SN*  +  PN*, 

HP*  =  HN^  +  PN'; 
.'.  HP*  -  SP*  ~  HN*  -  SN*, 

or  {HP  +  SP)  {HP  -  SP)  =  (HN  +  SN)  {HN  -  SN). 

(Euc.  II.  6), 
or  {HP  +  SP)iAC'^  SCN.SH, 

or  2CN  :  HP  +  SP  ::  iJC  :  SH. 

Hence  CT  :  AC  ::  AC  :  CN, 

or  CT.CNmAC. 

Cor.    Draw  TQ  an  ordinate  to  the  auxiliary  circle,  and 
join  NQ,  CQ. 
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Then  CT  .CN  ^  AC  ^  C(f, 

or  CT  :  CQ  ::  CQ  :  CN. 

Therefore  CQN  is  a  right  angle,  and  NQ  touches  the 
circle. 

Prop.  VI. 

The  rectangle  under  the  abscissce  of  the  axis  major  is  to  the 
square  of  the  semiordinate,  as  the  square  of  the  axis  major  to 
the  square  of  the  axis  minor* 

(AN .  NM  :  PN*  ::  AC*  :  BC«). 


Draw  the  tangent  PT  and  the  perpendiculars  upon  it 
from  the  foci  SY^  HZ ;  draw  TQ  an  ordinate  to  the  auxiliary 
circle,  and  jom  NQ,  CQ.  Then  the  triangles  SYT,  PNT, 
HZT  are  similar; 

.-.  PN  :  SY  ::  NT  :  YT, 

and  PN  :  HZ  ::  NT  :  ZT; 

.-.  PN^  :  SY.HZ  ::  NT^  :  YT.ZT, 

or  PN*  :  BC*  ::  NT*  :  QT*,  (Euc.  iii.  35), 

•  ::  QN*  :  CQ't  by  similar  triangles, 

«  AN.NM  :  JC,  (Euc.  iii.  S6), 

or  AN.NM  :  PJV*  ::  A(?  :  JBC. 

Cor.     As  in  the  case  of  the  ellipse, 

L.AC^StBC*. 
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Prop.  VU. 

If  tangents  be  drawn  at  the  vertices  of  the  hyperbola  and  of 
the  conjugate  hyperbola,  the  diagonals  of  the  rectangle  so  formed 
will  be  asymptotes  to  the  hyperbola. 


'   / 


Let  CE  be  a  diagonal  of  the  rectangle,  and  let  the  or- 
dmate  Pti  produced  meet  it  in  Q. 

Then  NQ^  :  CN^  ::  AE?  :  AC, 

::   B(?  :  A(?, 
::  PN^  :  AN.NM, 
::  PIP  :  CN^-AC. 

Now  as  CN  increases,  the  ratio  of  CN*  :  CJV  -  -4C* 
approaches  to  equality,  but  never  actually  attains  to  it. 
Hence  also  NQ  never  actually  becomes  equal  to  PN,  but 
continually  approximates  to  it  in  value,  and  therefore  the 
line  CQ  is  an  asymptote  to  the  curve. 

Cor.  The  same  line  is  an  asymptote  to  the  conjugate 
hyperbola. 
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Prop.  VIU. 

If  any  line  perpendicular  to  the  axis  is  terminated  by  the 
asymptotes,  the  rectangle  under  the  segments  into  which  it  is 
divided  by  the  curve  is  equal  to  the  square  of  the  semiaads  minor. 

(QP  .  Pq  -  BC»). 


Let  QPq  be  the  line  terminated  by  the  asymptotes. 
Then 

N(y  :  PIP  ::  CN^  :  CN^  -  AC;  (Prop,  vii.) 

/.   NO"  -  PN*  :  PN^  ::  AC^  :  CN^  -  AC\ 
or  NQ^  -  PN^  :  AC^  ::  JBC»  :  AC\ 
.\  NQ'  -  PN*  ^QP.Pq^  BC 

Cor.  1.  If  any  line  RPr  terminated  by  the  asymptotes 
makes  a  given  angle  with  either  asymptote,  the  rectangle 
RP .  Pr  is  invariable. 

For  RP  :  QP  ::  sin  PQR  :  sin  PRQ, 

and  Fr  :    Pq  ::  sin  Pqr    :  sin  Prq; 
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.  RP.Pr  iQP.Pq  (BC')::Bin  PQR.smPqr-.sJnFRQ. sin  Prq*. 
Now  all  the  angles  in  this  proportion  arc  the  same  so  long  as 
RPt  makes  a  given  angle  with  either  asjtnptote,  and  there- 
fore SP.  Pr  is  invariable. 

Cor,  2.  If  the  line  RPr  cuts  the  curve  also  in  p,  we 
have,  manifestly, 

RP.Pr~  Rp.pr, 
or  RP.Pp  +  RP.pr  =  RP.pr  +  Pp.pr; 
.:  RP^pr. 

Cor.  3,  The  same  conclusions  will  hold,  if  we  suppose 
RPr  to  move  parallel  to  itself  until  it  becomes  a  tangent 
LEK.     Hence  we  have  LE  =  EK,  and  RP .  Pr  =  LE'. 

Cob.  +.  Join  CE,  and  let  it  when  produced  cut  Pp  in 
V.    Then, 

VR  :  LE  ::    VC  :  EC 
::    Vr    :  EK, 

I  tut  LE  •=  EK,  .:  VR  =  Vr;  also  RP  •=  rp :  therefore  PV  =  Vp, 
f  or  a  diameter  bisects  its  ordinates. 


If  from  any  point  in  the  curve  straight  Hne»  are  drawn 
I  parallel  to  attd  terminated  by  tlie  asymptotes,  their  rectangle  is 
I  invariable. 

Let  PH,  PK  be  the  lines  pai-allel    to  the   asymptotes. 
Draw  the  tangent  IJ'M,  and  HPq  perpendicular  to  the  axis, 
I  AB  the  tangent  at  the  vertex,  and  AO  parallel  to  the  asymp- 
I  tote. 

Then,  fay  similar  triangles, 

PH  :   PQ  ::  AO  ; 

P£  :  Pq  ::  OE  : 

•  In  order  to  prCTerre  ihe  geometri™!  cbancm  o' 
to  undtnUind  by  the  alne  of  an  angle  a  line  proporlio, 
t»ct.  In  (he  figuie  of  page  104  PN  ■ni}'  be  considered  i 
that  page. 

12 


JE, 
AE; 

(till  demonitnilioi 
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.-.  PH.TK  :  PQ.  Pq  {BO)  ::  JO .  OE  {AO^  :  AE"  {BC), 

or  PH.PK^AO' 

=  J  (^C*  +  B(y). 

Cob.  1.  The  parallelogram  PUCK  is  constant;  and 
therefore  also  the  triangle  LCM  is  constant,  for  since  PL  =  PM 
it  is  double  of  the  parallelogram  PHCK. 

Cor.  2.  A  straight  line  drawn  parallel  to  one  asymptote 
and  terminated  by  the  conjugate  hyperbolas,  is  bisected  by 
the  other  asymptote. 
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Let  PHD  be  such  a  line,  then  by  the  proposition 

similarly  for  the  conjugate  hyperbola, 

DH.HC^^iAC-SrBC)', 
r.  PH^DH. 

Cor.  S.  If  we  draw  the  tangent  LPM^  it  is  bisected  in 
P,  and  therefore  CL  =  2CH;  hence  the  tangent  RDL  to  the 
conjugate  hyperbola  at  D,  must  meet  the  asymptote  in  the 
same  point  L.  Also  CM  -  2  HP  «  DP,  therefore  CDPM  is 
a  parallelogram,  and  CD  is  the  semi-diameter  conjugate  to 
CP. 

Cor.  4.  RL^ZCP^  the  diameter  at  P\  and  LM  =  2  CD 
=  the  diameter  coi\jugate  to  CP. 


Prop.  X. 

The  rectangle  under  the  ahsciasce  of  any  diameter  is  to  the 
square  of  the  semi-ordinate,  as  the  square  of  the  diameter  to  tlve 
square  of  the  conjugate, 

(PV.VG  :  QV*  ::  CP«  ;  CD«). 


G- 


12—2 
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Let  QVtf  produced  meet  the  aSTmptotes  in  It,  ri  and 
draw  PL  a  taDgcnt  at  P  terminated  hy  the  asymptote,  then 
PL  eqimls  the  8emi-co[\jugate  CD. 

Now  RQ.(r~SV-QV^=  PL*. 

.:  QV-'RF*-PVi 
but  CV*  :   CP"  ::  RV*  :  PL*; 
.:   CV-CP'  :  RV^PV  ::   CP'  :  PL*y 
or  PV.  VG  :  QV  ::  CP"  :  CD*. 


Prop.  XI. 

77l6  parallelograms  formed  hy  tangenta   at  the  vertices    of 
pairs  of  conjugate  diameters  have  all  the  same  area. 


Let  MPL,  DL  be  the  tangenta,  CL,  CM  the  asymptotes ; 
then  the  parallelogram  in  this  case 

->4CDLP 

''aCLP-4LCM, 
which  is  constant,  since  LCM  b  constant.     (Prop,  ix.  Cor.  i) 
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Cob.     Draw  PF  perpendicular  to  CZ>,  then 

PF.CD^  CDLP\ 

but  when  the  tangents  are  drawn  at  A  and  B^  the  area  of 
the  parallelogram  CDLP  becomes  AC  .BC,  therefore 

PF.CD^AC.BC. 


Prop.  XII. 

If  a  right  cone  ia  cut  by  a  plane  which  meets  the  cone  on 
both  sides  of  the  vertex,  the  section  is  an  hyperbola. 


Let  RAP  be  the  section,  which  is  supposed  to  be  perpen- 
dicular to  the  plane  of  the  paper ;  DGEH  a  section  of  the 
cone  perpendicular  to  the  axis,  which  is  therefore  circular, 
RNP  the  intersection  of  the  planes  RAP,  DGEH,  which  is 
manifestly  perpendicular  to  both  DE  and  AN,  BGH  a  tri- 
angular section  through  the  vertex  of  the  cone  by  a  plane 
parallel  to  RAP. 


Then 


AN  :  EN  ::   BF  :  EF, 
NM  :  ND  ::  BF  :  FD, 
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.-.  JN.NM  :  EN.ND  r.  BF*  :  EF .  FD. 

or  AN.NM  :   PN^  ::  BF*  :  f'h\ 

wliich  is  the  property  of  an  hyperbola,  the  major  axis  of  whi 

is  AM,  and  the  minor  axis  is  to  AM  aa  FH  :   BF;  hence  t 

section  ia  an  hyperbola. 


Note.     For  some  other  propositions  concerning  the  Coi 
Sections,    see    the   Digression   concerning  the   curvature  i 
*  in  the  First  Section  of  Newton's  Principia. 


SCHOLIUM. 

Although,  throughout  this  treatise,  the  symbol  AB .  CM 
has  been  used  to  express  the  rectangle  under  the  two  Ud 
AB,  CD,  and  not  to  express  aa  in  algebra  the  multipHcatici 
of  AB  by  CD,  nevertheless  the  symbol  may  be  regarded  f 
this  algebraical  point  of  view :  for  if  a  be  the  number  of  u  * 
of  length  in  AB.  and  b  the  number  in  CD,  then  will  a  x  6  t 
llic  number  of  units  of  area  in  the  rectangle  AB .  CD, 
therefore  AB.CD  may  be  regarded  as  a  product;  it  beUl 
understood  that  in  so  regarding  it,  AB  represents  the  numbi 
of  units  of  length  in  the  line  AB,  and  CD  the  number  in  t* 
line  CD.     In  like  manner  the  ratio  AB  :  CD  may  be  writttf 

thus  -     ,  with  the  same  understanding.     The   importance  i 

this  scholium  will  be  appreciated  by  the  student,  wlien  he  8 
the  application  of  the  properties  of  the  Conic  Sections  in  the 
Bcquel. 


MECHANICS. 


I.  STATICS. 

II.  DYNAMICS. 


MECHANICS. 


treats  of  tlie  efl'eets  of  force ;  1 
bj-  explaining  what  we  mean  by  1 


The  science  of  mechani 
we  must  therefore  c 
force. 


Force   w  «ny   cause   which    c/uinffes,    or    tendt  to    change, 
a  body's  stale  of  rest  or  motion. 

By  the  term  body  here  used,  we  intend  to  express  any 
material  substance,  or  portion  of  matter ;  we  cannot  conceive 
of  the  action  of  a  force  except  as  taking  place  upon  a  material 
body;  and  the  botly  may  be  of  various  kinds,  but  at  present 
we  shall  concern  ourselves  only  >vith  the  action  of  force  upon 
a  particle,  and  the  action  of  force  upon  a  rigid  body.      By 
a  partieUi  we  intend,  without  entering  into  any  discussion  , 
respecting  the  ultimate  constitution  of  matter,  to  designate  (he  I 
smallest  quantity  of  matter  conceivable,  so  that  we  need  not  ] 
concern  oiu^elves  with  its  shape  or  its  magnitude  ;  neverthe- 
less ail  particles  arc  not  necessarily  equal,  for  though  each  of  J 
two  particles  be  indefinitely  small,  one  may  be  greater  than  the  J 
other  in  any  proportion.     By  a  rigid  body  we  mean  to  denote 
any  portion  of  matter,  the  constituent  particles  of  which  arc  so  ' 
connected  as  to  be  incapable  of  changing  their  relative  posi- 
tion.     From  this  definition  it  is  easy  to  see,  that  no  such 
thing  as  a  mathematically  rigid  body  exists  in  nature,  for  the 
hardest  known  substances  are  susceptible  of  compression  and 
extension  under   the  action    of  great   pressures;    steel,   for 
instance,  though  a  very  hard  substance,  is  not  rigid ;  never- 
theless the  conclusions  which  we  shall  arrive  at  in  the  fol- 
lowing  treatise,    though   mathematically  true   only  of  rigid 
bodies,  will  be  practically  true  of  all  ordinary  solid  bodies: 
for,  to  consider  a  body  as  absolutely  rigid,  or  incapable  of  J 
changing  its  form  under  the  action  of  any  force,  is  the  same  I 
thing  practically  as  to  suppose,  that  no  forces  are  colled  into  f 


186  MECHANICS. 

play,  which  actually  do  produce  any  sensible  change  of  form 
in  the  solid  body  under  consideration. 

When  any  number  of  forces  act  upon  a  material  body 
they  will  produce  one  of  two  effects,  they  will  either  keep  the 
body  at  rest  or  they  will  cause  motion,  and  these  two  eflFects 
are  of  such  very  distinct  kinds  that  they  require  to  be  treated 
separately;  and  thus  the  science  of  mechanics  natiu*ally  divides 
itself  into  two  parts,  the  first  and  more  simple  of  which  treats 
of  forces  which  keep  a  body  at  rest,  or  are  in  equilibrium,  and 
is  called  Statics ;  the  second  of  forces  which  produce  motion, 
and  is  called  Dynamics. 


STATIC  S. 


I 


1.  Force  is  measured  statically  by  the  pressure  whieli  ' 
will  counteract  it.  So  far  as  the  principle  of  mcaHuring  force 
18  concerned,  it  ia  indiiferent  what  kind  of  iircHsure  we  choc 
BS  the  standard  hy  which  to  measure  force ;  there  is  one  kind 
of  pressure,  however,  which  in  the  nature  of  things  is  more 
convenient  than  any  other,  and  that  is  iveiffht.  Wc  may 
conceive  then  of  a  force  as  being  measured  by  the  number 
of  pounds  which  it  can  lift,  and  we  may  compare  two  forces 
by  means  of  the  Qiimbcrs  of  pounds  which  they  can  lift 
respectively. 

In   what    follows   we   shall   dcnutti   the  moffinUule  or  in- 
tensity  of  force  by  letters,  such  as  /*,  or  Q,  ov  R;  when  we   . 
speak  of  a  force  P,  all  that  \»  intended  is  that  the  force  io   i 
question  would  just  lift  P  lbs.,  and  therefore  has  P  lbs,,  or 
more  shortly  P.  for  its  statical  meauure. 

2.  In  order  that  we  may  be  able  to  calculate  the  com> 
btncd  effect  of  any  number  of  forces  acting  on  a  particle,  it  is  \ 
not  sufficient  that  we  should  know  the  intensity  of  each  ;  for  it   i 
is  obvious  that  the  ctfect  of  a  force  depends  upon  the  directum 
in  which  it  acts  as  well  a^  its  magnitude,  and  that  a  system  of 
forces  cannot  in  general  be  in  equilibrium  unices  their  direc- 
tions as  well  as  their  nkagnitudes  satisfy  certain  conditions, 
which  conditions  the  science  of  Statics  niuitt  teach  us.     Let 
us  endeavour  to  form  a  distinct  conception  of  the  direction 
of  a  force  :  suppose  a  force  to  act  upoti  a  particle  at  rent,  and 
the  imrticle  to  be  prevented  from  moving  by  a  string,  one  end 
of  which  is  iixcd  and  the  other  attached  to  the  particle,  then 
the  direction  of  the  force  coincides  with  the  string ;  or  wo  I 
may  say,  that  the  direction  of  a  force  is  that,  in  which  (he  I 
particle  would  begin  to  move,  if  not  constrained  to  remain  at  I 
rest.     The  direction  of  a  force  is  sometimes  called  the  line  of  I 
its  action. 
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3.  The  intensity  and  direction  are  the  only  elements 
necessary  to  entirely  describe  any  force  which  acts  on  a 
particle,  but  if  we  consider  its  action  on  a  rigid  body  we 
shall  require  in  addition  to  know  the  point  of  its  application : 
at  present  we  shall  concern  ourselves  only  with  the  action  on 
a  single  particle. 

The  simplest  case  of  such  action  is  when  there  are  two 
forces  only,  and  it  is  manifest  that,  in  this  case,  there  can  be 
equilibrium  only  when  the  two  forces  are  equal  in  intensity 
and  exactly  opposite  in  their  direction :  that  is,  if  two  forces 
P  and  Q  arc  in  equilibrium,  they  must  act  in  the  same  line 
and  tend  to  draw  the  particle  opposite  ways,  and  we  must 
have  the  condition, 

P  «  Q,    or  P  -  Q  -  0. 

4.  We  may  here  ob- 
serve,    that    the    method,    ^ — 5 ^ 

which  was  adopted  in  the 

Treatise  on  Trigonometry,  of  denoting  direction  by  an  alge- 
braical sign  may  be  applied  to  forces :  that  is,  if  we  denote 
by  +  P  a  force  acting  on  a  particle  at  O  in  the  direction  OX, 
then  a  force  of  the  same  magnitude,  but  acting  in  the  opposite 
direction  OX*,  will  be  properly  denoted  by  -  P.  Hence  we 
may  say,  that  if  any  number  of  forces  act  along  the  same 
straight  line  on  a  particle,  the  condition  of  equilibrium  is,  that 
their  algebraical  sum  shall  be  zero ;  and  if  the  sum  be  not 
zero,  then  the  force  represented  by  it  will  be  the  resultant  of 
the  forces  acting  on  the  particle,  and  will  tend  to  draw  the 
particle  in  the  direction  OX,  or  in  the  direction  0X\  according 
as  its  sign  is  +  or  - . 

For  instance,  suppose  we  have  two  forces  P,  Q  acting  on 
a  particle  at  O  in  the  direction  OX,  and  two  others  R,  S  in 
the  direction  OX',  then  the  resultant  will  be  P  +  Q  -  i2  -  S, 
the  algebraical  sum  of  the  four  forces ;  and  in  order  that  there 
may  be  equilibrium,  we  must  have, 

P+Q-i2-S'  =  0. 

Or,  for  simplicity's  sake,  to  take  a  numerical  example. 
Suppose  we  have  two  forces,  represented  by  2  and  3  lbs., 
respectively,  acting  on  a  particle  at  O  in  the  direction  OX, 
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1,  Force  is  measured  statically  by  the  pressure  which 
will  coantcract  it.  So  far  as  the  principle  of  measuring  force 
is  concerned,  it  U  indifferent  what  kind  of  pressure  we  choose 
as  the  standard  by  which  to  mcasm-e  force ;  there  is  one  kind 
of  pressure,  however,  which  in  the  nature  of  things  is  more 
convenient  than  any  other,  and  that  is  uvight.  We  may 
conceive  then  of  a  force  as  being  measured  by  the  number 
of  pounds  which  it  can  lift,  and  we  may  compare  two  forces 
by  means  of  the  numbers   of  pounds   which    they  can   lift 

I  respectively. 

In  what  follows  we  shall  denote  the  magnitude  or  in- 
tensity of  force  by  letters,  such  as  P,  or  Q,  or  R;  when  we 
speak  of  a  force  P,  all  that  is  intended  is  that  the  force  in 
question  would  just  lift  P  lbs.,  and  therefore  has  P  Iba.,  or 
)re  shortly  P,  for  its  statical  measure. 

2.  In  order  that  we  may  be  able  to  caJcuIate  the  eom- 
I  bined  effect  of  any  number  of  forces  acting  on  a  particle,  it  is 
I  not  sufficient  that  we  should  know  the  intensity  of  each  ;  for  it 
I  is  obvious  that  the  effect  of  a  force  depends  upon  the  direction 

1  which  it  acts  as  well  as  its  magnitude,  and  that  a  system  of 

i  forces  cannot  in  general  be  in  equilibrium  unless  their  direc- 

l  lions  as  well  as  their  magnitudes  satisfy  certain  conditions, 

wliieh  conditions  the  science  of  Statics  must  teach  us.     Let 

us  endeavour  to  form  a  distinct  conception  of  the  direction 

of  a  force :  suppose  a  force  to  act  ui>on  a  particle  at  rest,  and 

the  particle  to  be  prevented  from  moving  by  a  string,  one  end 

of  which  is  fixed  and  the  other  attached  to  the  particle,  then 

the  direction  of  the  force  coincides  with  the  string;  or  we 

may  say,  that  the  direction  of  a  force  is  that,  in  which  the 

[  particle  would  begin  to  move,  if  not  constrained  to  remain  at 

I  rest.     The  direction  of  a  force  is  sometimes  called  the  ^ine  of 


100 


y< 


7.     The  proof  which  we   &hall  give  of  this  propoetlid 
depends     upon     this    principle ; 

A  force  may    be    supjmsed    Co  act 

at    any    point    in    Us    direction,      ^     a 
that  point    being  conceived    to   fte 

ritfidly  attached  to  the  particle  on  which  Ute  force  acts. 
if  we  have  a  force  P  acting  on  a  particle  at  A,  we  i 
suppose,  if  we  please,  that  the  force  acts  at  B,  D  being  rigidly 
connected  with  A  ;  this  is  a  principle  which  the  student  will 
have  no  difficulty  in  grasping,  and  which  may  be  illustrated 
roughly  by  saying,  that  the  force  required  to  toll  a  beli  is 
independent  of  the  length  of  the  rope,  and  the  effort  required 
to  move  a  carriage  independent  of  the  length  of  the  t 
We  are  now  able  to  give  the  foUowing 
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8.     L     To  prove  the  proposition  so  far  as  the  dii 
of  the  resultant  is  concerned. 

When  the  forces  arc  equal,  it  is  manifest  that  the  dire& 
tion  of  the  rcsiUtant  will  bisect  the  angle  between  the  directions 
of  tile  forces :  or,  if  we  represent  the  forces  in  direction  and 
magnitude  by  two  lines  drawn  from  the  point  at  whicb  they 
act.  the  diagonal  of  the  parallelogram  described  upon  those 
lines  will  be  the  direction  of  the  resultant. 

Next,  suppose  that  the  propotsilion,  juwl  proved  for  equal 
forces,  is  true  for  two  unequal  forces  P  and  Q.  and  also  for  P 
and  R:  we  shall  shew  that  it  will  be  true  for  P  and  Q  +  R, 

Let  A  be  the  iM»inf  of  nppHcafion  of  the  forces;  lake 
AB  ta  represent  P  in  direction  and  magnitude,  and  AC  to 
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■fepreaont  Q;  complete  the  parallelogram  ABDC,  then  by 
hypothesis  AD  is  the  direction  of  the  resultant  of  P  and  Q; 
and,  since  a  force  may  be  supposed  to  act  at  any  point  of  its 
direction,  we  may  consider  D  as  the  point  of  application  of 
the  resultant  of  P  and  Q,  or  we  may  suppose  the  forces  P 
and  Q  themselves  to  act  at  D,  P  parallel  to  AB  and  Q  to 
AC,  or  still  further,  we  may  suppose  P  to  act  at  C  in  the 
direction   CD.  I 

Again,  the  force  R  which  acts  at  A  may  be  supposed  to 
act  at  C\  take  CE  to  represent  it  in  direction  and  magnitude, 
and  complete  the  parallelogram  CDFE,  then  by  hypothesis 
CF  is  the  direction  of  the  resultant  of  P  and  R  which  acted 
at  C:  hence  the  resultant  of  P  and  R  may  be  supposed  to 
act  at  F,  or  P  and  R  may  themselves  be  supposed  to  act  at 
that  point  parallel  to  their  original  directions. 

Lastly,  the  force  Q,  which  is  at  present  supposed  to  be 
acting  at  D  in  the  direction  DF,  may  be  supposed  to  act 
at  F. 

Hence  we  have  reduced  the  forces  P  and  Q  +  R  acting  at 
A,  to  P  and  Q  +  R  acting  in  the  same  directions  at  F\  con- 
ecquently  /^^  is  a  point  in  the  line  of  action  of  the  resultant, 
and  therefore  AF  is  the  direction  of  the  resultant :  that  is,  if 
the  proposition  be  true  for  P  and  Q,  and  also  for  P  and  R,  it 
is  true  for  P  and  Q  +  R. 

But  the  proposition  is  true  for  P  and  P,  and  also  for 
I  P  and  P,  therefore  it  is  true  for   P  and  2  P,  therefore  for  P    . 
I  and  3  P,  and  so  on,  therefore  generally  for  P  and  m  P. 

In  like  manner  the  proposition  may  be  extended  to  mP 
luid  nP,  (m  and  a  being  whole  numbers,)  that  is,  to  any  com- 
menaurabU  forces*. 

The  proposition  is  extended  to  incommensurable  forces 
I  as  follows. 

Let  AB,  ^C  represent  any  two  incommensurable  forces; 
complete  the  parallelogram  ABDC,  and  if  AD  is  not  the 
direction  of  the  resultant,  let  it  be  AE.  Suppose  AC  to  be 
divided  into  a  number  of  equal  parts,  each  part  being  les-i 
than  ED,  and  suppose  distances  of  the  same  magnitude  to 
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picwed  1)7 


be  set  off  along  CD  begioning  at  C,  then  one  of  the  divifl 
mast  fall  between  E  and  D;  let  F  be  the  point  which  i 


tlie  division,  and  complete  the  parallelogram  AGFC,  then  j 
is  the  direction  of  the  resultant  of  the  commensurable  forces 
AG,  AC:  but  AF  makes  a  larger  angle  with  AC  than  AE, 
that  is,  the  resultant  of  AG  and  AC  lies  further  away  from 
AC  than  the  resultant  of  AB  and  AC,  although  AG  is  less 
than  AB,  which  ia  absurd:  hence  AE  is  not  the  direction  of 
the  resultant,  and  it  may  be  shewn  in  like  manner  that  no 
other  line  is  in  that  direction  except  AD.  Hence  the  pro- 
position, which  was  proved  for  ciymmemurable  forces,  is  tme 
fur  incommensurable. 


II.  To  prove  the  parallelogram  offerees  with  respect  to 
the  maj/nitude  of  the  resultant. 

I^et  AB,  AC  represent  the  forces;  complete  the  paralle- 
logram ABDC,  join  DA  and  produce  it  to  D',  making  AD' 
fqiml  to  the  resultant  of  AB  and  AC  in  magnitude ;  complete 
the  parallelogram  ABCD',  and  join  AC'. 

Then  since  AD'  is 
equal  to  the  resultant 
of  AB  and  AC,  and 
drawn  in  the  direction 
opposite  to  that  of  their 
resultant,  the  three  , 
forces  AB,  AC,  AlK 
will  balance  each  other, 
and  therefore  any  one 
of  them  is  in  the  direc- 
tion of  the  resultant  of 
the  other  two ;  hence 
AC  IB  in  the  direction  of  the  resultant  of  AB.  AEf;  but  4 
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that  direction,  therefore  AC,  AC  are  in  the  same 
straight  line.  Hence  ADBC  is  a  parallelogiara ;  therefore 
AD^BC:  but  BC'=AD',  therefore  AD^AD'.  And  by 
construction  AD'  represents  the  resultant  of  AB  anJ  AC  in 
magnitude,  therefore  AD  also  represents  the  resultant,  and 
the  proposition  enunciated  is  true. 

9.  The  proposition,  which  we  have  now  established,  en- 
ables us  to  reduce  any  system  of  forces  acting  on  a  particle 
to  one  single  force ;  for  we  can  find  the  resultant  of  any  two 
of  the  forces,  then  of  that  resultant  and  a  third,  and  so  on. 

10.  As  the  parallelogram  of  forces  enables  us  to  com- 
pound two  forces  into  one,  so,  conversely,  we  are  able  by 
means  of  it  to  resolve  any  force  into  two,  that  is,  to  find  two 
forces  which  shall  be  equivalent  to  a  given  force.  This  is  a 
problem  which  obviously  admits  of  an  infinite  number  of  so- 
lutions ;  in  fact,  if  upon  a  line  representing  the  given  force 
in  direction  and  magnitude,  as  diagonal,  we  describe  any 
parallelogram,  the  sides  of  that  parallelogram  will  represent 
forces,  which  by  their  composition  are  equivalent  to  the 
given  force. 

Before  proceeding  fm-ther,  we  shall  supply  the  student 
with  a  few  examples  of  the  composition  and  resolution  of 
forces. 

Ex.  1.  Two  forces,  measured  by  3  lbs.  and  ilbs,  reapec- 
iivcly,  act  on  a  particle,  at  right  angles  to  each  other ;  find 
.&e  magnitude  of  their  resultant. 

Tf    AB,    AC    represent    the        j^  o 

forces,  and  we  complete  the  rect- 
angle ABDC,  we  have 

Ai:^'^AB'  +  AC 
=  3'  +  4' 
«9  +  1(1  =  25; 
.-.  AD~5, 
f  or  the  measure  of  the  resultant  is  5 1 
13 
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Ex.  2.  Two  forces,  l  and  2  lbs.  respectively,  act  at  an 
angle  of  6o?;  find  the  direction  and  magnitude  of  their 
resultant. 

Let  AB  and  AC  repre- 
sent the  forces,  AD  their  re- 
sultant, and  let  BAD  =  0. 
Then  by  the  data  of  the  pro- 
blem, BAC^G^. 

.-.  AL^  ^AC^^  CD^  -  2AC.  CD  cos  ACD 
«  AC^  +  AB*  +  2 AC .  AB  cos  BAC 

e  4  +  I  +  4  cos  60* 

=  5  +  2,  (since  cos  60*  =  ^) 

-7; 

Again,  from  the  triangle  ABD, 

sin  0         BD 
s^mJfBD'  AD* 

2 

or,  sin0---^8in6O»  =  \/|. 
V  7 

Ex.  3.  Three  forces  P,  Q,  R  are  in  equilibrium;  find 
the  angles  between  their  directions. 

Let  AB,  AC  represent  P  and  Q  respectively ; 
^A       c     complete  the  parallelogram   ABDC,  and  pro- 
duce  DA  to  D\  making  AD^  -  AD ;  then  AD^ 
represents  B. 

B  D 

Let  BAC  -  0;    .-.  ^C2>  -  180»  -  0, 

and       ^Z>»  -  AC*  +  Ci>»  +  2^C.  CJ9cos0; 

^     AV'-AC-CD* 

.'.  cos 0 .^  ^^ 

9,  AC. CD 

8PQ         ' 


I 
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AND  RESOLUTION  OF 

which  determines  the  angle  between  the  dircetiong  of  P  and 
Q.  The  angles  between  the  directiona  of  P  and  B,  Q  and  B, 
are  known  in  like  manner. 

11.  The  parallelogram  of  forces  may  be  stated  in  an- 
other form,  under  whieh  it  is  ealled  the  Ti-iangle  of  Forces. 
For  we  have  seen  that  three  forces  wUI  be  in  equilibrium, 
provided  they  are  proportional  to  the  sides  and  diagonal  of  a 
parallelogram,  and  act  on  a  particle  parallel  to  those  sides; 
but  the  sides  and  diagonal  form  a  triangle ;  indeed,  it  is  tho 
same  thing  whether  we  say  of  three  straight  lines  that  they 
are  the  sides  and  diagonal  of  a  parallelogram,  or  that  they 
form  a  triangle ;  hence  we  may  assert,  that  forces  will  be  in 
equilibrium,  when  they  are  proportional  to  the  sides  of  a  tri- 
angle formed  by  drawing  lines  parallel  to  their  directions. 

~  Suppose,    in    fact,    that    the    forces 

P,  Q,  R  are  in  equilibrium  on  the  par- 
ticle 0 ;  draw  eny  three  straight  lines 
parallel  to  the  directiona  of  the  three 
forces,  and  let  A  BC  be  the  triangle 
formed  by  their  intersections,  then 
P  :  Q  :   B  ::  AB  :  BC  :   CA. 

Hence  it  may  be  said  that  if  two  sides  of  a  triangle 
taken  in  order  from  an  angular  point  represent  in  magnitude 
and  direction  two  forces  which  act  at  that  point,  then  the 
third  side,  not  taken  in  the  same  order  as  the  other  two, 
_will  represent  the  resultant.  Thus  if  AB,  BC  represent  two 
•  ibrces  acting  at  A,  then  AC,  (not  CA,)  will  represent  the 
resultant. 

And  this  proposition  may  he  generalized  so  as  to  assume 
a  form  under  whieh  it  may  be  called  the  Polijgon  of  Forces  - 
thus,  if  any  number  of  lines  AB.  BC,  CD,  DE...NP,  repre- 
sent in  magnitude  and  direction  forces  acting  at  A,  then  the 
line  AP  completing  the  polygon  will  represent  the  resultant. 
It  follows,  of  course,  that  if  a  particle  be  acted  upon  by 
forces  whieh  can  he  represented  by  the  sides  of"  a  polygon 
taken  in  order,  the  particle  will  be  at  rest.  It  may  be  ob- 
served that  the  lines  forming  the  polygon  need  not  lie  in  one 
plane. 

13—2 


196  BTATIOB. 

Cor.     If  a,  /3,  7  are  tbe  aaglea  between  the  directioni 
Q  and  R,  It  and  P,  P  aud  y  respectively,  tliea 

P  :   Q  :  ^  ::  sin  a  :  sin  /3  :  sin  -y ; 
or,  (aa  it  may  be  otherwise  written,) 

P  Q  R 


ion?™ 


12.  It  follows  from  the  triangle  of  forces,  that  any  con- 
clusions established  concerning  the  relations  of  the  sides  and 
angles  of  a  triangle,  may  be  extended  to  the  magnitudes  and 
directions  of  forces  in  equilibrium.  For  instance,  we  nrny 
conclude  from  Euclid,  i.  20,  that  of  three  forces  in  equi- 
librium any  two  must  be  greater  than  the  third.  ^ 

13.  We  have  seen  that  a  force  in  a  given  direction 
always  be  replaced  by  two  forcea  in  two  other  dircctioi 
which  forces  are  called  the  components  of  the  original  force. 
There  is  a  peculiarity  in  the  case  of  these  components  being 
at  right  angles  to  each  other,  which  requires  notice.  Let 
JD  represent  a  force,  which  is  re- 
solved into  the  two  rectangular 
components  AB,  AC.  Then  it  is 
manifest,  that  the  force  AB  has 
no  tendency  to  move  the  particle 
in  the  direction  AC.  neither  has 
AC  any  tendency  to  move  it  in 
the  direction  AB.  Hence  we  may 
say  that  AB,  AC  measure  the  whole  effect  of  AD  in  the  di- 
rections AB,  AC  respectively,  and  they  are  usually  termed 
the  resolved  parts  of  AD. 

If  we  call  the  angle  BAD  0,  we  have 
AB  =  AD  cos  e, 
AC  .=  AD  sin  9. 
Hence,  if  A*  be  the  regohcd  part  of  a  force  P  in  a  direction 
making  an  angle  6  with  the  direction  of  P,  and  1'  the  resolved 
part  in  the  direction  perpeiulicular  to  that  of  A',  we  8luiU,_ 
have 

X-  Peas  9. 
r-Pflinfl. 


MPOSITION"  AND 


TION  OF  FORCES, 


The  preceding  formulee  may  be  looked  upon  aa  funda- 
mental in  Statics ;  they  enable  us  to  solve  the  following  most 
general  problem. 

I  14.  Any  number  of  forces  act  at  the  same  point,  their 
V  directions  all  lying  in  the  same  plane ;  find  tfie  direction  and 
'  magnitude  of  their  resultant. 

Let  Pbe  any  one  of  the  forces 
acting  at  the  point  A.  Let  the 
plane  of  the  paper  be  tliat  in 
which  the  forces  act;  in  that 
plane  choose  any  two  lines  at 
right  angles  to  each  other,  JX 
and  AV,  and  let  6  be  the  angle 
which  the  direction  of  P  makes 
I  Trith  AX.  Then  P  ia  equivijJent  to 

P  cos  6  acting  in  the  direction  JA', 
together  with  P  ein  9 jy. 

I  In  hke  manner,  a  force  P,  the  direction  of  which  makes  an 
lltngle  ff  with  AX,  is  equivalent  to 

P  cos  9'  acting  in  the  Section  AX, 

together  with  P'  sin  ff AV. 

jid  so  on  for  any  number  of  forces.  Hence,  adding  together 
B'ihe  forces  which  act  in  the  same  direction,  we  shall  have  a 
l^stem  offerees  P,  /''...acting  at  angles  0,&...  with  the  line 
Ij4.^,  equivalent  to 

P  cos  6  +  P  cos  ff  +  ...  acting  in  the  direction  AX, 

[together  with  P sin  9+/" sin ^+ AV. 

For  shortness'  sake,  let 

Pcos^  +  i''cos^+ =.  X, 

Psinil  +  /*'3ine'+ -  K,  


,-.  tan  <p  ' 


fi"  -  X*  +  r". 


and  let  B  he  the  required  resioltanfc,  ^  the  angle  wbictt 
direction  makes  with  the  line  AJV;  tliei 

«  eo3  ^  =  .V, 

BaD4p  =  y-, 

r 

The9e  formula  determine  the  direction  and  magnitude  of  B 
resultant  of  the  sjstem  of  forces. 

Ex.  A  particle  la  placed  at  the  centre  of  a  hexagon,  and 
is  acted  upon  by  forces  tending  to  the  angles  of  the  hexag^on 
and  measured  by  the 
quantities  /*„  Pj,  P3,  P„ 
Pi,  Pg  respectively  ;  de- 
termine the  direction 
and  magnitude  of  the 
resultant  force. 

If  we  choose  the  line 
AX  so  as  to  pass 
through  one  of  the  an- 
gular points,  it  will  be 
easily  seen  that  we 
shall  have  in  this  ex- 
ample,   I  observing  that  cos  60"  c  1,  and 

.r-  p,  +  P4  -  z*.^  -  P.  -  A  J  +  P.  J 
-  p,  -  P.  +  J  (p,  -  p,  -  p,  +  pj, 

/P.      P,      P,      Pa- 

Suppose,  for  instance,  P,  -  1,  Pj  -  2,  P,  ->  3,  P,  - 
P.  -  6",  then 

-Y-l  _4+j^{2-S-5  +  6)--S, 

.*.  tan  0  -  y/s,  or  0  «  60" ; 
A* .  9  -t-  87  -  30,  or  i 
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Thus  the  resultant  is  completely  determined ;  we  take  the 
negative  value  of  H,  because  since  X  «  B  cos  tp,  and  in  thia 
case  X  is  negative  and  cos  (j>  positive,  R  must  be  negative. 
It  would  have  come  to  the  same  thing  if  we  had  taken  <p  =  240°, 
and  R  positive. 

15.  To  find  the  oonditioiie  of  equilibrium  of  any  sj/slem  of 
Jbrceg,  acting  in  one  plane  at  the  same  point. 

Suppose  the  forces  are  reduced  to  one  (R),  as  in  the  last 
article ;  then  in  order  that  there  may  be  equilibrium  we  must 
have 

R  =  o, 


I  And  tliis  equation 


I 

^H  These  are  the  conditions  of  equilibrium,  which  may  be  ex- 
^B  pressed  in  words  by  saying,  that  the  sum  of  the  forces  resolved 
^^k  in  any  two  directions  perpendicular  to  each  otlicr  must  vanish. 


or  X^  +  V  =  0. 
equivalent  to  these  two, 
X=o,  r  =  0, 

or  PcosO  +  fcosff  +  -0, 

Psine  +  ysijxff  + -0. 


ON  THE  PRINCIPLE  OF  THE   LEVER. 


Hitherto  we  have  considered  forces  acting  on  a  par- 
ticle only  ;  when  we  come  to  the  consideration  of  the  action 
of  forces  on  a  rigid  body,  there  will  be  other  conditions  of 
equilibrium  besides  those  already  deduced.  In  the  case  of 
a  single  particle  the  only  necessary  condition  is  that  there 
shall  be  no  motion  of  translation ;  but  in  order  that  a  rigid 
body  may  be  at  rest  it  is  not  autlicient  that  any  one  point  in 
it  should  be  fixed,  it  is  also  necessary  that  there  should  be  no 
twisting  about  that  point.  The  simplest  case  is  that  of  two 
forces  acting  on  a  rigid  rod,  one  point  of  which  is  fixed ;  sup- 
posing that  the  forces  tend  to  twist  the  rod  in  opposite  ways, 
we  can  find  the  conditions,  under  which  they  will  counteract 
each  the  effect  of  the  other,  and  produce  equilibrium. 


200 


Dbf,     a  rigid  rod,  moveable  about  a  fixed  p<»iit  lai 
length,  is  called  a  Uvei: 

Def.     The  fixed  point  is  called  the  fulcrum,  and  the  < 
tances  between  the  fulcrum  and  the  extremities  the  arms. 

Def,     The   viomenC  of  a  force   with   respect  to  a  given 
pomt,  ia  the  product  of  the  force  and  the  perpendicular  f 
the  point  on  its  direction. 

17.  Prop,  l/ttvo/orces  acting  at  Uie  extremitUa  of  a  j 
and  tending  to  twist  t/ie  lever  opposite  ways  produce  eyuilibr 
the  momenta  of  the  forces  about  (lie  fulcrum  are  equal. 

Let  P.  Q  be  the  two  forces  acting  at  A  and  B,  the  ( 
tremitiea  of  a  lever.  Produce  the  ■ 
rections  of  P  and  Q  until  they  meet  in 
then  P  and  Q  may  both  be  supposed  i 
act  at  C:  take  Cm,  Ck  proportional  4 
P  and  Q.  and  complete  the  parallelogi 
;  Cmpn;  join  Cp  and  produce  it  to  * 
AB  in  O,  then  the  resultant  of  P  and  Q  acts  in  the  i 
tion  CO,  and  therefore  0  must  be  the  fulcrum,  othen 
there  could  not  be  ciiuilibrium.  Draw  OD,  OE  perpeadid 
to  AC,  BC;  then 

P      Cm      sin  Cp  m      CO  sin  BCO      OE 
q"^  'Cn^  sin  m  Cp  '  CO  sin  ACO  "  OD  ' 
.:  P.OD^Q.OE, 
or  the  moments  of  P  and   Q  about  O  are  equal. 

If  the  forces  act  parallel  to  each  other,  their  directi<| 
will  not  meet  as  they  are  supposed  to  do  in  the  precedl 
proposition ;  in   tliis  case  we  must  proceed  as  follows, 
shall  suppose,  though  it  is  not  necessary,  that  the  forces  ■ 
perpendicular  to  the  lever. 

At  A  and  B  apply  any  two  c<iua]  and  opposite  fot 
.y  in  the  direction  of  the  lever ; 
will  manifestly  not  ufl'cct  the  ec 
brium  ;  then  the  resultant  of  /* « 
S  will  bo  some  force  in  the  dJn 
tion  CI  suppose,  and  that  of  Q  i 
S  eome  force  in  the  direction  i 
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Suppose  thera  both  to  act  at  C,  aad  there  to  be  resolved 
into  their  constituent  parts  P  and  S,  Q  and  5" ;  the  portions 
S,  S  will  destroy  each  other,  leaving  a  resultant  P  +  Qin  the 
direction  CO  parallel  to  the  directions  of  the  forces. 

Then  the  aides  of  the  triangle  AOC  are  parallel  to  the 
directions  of  the  forces  P,  S  and  their  resultant ; 


P      CO 

■'■  S~  JO' 

in  like  manner. 

«       CO 
S'  BO' 

.:  P.JO=  Q.BO. 

.,  41 


The  same  method  is  applicable,  when  the  forces  are  not 
perpendicular  to  the  arm. 

If  we  had  first  proved  the  proposition  now  under  con- 
sideration for  the  case  of  parallel  forces  perpendicular  to 
the  arm,  it  would  have  been  very  easy  to  deduce  the  more 
general  case.  For  if  in  the  first  figure  of  page  200  we  sup- 
pose the  forces  P  and  Q  to  be  each  resolved  into  two,  one 
parallel  and  the  other  perpendicular  to  the  arm,  it  is  mani- 

»fest  that  in  the  latter  portions  of  P  and  Q  only  la  there  any 
,tendeney  to  twist  the  lever;  and  these  latter  portions  are 
(respectively  P sin  CJO,  QsinCBO,  hence 
L  PsinCAO  ^  A0=  a  Bin  CBO>^  BO. 

'  OT     P.0D=Q.OE, 

as  was  proved  before. 
Hence  we  conclude,  that  in  nil  cases  two  forces,  acting 
in  the  same  plane,  on  a  rigid  body,  one  point  of  which  is 
fixed,  will  produce  equilibrium  when  their  moments  about 
the  fixed  point  are  equal;  for  it  is  manifest,  that  the  reasoning 
Implied  to  the  case  of  the  simple  lever,  is  applicable  to  a 
ligid  body  of  any  shape.  This  is  called  the  principle  of 
lever. 
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STATICS. 


Ex.  ] .  Two  weights,  of  3  and  4  lbs.  respectively,  balance 
on  the  extremities  of  a  lever>  the  length  of  which  is  6  feet : 
find  the  fiilcrum. 

Let  X  be  its  distance  from  that  extremity  at  which  the 
weight  of  3  lbs.  is  suspended ;  then  6  ^  x  is  its  distance 
from  the  other; 

.•.  3  a?  =  4  (6  —  x), 

7  a;  =  24, 

24 
a;  =»  —  —  3^  feet. 

7         ^ 

Ex.  2.  A  weight  of  4  lbs.  is  suspended  from  a  straight 
lever,  at  a  distance  of  2  feet  from  the  fulcrum ;  determine 
the  force  which  acting  at  an  angle  of  SO®  with  the  lever, 
and  at  a  distance  of  3  feet  from  the  fulcrum,  will  produce 
equilibrium. 


Let  P  be  the  required  force. 

Then  we  have 

P  X  3  sin  S0*»  «  4  X  2, 

n        *  16  111. 

P»:-x8=— -  5  Jibs. 

18.     The  principle  of  the  lever  may  be  extended  to  any 
number  of  forces. 


For  let  JC  he  B, 
straight  lever  moveable 
about  the  fulcrum  O,  and 
let  forces  be  applied  at  J, 
B  and  C.  Conceive  each 
of  these  forces  to  be  re- 


B_JI 


y 
Q 
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olved  into  two,  one  parallel  to  AC,  the  otlier  perpejidicular  to 
Bit ;  the  former  parts  will  have  uo  ten<lency  to  twist  the  lever, 
Fauci  we  may  therefore  confine  our  attention  wholly  to  the 
latter,  which  call  P,  Q,  and  R. 

Now  Q  and  li  acting  at  £  and  0  arc  equivalent  to  a 
single  force  Q  +  R  acting  at  some  point  D,  such  that 

Q.BD^R.CD; 

fl  follows  from  Art.  17.  And  therefore,  in  order  that  there 
Bay  be  equilibrium,  we  must  have 

P.AO  =  {Q  +  R)OD. 
But  Q.OD^Q.OB  +  Q.  BD. 

R.OD=  R.OC-R.CD-^R.OC-Q.BD; 
.:  P.JO  ^  Q.OB  ^■R.  OC, 

r  the  moment  of  P  =  sum  of  the  moments  of  Q  and  R.  If 
^e  estimate  moments  as  positive  or  negative  according  as 
'hey  tend  to  twist  the  lever  in  one  direction  or  the  other,  we 
may  then  say  that  three  forces  will  produce  equilibrium  when 
the  algebraical  sum  of  their  moments'  about  the  fulcrum  is 
zero. 

And  the  same  method  is  applicable  to  any  number  of 
forces. 

Also  the  same  thing  mil  hold  of  any  forces  acting  in  the 
same  plane  on  a  rigid  body,  one  point  of  which  is  fixed; 
hence  we  may  say  that  such  forces  will  be  in  equilibriiun 
when  the  algebraical  sum  of  their  moments  about  the  fixed 
point  is  zero-j-, 

•  II  ii  minifcat  ihal  P.,iO  is  the  iiionienl  of  the  force  applied  ai  .i.  For  in  die 
figure  of  AiL  17,  the  moment  of  P  is  P.OD,  which  =  F.^OcoiAOD^^OicmoUtd 
part  of  P  pCTreodicular  to  AO. 

1  Ilenee  li  ig  not  difEculi  lo  coQcludc  the  condttiona  of  equilibrium  far  anj  rigid  bodj, 
Mlinl  npon  by  forcei  the  dteclioni  of  ■hich  lie  in  ihe  same  oi  In  parallel  plane*.  Fm  u> 
far  u  trantbtdon  is  concenied,  ll  will  be  Buificieni  ihat  the  lumi  of  the  fureo  refolved  in 
tny  two  direction*  at  right  angles  to  each  other  should  be  lero,  exactly  a»  if  they  acted 
parallel  to  iheir  own  direction*  upon  a  single  panicle  ;  and  no  far  as  fteUlinff  is  concerned, 
H  will  be  neccsMr;  and  nilEcIent  that  the  foreet  should  be  auch  aa  not  lo  twhl  the  body 
about  any  point  lupposed  to  be  fixed,  that  ia.  the  algebraical  inni  of  the  momenu  about 
any  point  mu»t  be  lero.  The  point  aliout  which  the  momenta 
In  the  hody,  ilnce  we  may  auppoae  (he  body  rigidly  connected  wiih  any  point,  i 


I 


It  aoch  point  there  n 


a  tendency  to  iwlit. 


ON  THE  ACTION  AND   REACTION   OF  SMOOTH 
SURFACES  IN  CONTACT. 


19.  When  two  bodies  are  pressed  together  by  the  actioj 
of  any  forces,  each  will  exert  upon  the  other  a  certain  force; 
if  we  call  the  force  exerted  by  one  body  its  action,  we  may 
call  that  of  the  other  upon  the  first  the  reaction,  and  it  is 
evident,  upon  consideration,  that  these  must  be  equal  in 
intensity  and  opposite  in  direction.  For  if  a  person  presses 
his  finger  upon  the  table  it  is  manifest  that  the  tabic  returns 
a  pressure  equal  to,  because  it  is  the  eScct  of,  the  pressure 
of  the  finger ;    and  so  in  other  cases. 

But  what  M-ill  be  the  direction  of  this  mutual  pressure  ? 
We  shall  consider  only  the  case  of  the  action  of  two  bodies 
smooth  and  lying  all  in  one  plane. 
Let  BJC,  Ji'AC  be  two  such  bodies, 
touching  at  J,  and  let  R  be  the 
mutuiil  pressure.  Then  since  the 
surfaces  touch  at  A,  they  have  a 
common  tangent  at  that  point,  and 
therefore  a  common  normal.  Now 
by  calling  a  body  smooth,  we  mean 
to  assert  that  there  is  no  tendency 
in  the  constitution  of  the  body  to 
prevent  motion  along  ita  surface, 
consequently  no  part  of  the  mutual 
pressure  of  two  smooth  surfaces  can 
be  along  the  surface  or  along  the  common  tangent,  that, 8 
tlia  whole  must  be  in  the  direction  of  the  common  norvioL  j 

Li  the  case  of  a  particle  pressing  upon  a  curve,  we  n 
consider  that  the  pressure  is  in  the  direction  of  the  noi 
to  the  curve ;  and  when  resting  on  a  plane,  the  pressuTfr'fl 
perpendicular  to  the  plane. 

Wc  may  observe  here,  that  in  treating  statical  probloi 
which  involve  more  than  one  body,  we  usually  consider  i 
action  and  reaction  will  exist  between  the  various  bodieii,  i 
baring  denoted  them  by  certain  symbols,  as  P,  Q,  B, 


we  consider  the  equUibrmm  of  each  body  aeparately.  An 
example  of  this  will  be  fouud  in  the  problem  of  the  wedge 
(Art,  33,  page  217). 


ON   THE  MECHAXICAL   POWERS. 


The  Mechanical  Powers  are  the  elementary  forms  of  all 
machines,  and  may  be  considered  ae  simple  devices  for 
enabling  a  smaller  force,  usually  called  tfie  Power  (P),  to  be 
in  equilibrium  with  a  larger  force,  usually  called  (Ae  Weiffkt 
( fV).  They  may  be  thug  enumerated : — the  Lever,  the 
Wheel  and  Axle,  the  Toothed  Wheel,  the  Fully,  the  In- 
clined Plane,  the  Wedge,  and  the  Screw.  In  the  following 
articles  the  ratio  of  P  to  IF  will  be  investigated  in  these 

Iveral  cases ;  if  the  ratio  be  greater  than  that  which  we 
itermine,  motion  will  ensue. 


(1)      The  Level 


20.  We  have  already  considered  the  principle  of  the 
Lever  as  a  general  mechanical  principle,  and  wc  have  shewn 
that  two  forces  will  balance  about  a  fulcrum  when  their 
moments  about  it  are  equal ;  but  the  lever  may  also  be 
regarded  as  one  of  the  Mechanical  Powers,  and  so  con- 
sidering it  wc  distinguish  three  kinds  of  lever,  according 
to  the  position  of  the  Fulcrum  with  respect  to  the  Power 
and  Weight. 

The  first  has  the  fulcrum  between  the  power  and  the 
weight.  In  this  ease  any  amount  of  mechanical  advantage 
may  be  gained,  by  making  the  arm  upon  which  the  power 
acts  sufficiently  long.  A  crow-bar  used  to  lift  great  weights, 
a  poker,  a  pair  of  scissors,  are  esamples.  Let  us  examine 
one  of  these;  in  the  poker,  the  coals  are  the  weight,  the 
bar  of  the  fire-place  the  fulcrum,  the  force  exerted  by  the 
hand  the  power. 

The  second  kind  of  lever  has  the   weight  between  the 

fulcrum  and  the  power.     The  oar  of  a  boat  is  an  example, 

which  the  water  forms  the  fulcrum,  the  resistance  of  the 


boat  applied  at  the  rowlock  the  weight,  and  the  power  is 
applied  by  the  hand  of  the  rower. 

The  third  kind  has  the  point  of  application  of  the  power 
between  the  fulcrum  and  the  weight.  The  most  interesting- 
example  is  the  human  arm,  when  apphed  to  lift  a  weight  by 
turning  about  the  elbow ;  here  the  fulcrum  is  the  elbow,  and 
the  power  is  applied  at  the  wrist  by  means  of  sinews,  which 
exert  a  force  when  the  muscles  of  the  arm  contract. 

The  mechanical  conditions  of  each  of  these  three  classes 
may  be  thus  expressed.  If  a  represent  the  arm  at  which  the 
power  aets,  6  that  at  which  the  weight  acts,  then  (supposing 
the  power  to  act  in  a  direction  perpendicular  to  the  arm) 


Pa  -  Wb, 

W     a   ' 


I 


■  The  condilion  of  njiillilirium  of  two  irelghu  biluieing  on  a  imigbl 
be  Invesifgaied  withnui  Miuming  ihe  rulei  for  ilic  rooluLiuD  and  campoiltia 
M  toUoat.  The  (leinuiutraifoD  ilependi  upDH  the  roUowing  Iicmma :  The  ttalical 
of  a  uni/om  htav^  rod  u  the  mmr  at  if  U  bt  iapptutd  la  be  calleeletl  at  id  midiU 
point.  The  milh  ot  xhich  Lemma  ii  apparenl  from  the  coniidetadoa  that  lucii  ■  lod 
vould  manifeitly  bilaoce  aboui  its  middle  painl,  and  ttaererorc  an  upward  pnaaiuc 
applied  there  equal  lo  ill  wBiglit  would  luppon  it,  and  thua  ibea  thai  the  itAtlcal 
effect  of  the  rod  ia  to  produce  a  downward  preuure  at  ihal  point  equal  to  it*  weight. 


Thii  beini;  premlied,  let  AB  be  a 
heavj  aniranD   rod    equal  in  vciKlil   to 


IF  I    then   the  rod  AB  balances  i 


a  middle  pi 
Hi  vide  A 


It  AD   I  D/l  ::  P  :    JT,  and  1 


of  AD.  F  of  DB ;  then  AD  oi  P  ma;  he  ci 


t  F,    ronaequenily  P  acting  ■ 


£C=AC-AE^BC^HD*DB-EC. 


p  will  balance,  about  (',  IT  acting  at  F. 


limiUrlj'  AD^'ICFi 


:  Ps  W  ::  AD  ■  OB, 


or  F.EC-rr.CF. 
tipon  the  doctrine  of  the  lever  ihiu  demMtitnted  ti  l>  poMlU*  ' 


>  eujr  to  cnndude  that  l' 


I   the  (lepi  are  ut  followi.      Fran  t 


«  acting  at  the  eltremltle*  of  the  s 


nr>.    And  ihli  beinit  prewlied  we  c 


le  parallelograin  Of  fotcca. 


n  rcprcaent  In  mmniHida  and  dlieeilMi  two  forcM  P  and  Q  m 
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Hence  mechanical  advantage  is  gained  or  not,  according 
a  is  greater  or  less  than  h.  It  will  be  seen  that  in  the 
first  kind  of  lever  advantage  may  or  may  not  be  gained.  Id 
the  second  it  is  always  gained,  in  the  third  it  is  never  gained. 
The  human  arm  therefore  acts  at  a  mechanical  diBadvantagc, 
but  this  is  far  more  than  compensated  by  the  superior  agility 
L  Wid  neatness,  which  residt  from  its  actual  construction. 


^P  •  The  principal  weighing  machines  in  ordinary  use  are 
applications  of  the  principle  of  the  lever.  The  simplest  is 
the   common  balance. 

Let  AB  be  a  rigid  rod,  CD  a  small  rigid  piece  attached 

rto  its  middle  point  and  perpendicukr  to 
^  it,  and  let  I)  he  fixed ;    E,   F  two  scales 

■  I'"'  '"c  ill        *""  P**^^   °'^  equal  weight  depending  from 

A  k       the    extremities  A   and   B.     Tlien    it   is 

P\  i^     evident    that    if    the   scales     be    equally 

E  *'       loaded,  the  beam  AB   will  be  horizontal, 

if  not,  that  the  more  heavily  loaded 
BCale  will  cause  the  extremity  to  which  it  is  attached  to 
preponderate.  A  balance  of  this  description  ought  to  be 
possessed  of  considerable  seimtiility,  and  also  of  what  is 
termed  stability ;  the  sensibility  of  a  balance  is  measured  by 
the  anffle  through  which  a  given  difference  of  weights  in  the 
two  scales  will  deflect  the  beam ;  and  the  stability  by  the 
nXKiient  of  the  force  which  is  necessary  to  retain  the  beam 


rOe  poiiit  A:   «OTnl)lete  lh«  parallel OftiKni  AmBn,  aai  draw  AB.      Alia  draw  BC, 
f  .  HD  pnpendieiilar  in  Am,  An  produced.      Now  luppgie 

yt.  AB  to  he  •  levtr  ntOTuble  about  fl  and  acicd  on  by  Ih« 

y     \  fi»cc»  /•  Kid  Ij  »t  A.    Then 

C A     /    \"  f  _ d^  _ ^'^'PBA  _^}^m     *" 

J*  "  *^       ibetefore  thoforcei  find  Q  would  keep  ihelcTeruteil. 

And  lince  the  reiuluni  of  P  utA  Q  would  produce  ilie  fame  effect  u  P  and  Q 
teselfaer.  it  aUo  «cting  u  A  would  keep  the  lever  si  rest.    Bui  no  .ingle  fotee  ■ 
■t  A  can  keep  llie  lever  kl  rest,  onlejs  it  acl  in  the  diteclio 
U  the  dirtfiion  at  ihe  Teidtini. 

Tiit,lAB  tepieKnu  the  tmullBnl  in  magnilfulr  musl  lie  proveJ  w  In  Art.  8. 
Having  deoionMfated  tbe  fundBTnenul  propcwiilion  in  lhi>  manner,  the  letl  of  the 
lyiiem  would  be  the  innie  as  in  ilim  ndoi'ted  In  ihc  icxt 


niequendy,  AB 


at  a  given  inclination  to  its  horizontal  position  whi 
scales  arc  equally  loaded.  The  advantage  of  exti-erae  sensi- 
bility is  sufficiently  obvious ;  the  advantage  of  possessing 
considerable  stability  is  the  rapid  return  of  the  beam,  whea 
it  has  been  disturbed,  to  its  position  of  equilibrium. 

Another  kind  of  weighing  machine  is  the  steelyard.  It 
may  be  described  as  a  lever  having  unequal  arms,  and  so 
arranged  that  one  weight  may  be  made  to  weigh  a  variety 
of  others  by  sliding  it  upon  the  longer  arm  of  the  lever,  t 
so  changing  its  distance  from  the  fulcrum. 


Prop.      To  graduate  the  comnion  Steelyard. 


sighed     I 


Let  C  be  the  fulcrum,  W  the  substance  to  be  weighed 
hanging  at  the  extremity  A, 
P  the  moveable  weight.   Now  n 

if  the  weights  W  and  P  were  ^^..  -         []   _      _ 
removed,   the  longer  arm   of    f      j'i  c  u 
the    steelyard   which   is  that    V 
upon   whicli  P  hangs   would  \y 
preponderate;    suppose   then 

that  £  is  a  point  such  that  P  hanging  from  it  would  keep 
the  steelyard  in  a  horizontal  position,  and  take  CD  =  BC, 
then  the  moment  about  C  produced  by  the  weight  of  the 
steelyard  itself  is  equivalent  to  the  moment  of  P  hanging 
from  D. 

Now  let  W  hang  from  A,  and  P  from  any  point  E,  then 
for  equilibrium  we  must  have 

W.JC-P.Cn-t-P.CE-P.BE 


BE~~.  AC. 


Suppose  that  P  ^  \  lb.,  and  make   W  successively  cqiul  to 

I  lb.,  8lbs.,  slba then  the  values  of  BE  will  be  AC,  ^AC, 

SAC,  ...  and  these  distances  must  be  set  off,  measuring  fW)m 
B,  and  the  points  so  determined  marked  1  lb.,  ^^Ibs.,  albs...... 

There  are  several  varieties  of  the  steelyard ;  one  may  be 
mcntioacd,  which  dilTcrs  from  the  preceding  instrument  in 


1  t^ 
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itia,  that  the  weight  13  fixeJ  aad  the  fulcrum  moveable 
instead  of  the  reverse.  We  shall  see  that  this  makes  an 
important  difference  in  the  mode  of  graduation. 


T^ 


^      Prop.      To  graduate  the  Danish  Steelyard, 

Let   B  be  the  point    on 

which  the  instrument  would    ''  c 

balance    if    no    weight   were      0 

suspended  at  A ;    and    when     \y 

the  weight  W  is  suspended  at 

J,  let  C  be  the  place  of  the  fulcrum ;    also   let   P  be   the 

entire  weight  of  the   instrument,  which  will  have  the  effect 

of  producing  a  pressure  P  at  B.     Then  for  equilibrium  we 

most  have 


W.AC  =  P.BC  =  P{AB  - 
P 


AC); 


^Puence  making  W=  lib.,  2  lbs.,  3  lbs.,  ...  successively,  we 
shall  be  able  to  mark  upon  the  steelyard  the  corresponding 
positions  of  the  fulcrum. 

It  may  be  remarked  that  whereas  the  distances  from  the 
point  J  of  the  successive  marks  of  graduation,  corresponding 
to  equal  increments  of  If,  in  the  common  steelyard  form  an 
arithmetical  progression,  in  the  Danish  steelyard  tliey  form 
1  barmonicol. 


The    Wheel  arid  AxU. 

21,  This  machine  consists  of  two 
cyhnders,  having  their  axes  coincident, 
the  two  cylinders  forming  one  rigid 
piece,  or  being  cut  from  the  same 
piece;  the  larger  is  called  the  wheel, 
the  smaller  the  axle.  The  cord  by  which 
the  weight  is  suspended  is  fastened  to 
the  axlo  and  coiled  round  it ;  the  power 


acts,  sometimes  by  a  cord  coiled  round  the  wheel,  aometiiri 
by  handspikes,  as  in  the  capstan,  sometimes  by  bandies,  as 
in  the  windlass. 


22.      To  fiiid  the  ratio  of  the   Power  to  the    Weiffht,  wAm 
there  is  equilibrium  vpon  the  Wfieel  and  Axle. 

Let  AB.  CD  be  the 
wheel  and  axle  ha\'ing  the 
common  centre  O;  P  and 
W  the  power  and  weight, 
supposed  to  act  by  strings 
at  the  circumference  of  the 
wheel  and  axle  respectively. 

For  simplicity's  sake  P, 
W  and  the  arms  at  which  they 
act  arc  represented  iu  the 
figure  as  in  the  same  plane. 

From  the  common  centre 
O  draw  OA,  OD  to  the 
points  at  which  the  cords  supporting  P  and  W  touch  the 
circumferences  of  the  wheel  and  axle  respectively  ;  these 
lines  will  be  perpendicular  to  the  directions  in  which  P  and 
W  act ;  hence,  by  the  principle  of  the  lever, 


P.AO- 
P 


If.OO, 


AO' 


radius  of  axle 
radius  of  wheel 


I 


It  is  evident  that,  by  increasing  the  radius  of  the  wheel, 
amount  of  mecjianical  advantage  may  be  gained.  It  will 
be  seen  that  the  principle  of  the  wheel  and  axle  is  merely 
that  of  the  lever ;  the  peculiar  advantage  of  the  wheel  and 
axle  being  tliis,  that  an  endless  series  of  levers  (so  to  ^eak) 
are  brought  into  play,  which  is  esHenlial  to  the  practical  use 
of  the  lever,  when  applied  (o  such  purposes  as  raisiug  a 
bucket  in  a  well,  heaving  an  anchor,  or  the  like. 


TOOTHED  WBEELS. 


(3)     Toothed    WheeU. 

23.  One  wheel  may  be  made  to  act  upon,  or  as  it  is 
called  to  drive,  another  by  indenting  the  surface  of  each 
with  teeth,  and  fixing  the  centres  at  such  a  distance  from 
each  other  that  the  teeth  come  Buccessively  into  contact. 
The  proper  form  for  the  teeth  of  such  wheels  is  a  question 
of  much  complexity,  which  will  not  be  entered  upon  here; 
we  shall  only  investigate  in  general  the  relation  of  P  to  W, 
when  there  is  equilibrium. 

24.  To  find  llie  ratio  of  the  Power  to  l!te  Weight  in  Toothed 
Wheels. 

Let  A,  B  be  the  een-  ," 

tres  of  the  wheels,  on  the 
circumference  of  which 
the  teeth  ore  arranged, 
and  suppose  for  simpli- 
city's sake  that  P  and 
W  act  at  the  circum- 
ferences of  the  wheels, 
and  that  the  radii  of 
the  same  are  rr'  ro- 
Bpectively. 

Also  let  two  of  the  teeth  be  in  contact  at  E.  and  let  7?  be 
the  mutual  pressure  of  the  teeth  in  contact,  which  acts  in 
the  direction  of  the  common  normal  to  the  surfaces  of  the 
teeth  ;  and  Xetjtp  be  the  lengths  of  the  perpendiculars  from 
A  and  B  respectively  on  the  common  normal. 

Then  the  wheel,  of  which  the  centre  is  J,  may  be  sup- 
posed to  be  kept  in  equilibrium  by  the  forces  P  and  R 
tending  to  twist  it  in  opposite  ways;  hence  by  the  principle 
I  cS  the  lever, 

P.r^R.p. 

Similarly,  for  the  equilibrium  of  the  other  wheel, 
W.r  =R.p. 

Hence  -;r;-;  =  —r  ■ 

tVr      p 

P      pr' 

or     —  —  — r-  . 

W     pr 


(4)     The  Fully. 

25.  The  PuIIy,  in  its  simplest  form,  consists  of  a  wheel, 
capable  of  turning  about  itg  axis,  which  may  be  either  fixed 
or  moveable.  A  cord  passes  over  a  portion  of  the  circum- 
ference ;  if  the  axis  of  the  puUy  is  fixed,  its  only  effect  is  to 
change  the  direction  of  the  force  exerted  by  the  cord,  but  if 
it  is  moveable  a  mechanical  advantage  may  be  gained,  as  we 
shall  see  immediately.  Combinations  of  pullies  may  be  made 
in  endless  variety;  we  shall  here  consider  only  the  simple 
moveable  pully,  and  some  of  the  more  ordinary  combinations. 

In  what  follows,  no  account  will  be  taken  of  the  weights 
of  the  pulliea  themselves,  but  the  principles  may  easily  be 
extended  to  that  case.  Also  in  practice  there  will  be  a 
considerable  amount  of  friction,  when  P  is  on  the  point 
of  descending,  but  this  is  neglected  for  the  sake  of  greater 
simplicity. 

26.  To  find  the  ratio  of  t/ie  power  to  the  WeiglU  in  the 
simple  moveable  Pully. 

Let  O  be  the  centre  of  the  pully,  which  k 
supported  by  a  cord  passing  under  it  and  at- 
tached to  some  fixed  point  C  at  one  end,  and 
stretched  by  the  force  P  at  the  other.  Suppose 
the  weight  W  to  be  suspended  from  the  centre  O. 

Join  the  points  J,  B,  at  which  the  contact  of 
the  cord  with  the  pully  commences,  by  a  straight 
line  AB,  which  will  pass  through  the  centre  O. 
Then  we  may  consider  the  mechanical  conditions 
of  the  problem  to  be  the  same  as  those  of  a  lever 
JB,  kept  in  equilibrium  about  the  fulcrum  0  by 
the  force  P  at  ^  and  the  tension  of  the  string 
at  B.  But  the  tension  of  the  string  must  be  the 
same  throughout,  and  is  therefore  equal  to  P.  " 

Hence  the  force  at  each  end  of  the  lever  is  P,  and  the  re- 
siJtant  of  these  two  parallel  forces  9P.  But  this  reeuttant 
supports  W; 

.:  %P~  (T, 
P      I 


\.y 


THB  PULLY. 


27.  To  find  tlu  ratio  of  llie  Power  to  the  Weiffht  in  a 
tyatem  of  PuUiea  in  which  each  pttlhj  fuznga  fcy  a  separate 
atriiuf.     (First  system  of  Pullies.) 

This  system  of  pullies  is  represented 
in  the  figure.     Suppose  there  are  n  pul- 
lies ;  then  the  tension  of  the  string  pnss- 
W 
•  mg  under  the  first  «  —  (by  the  property 

of  the  simple  puUy).     The  teoMon  of  the 

W 
string  passing  under  the  second  «  -^,  and 

BO  on.     That  of  the  string  under  the  last 

W 
pully  a  — ;  but  this  moat  be  eqmvalent 

to  the  power  P; 


.  P-- 


ir 


w 


28.  To  find  the  ratio  of  the  Power  to  the  Weiifht,  in  a 
tystem  of  pullies  in  which  the  same  string  passes  round  alt 
the  Pullies.     (Second  system  of  Pullies.) 


This  system  is  represented  in  the  figure.  There 
are  two  blocks,  the  lower  one  moveable,  and  each 
containing  a  number  of  pullies.  Since  the  some 
string  goes  round  all  the  pullies,  the  tension  through- 
out will  be  the  same,  and  eijua]  to  the  jjower  P.  Let 
n  be  the  number  of  strings  at  the  lower  block,  then 
the  sum  of  their  tensions  will  bo  nP,  and  we  shall 
have 

nP  -  \y. 


vS/ 


'  A  Utile  CDDfidcntian  will  atieHlhslirthe  whedi  in  ihit  ayilcm  of  piitlicabe  equal, 

■ad  if  tlic  If  iwm  be  pul  in  niolion  by  the  deaecnl  of  /*,  tlie  parti  of  tlie  rope  vhicJi  pu* 

In  the  Hme  lime  aver  the  wheeli  in  the  lower  block  are  !d  llic  proportion  of  the  numben 

.  1,  3,  a whilit  tbe  pani  irhidi  pusoier  the  wheel*  in  the  upper  are  in  the  proportion 
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29.  To  find  the  ratio  of  the  Power  to  the  Weighty  in  a 
system  of  Pullies  in  which  all  the  strings  are  attached  to  thm 
Weight.     (Third  system  of  PuUies.) 


The  figure  represents  the  system.  The  tension 
of  the  string  by  Tvhich  P  hangs  is  P\  that  of  the 
next  =  2  P  (by  the  property  of  the  simple  pully) ; 
that  of  the  next  2^P,  and  so  on.  Let  there  be  n 
strings,  then  the  tension  of  the  last  =  2""*  P,  and 
the  sum  of  all  the  tensions 

=  (1  +2  +  2«  + +2"-')P=  FT; 

P  1  1 

or  — - 


W       1+2+2*+ +2*-*       2'-l 


1*1 


6 


(5)      The  inclined  Plane, 

30.  By  the  inclined  plane  is  meant  a  plane  inclined 
to  the  horizon,  and  the  problem  is  to  find  the  force  necessary 
to  prevent  a  body  placed  upon  it  from  sliding  down  under  the 
action  of  its  own  weight.  The  plane  is  supposed  smooth,  and 
therefore,  for  reasons  already  explained  (Art.  19,  page  204), 
will  exert  a  pressure  on  the  body  in  the  direction  of  a  line 
perpendicular  to  its  surface.  We  shall  have  to  apply  here 
the  general  principles  of  equilibrium  before  deduced,  viz. 
that  the  sum  of  the  forces  acting  on  the  weight,  resolved  in 
any  two  directions  perpendicular  to  each  other,  must  sepa- 
rately vanish:  the  two  equations  furnished  by  these   con- 

of  2,  4,  6, So  that  while  the  first  wheel  below  revolves  once,  the  first  wheel  above 

revolves  twice,  the  second  wheel  below  three  times  and  so  on.  If,  however,  the  wheels 
differed  in  size  in  proportion  to  the  quantity  of  rope  which  must  pass  over  them,  thej 
would  revolve  in  the  same  time.  Thus  if  the  radii  of  the  wheels  in  the  lower  block  be 
made  in  the  proportion  of  the  numbers  1,  3,  5 and  those  in  the  upper  in  the  propor- 
tion of  2,  4,  6 ,  the  wheels  would  all  revolve  in  the  same  time;  and  this  being  the 

case  we  may  observe  further  that  such  wheels  might  be  cut  in  the  faces  of  two  solid 
pieces.  This  is  the  principle  of  Whitest  pulljf,  a  machine  extremely  ingenious  in  its 
conception  and  presenting  considerable  advantages  when  accurately  constructed,  bat 
practically  little  used. 


THE   INCLINED  PLANE. 
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dittons  will  enable  us  to  determiiie  not  only  the  ratio  of  tlio 
power  to  the  weight,  but  also  the  preasure  of  the  weight 
on  the  plane. 


>31.      To  find  the  ratio  of  the  Power  to  tite  Wtiijht, 
there  ia  equilibrium  on  the  Inclined  Plane. 
;  Let  a  be  the  inclination  of 

the  plane  to  the  horizon ;  R  the 

pressure  of   the   plane    on    the 

weight,  which  will  be  perpendi- 
cular to  the  plane  ;  and  let  e  be 

the  angle  which  the  direction  of 

P  makes  with  the  plane.    Then, 

resolving  the  forces  parallel  and 
,        perpendicular  to  the  plane,  we 


when 


Pcos«  -  Wain  a  «  0,. 
B  +  P&nt  -  Wcoa a  •  o. . 


..(1). 

..CO- 


Cor.   1. 


If  tlie  power  acts  parallel  to  the  plane,  i 
P 


0.  ami  1 


Cob.   2.      From  the  preceding  coroDmrj  H  will  b«  cmO/ 
in  that  a  tuiifonn  cord,  part  of  whkh  rerta  upon  an  indin«d 
plane,   and   the  remainder  hmjpi  frcd;  from  the  upp^r  vx- 
tremit>  of  the  plane,  will  be  to  eqatKbrium,  providi-d  ttui  two  | 
cods  of  the  cord  are  in  the  Mune  bonzoatal  liae.     V<tr  lul  a 
be  the  portion  which  reata  on  the  plane,  6  the  (Mrti'Hi  wttifli  | 
hangs  rerticallr,  then  fr  -=  a  lin  « ;  bat  the  force  P  a/^tuff  iil<mK  | 
the  plane,  which  is  due  to  the  «re^:fat  vf  the  vertu-al  }fitrtUMi, 
ia  proportional  to  b,  and  the  weight  muftaiMd  by  iJm  f^MW  4r   ' 
W  is  proportional  to  a,  .-.  /*  -  Wmu  a.  wfaidt  l»  (be  «      ''' 
of  equilibriuiii. 

Con.   s.      More  generafljr,  there  w0t  be  i  . 
•  unilbrm  cord  resU  upon  two  indbed  flmm  I 
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mon  vertex,  provided  the  extremities  of  the  cords  are  in  the 
same  horizontal  line*. 

Cor,  4,     If  it  is  required  to  find  the  pressure  R,  we  have, 
multiplying  (l)  by  sin  e  and  (2)  by  cos  e,  and  subtracting, 

R  cos  €  =  W^cos  (o  +  €). 
If  €  =  0,  i?  =  Wcos  a. 

31.  (bis).     The  results  of  the  preceding  article  may  also 
be  obtained  as  follows : 

Let  Qy  e,  R  represent  the  same 
quantities  as  before.  Let  A  be  the 
point  of  the  plane  at  which  the 
weight  rests;  draw  AC  vertical,  and 
from  C  draw  CB  in  a  direction  per- 
pendicular to  the  inclined  plane  to 
meet  the  line  of  P's  action  in  B. 
Then  the  sides  of  the  triangle  ABC  being  parallel  to  the 
directions  of  the  forces  P,  iJ,  W,  may  be  taken  to  represent 
those  forces.  (Art.  li.)     Hence 


W 


R 


sin  C 


sm 


B      sin  A' 


*  The  conditions  of  equilibrium  on  the  inclined  plane,  from  which  the  whole  theorj 
of  the  resolution  of  forces  may  be  deduced,  were  determined  with  singular  ingenuity  by 
Stevinus  of  Bruges,  in  1586.    The  substance  of  his  reasoning  was  as  follows : 

Let  ABC  be  a  triangular  board  forming 
two  opposite  inclined  plances.  Suppose  a  loop 
of  uniform  cord  to  be  suspended  from  it,  as  in 
the  figure,  so  as  to  rest  upon  the  two  sides  ^i 
AB,  CBy  and  depend  below  in  the  sym- 
metrical curve  ADC,  Then  it  is  manifest 
that  there  will  be  equilibrium. 

Now  the  tension  produced  at  A  by  the  portion  of  the  cord  ADC  must  be  equal  to 
the  tension  produced  at  C  by  the  same,  on  account  of  the  symmetry  of  the  curve  ADC. 
Consequently  equilibrium  will  still  subsist  if  we  remove  the  portion  of  cord  ADC, 
that  is  the  portions  of  string  AB,  BC  on  the  opposite  inclined  planes  will  be  in 
equilibrium ;  which  is  the  result  already  obtained,  and  from  which  it  immediately 
follows  that  weights  connected  by  a  string  will  be  in  equilibrium  on  opposite  inclined 
planes  when  they  are  proportional  to  the  lengths  of  the  planes  on  which  they  rest,  or 
inTersely  propordonal  to  the  sinei  of  the  inclinations  of  the  planes. 


\ 


THE  WEDOK. 


But     ^  =  go"  -  a  -  C, 


coa  (a  +  e) 


(6)      The    Wedge. 


The  wedge  is  a  triangular  prism,  made  of  Bome 
1  substance,  as  steel,  the  edge  of  which  is  introduced 
Jetween  two  obstacles,  which  it  is  our  purpose  to  separate. 
When  the  edge  is  introduced,  the  wedge  is  driven  forward 
by  a  violent  blow,  as  from  a  hammer  or  the  like,  which 
generates  an  enormous  force  of  momentary  duration.  We 
shall  consider  the  wedge  to  be  acted  upon  by  a  weight  resting 
upon  its  head,  but  the  principles  of  the  investigation  are 
applicable  to  all  eases,  in  whatever  manner  the  pressure  on 
the  wedge  is  produced ;  we  shall  also  suppose  the  wedge  to 
be  isosceles,  and  the  obstacles  on  opposite  sides  of  the  wedge 
to  be  exactly  similar.  When  the  wedge  is  driven  in  between 
two  obstacles,  as  for  instance  when  applied  to  split  the  trunk 
of  a  tree,  the  obstacles  have  a  tendency  to  fly  together,  owing, 
in  the  instance  supposed,  to  the  tenacity  of  the  fibres,  and  this 
is  the  resistance  which  we  consider,  and  which  corresponds  to 
the  weight  supported  in  the  Mechanical  Powers  already  treated 
gof.  In  practice  there  will  usually  be  a  great  amount  of 
iriction  between  the  wedge  and  obstacles,  but  this,  for  the 
](c  of  simplifying  the  mathematical  investigation,  we  shall 
Hit. 


33.  To  find  the  ratio  of  the  Power  to  the  Pesistance,  wA«i 
I  isosceles  Wedge  ia  kept  in  equilibrium  bi/  the  pressure  of  two 
istacles  symmetrically  situated  with  respect  to  it. 

Let  s  P  be   the    force    acting    on    the    head    of  the 
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wedge,  a  the  semi-angle  of 
the  wedge.  Also  let  A  be 
one  of  the  points,  at  which 
the  wedge  is  in  contact  with 
the  obstacle ;  then  there 
will  be  a  mutual  pressure 
at  this  point  between  the 
we<Ige  and  obstacle,  which 
will  be  perpendicular  to  the 
aide  of  the  wedge,  and  which 
we  will  call  R.  There  will 
be  a  similar  pressure,  on  the 
other  side  of  the  wedge, 
from  the  other  obstacle. 


Again,  the  point  A  of  the  obstacle  is  acted  apOQ  by  I 
force  which  we  call  IF,  and  which  forms  the  resistance  io 
motion.  To  determine  the  direction  in  which  IT  aetfi.  we 
observe  that,  if  A  were  made  to  more  hy  the  descent  of 
the  wedge,  it  would  begin  to  move  in  some  curve  line,  uul 
that  the  tangent  to  that  curve  (AT)  is  the  direction  io  which 
W acts.  The  position  of  this  line  JTh  quite  unknown,  but 
if  we  denote  the  angle  between  it  and  the  direction  of  A  hyi, 
we  may  be  sure  that  i  b  in  general  small. 

In  Figure  IL  we  have  represented  the  wedge  and  obstacla 
separate  from  each  other,  in  order  to  shew  cleorlj'  the  forces 
which  respectively  retain  them  in  equilibrium.  (The  point  A 
will  of  course  require  a  third  force  to  keep  it  in  equilibrium, 
this  will  be  perpendicular  to  JT  and  will  arise  from  the 
pressure  on  the  ground  which  supports  the  obstacle ;  it  ia 
omitted  in  the  investigation,  because  its  magnitude  is  a  matter 
of  no  interest) 

Now  the  wedge  is  kept  in  equilibrium  b;  the  force  iP 
and  the  two  forces  R ;  hence,  resohnng  in  the  dircctioo  of  P, 

""■•"^  8P-««»n. (I) 

Again,  the  point  A  is  kept  in  equilibrittm,  so  far  ta  tea- 
dene;  to  motion  in  the  direction  .4T  i»  coocerned.  bv  IT  and 
the  resolved  part  cjf  R :  hence 

ir-  Hcoai (2). 


E  the  wadge.  wfcieh  aeoi 

jaaader  it  as  actiiig  i 

OB  trf'-vUek  is  iiMiiitiiiMil  BO  as  to  be  able 

i  oalj-  m  a  eetiaia  directian;  ia  tUs  ease  no  nn- 

~  oeev.  aad  it  »  ia  Ois  Ibmi  oohr  tint  tbe 

B  wgardeJ  ae  afffeatle  to  tbe  [Hspoees  of  fwae- 


e^CAii 

itaftiie  ef  antaoai 
he  firaetioa  ACO. 
t  acts  vfMMi  die  ae- 
'  bod?  DEF  vUdi 
r  Move  aka^  Oi>F,  a 
to    JCO; 


wedeie  to  be    On 


w  A  fom  P  paralld  to  JCO.  and  the  body  DEF 

t  fiiRK    W  pazalld  to   02>F:  H  is  reqmred  to  find  the 
DofPto   IT  «beti  there  is  eqminKiam. 

t  a  be  the  aagle  «f  the  wed^;  S  the  "»«*»*■'  mesauw 
s  the  vedge  and.  the  bodj  at  the  point  of  fftwIaH 
Eo  far  the  eqniEbriinii  of  the  wed^e,  we  mttst  havck, 
:  the  fones  panJU  to  JCO, 

n  of  the  senunrcokr  body.  Rsohing  panOel 
>  ODF,  sod  obaerring^  that  the  aa^  wlndi  the  directkm  of 
I  with  ODF  is  the  ai^^  of  the  wei^e. 


(7)      TIte  Screw. 

34.  The  Screw  may  be  conceived  of  as  an  inclined  p 
wrapped  round  a  cylinder,  or  as  a  cylinder  having  on  its  ear* 
face  a  projecting  tliread  inclined  in  all  parts  at  the  same  given 
angle  to  the  horizon.  This  cylinder  fits  into  a  block  pierced 
with  an  equal  cylindrical  aperture,  on  the  inner  surface  of 
which  is  cut  a  groove  the  exact  counterpart  of  the  thread  on 
the  screw ;  hence  we  can  cause  the  screw  to  enter  the  block 
only  by  making  it  revolve  about  its  axis.  Suppose  the  axis  of 
the  screw  to  be  vertical,  and  a  weight  W  to  be  placed  upon  it, 
then  the  screw  would  descend  unless  prevented  from  doing  so 
by  some  other  force  ;  this  force  we  suppose  to  be  supplied  by 
a  power  P  acting  in  a  horizontal  direction,  at  the  extremity  of 
an  arm  of  given  length  :  this  is  nearly  the  mode  in  which  the 
screw  is  actually  applied  to  certain  mechanical  purposes,  as  to 
the  bookbinder's  press,  and  the  like.  In  practice  the  friction 
between  the  thread  of  the  screw  and  the  block  will  generaDy 
be  considerable,  but  for  the  sake  of  simplicity  we  shall  oou- 
sider  every  thing  to  be  perfectly  smooth. 


35. 
Screw. 


To  find  the  ratio  of  the  Power  to  the  Weight 


Let  the  power  P  act  at 
an  arm  a,  and  let  r  be  the 
radius  of  the  cylinder,  a 
the  inclination  of  the  thread 
to  the  horizon. 

Consider  the  equilibrium 
of  any  point  A  of  the  thread  ; 
suppose  the  portion  of  the 
thread  on  each  aide  of  A  to 
be  unwrapped,  so  as  to  as- 
sume the  position  of  the  i 
Btraight  line  BC.  inclined  at 

»»n  angle   a  to  the  horizon ;  _ 

tlicn  we  may  consider  the  point  J  as  supported  on  a  plane 
«j  inclination  a,  and  acted  upon  by  the  pressure  on  the  plane 
■«».  «.  horizontal  force   /•„  and  a  portion  of  the  weight    ~ 


I 


m  Kc  Mwnim.  iT  iw  tab  Moa^ia  pontf  erf"  die  doodL  wc 


(IT,  +  ir,+  ir.-t-  „ )  ana.  (r,  4^^,-*- A  +  _)« 
Bat  IF,*  ir,  +  ir,+ 
A3»./»  +A+A  +  - 
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Draw  AD  vertical,  DE  horizontal,  ^£  in  a 
direction  perpendicular  to  the  thread  of  the 
screw ;  then  the  sides  of  the  triangle  ADE, 
being  parallel  to  the  directions  of  the  weight 
eupported  by  the  screw,  the  horizontal  presatire 
produced  by  the  power  P,  and  the  resultant  of  iJ~ 
the  pressures  on  the  thread,  may  be  taken  to  represent  thcH 
forces ; 

DE 

.:  the  horizontal  pressure  =  ^r-— —  =  IV  tan  a. 


But  the  horizontal  pressure  =  P  - 


ON  FRICTION. 

36.  When  we  attempt  to  make  the  surface  of  a  body 
move  upon  that  of  another,  with  which  it  is  kept  in  contact 
by  pressure,  there  is  in  general  a  resistance  to  motion,  which 
is  frequently  sufficient  to  prevent  it  altogether ;  the  force  of 
resistance  is  called  friction. 

Friction  at  any  point  of  a  surface  always  acts  in  the 
direction  exactly  contrary  to  that  in  which  the  point  tenda 
to  move.  Hence,  when  a  particle  is  placed  on  a  rough  plane, 
the  line  in  which  the  friction  acta  will  lie  in  the  plane.  Also, 
if  a  body  on  an  inclined  plane,  and  under  the  action  of 
some  force,  is  on  the  point  of  ascmdtng.  the  force  of  friction 
acts  downwards ;  but  if  the  weight  of  the  body  is  ho  great 
that  it  is  on  the  point  of  descending,  the  action  of  friction 
is  upwards. 

It  lias  been  shewn  by  experiment,  that  when  a  body  is  a 
the  point  of  moving  on  the  surface  of  another,  and  is  only  pr< 

Thui  when  ihe  working  point  «f  the  mnehiue  i>  urged  rotaud  b;  the  «au»«r  wmv.Ii 
ia  diiwD  tuck  b;  ih*  flner,  luiil  the  fcrmulu  tot  ibc  m>chui«  will  be  faund.to  be, 
P      iiStnact  of  tmlol  diitiuicw  bemwn  lh«  ihiodi 
W"  circumfeieiiM"  of  circle  dHCrilied  by  /*  ' 

Anil  il  it  tnuiifnl  Ihut  thii  raiio  mnf  be  iliniinUhcd  la  MnT  extern  hf  rndtlnn  iht 
vmical  diauncc  beiwern  the  thmdi  id  the  two  iiaewt  tusurl;  tijual,  *icb  icnir  briog 
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rented  from  doing  bo  by  frictiou,  then  the  force  of  friction 
bears  to  the  normal  pressure  between  the  twit  hotlios  a  ratio 
which  depends  only  upon  tlie  constitution  of  tin;  two  bodies. 
In  fact,  let  R  be  the  normal  pressure,  then  tlie  friction  will  be 
cxprcMcd  by  m  ^>  where  />  is  a  quantity  de{>ending;  nut  on  the 
pressure  nor  on  the  extent  of  the  siirfitees  in  contact,  but  only 
on  the  nature  of  the  bodies ;  it  has,  for  instance,  a  ccrtftin 
definite  value  for  metal  and  wood,  and  80  on.  The  quantity  ^ 
is  called  the  coefficient  offriction*. 

From  what  has  been  said  it  will  appear,  that  In  j)rob1ems 
involving  the  pressure  of  one  body  on  another,  there  will  not 
be  a  greater  number  of  unknown  forces  involved  on  the  sup- 
position of  the  bodies  in  contact  being  rough,  tliiin  there  would 
be  on  the  hypothesis  of  their  being  smooth,  provided  we  con- 
sider only  the  limiting  circumstances  of  equilibrium,  that  is, 
when  the  body  is  on  the  point  of  sliding. 

In  consequence  of  the  force  of  friction,  systems  of  bodies 

I  in  nature   are   not  obliged  to  fulfil  those  exact  coutbtions, 

1  which  woidd  be  necessary  if  such  a  force  did  not  exist.     For 

I  example,  a  body  would  not  retain  its  position  on  a  smooth 

plane  unless  the  plane  were  accurately  horizontal,  whereas  a 

rough  plane  may  be  considerably  inclined  without  disturbing 

the  equihbrium  of  a  body  upou  it. 

37.     We  shall  illustrate  this  by  finding  the  angle  at  which 
I   a  rough  plane  may  be  inclined,  so  that  a  body  may  just  rest 
upon  it  without  sliding. 

Let  a  be  the  angle  of  incli- 
nation of  the  phinc ;  W  the 
weight  of  the  body ;  R  the  nor- 
mal pressure  on  the  plane ;  n  R 
the  force  of  friction.  Then,  re- 
solving the  forcea  pcr[>cndicular 
to  the  plane  and  parallel  to  it, 
we  have  these  equations  of  equi- 
librium, 

*  The  bictlon  ipokcn  of  in  ihii  ullrlv  mar  >»  lennad  tUtlieal  friction !  Bhen  on* 
rou^h  bodf  ulualljr  ntom  upon  (be  •urfkCD  of  annher  ■  ililTEtgiit  kiiul  of  fridlon  li 
brnuglit  into  pUy,  ohlch  niijr  be  nlled  dyiumiico/  IVicilon.  Thli  Uiicr  !■  «hc*n  b|r 
tipirlmtnt  lo  be  proponian*)  lo  Ihe  pnMort,  uid  indepmdcDt  of  ibc  tweni  oT  luiface 
;■  end  of  ibe  lelocity  o(  tbe  moTlng  bodjr. 
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R  -  Wcos  a, 
fiR  =  FT  sin  a; 
•*.  tan  a  ^  IX. 

This  equation  determines  the  limiting  value  of  the  inclination 
of  the  plane,  for  which  equilibrium  is  possible;  for  any 
smaller  value  there  will  be  equilibrium  a  fortiori. 

38.  Again,  if  the  interior  of  a  hemispherical  bowl  is 
smooth,  a  body  cannot  rest  in  it  except  at  the  lowest  point ; 
but  if  it  be  rough,  there  will  be  certain  limits  within 
which  the  equilibrium  will  be  possible;  let  us  determine 
those  limits. 

Let  B  be  the  highest  position  of  the  body  possible,  A  the 
bottom  of  the  bowl,  O  the  centre;  AOB  «  Q.  The  direction 
of  the  pressure  R  will  pass  through  the  centre,  the  friction  fiR 


M-'B. 


will  be  perpendicular  to  BO.  Resolving  the  forces  in  the 
direction  of  BO  and  perpendicular  to  it,  we  have 

fi=  TTcose, 
/[ifi=  fTsin^; 
.*.  tan  Q  ^  y,. 

This  equation  determines  the  greatest  possible  angular  dis- 
tance of  the  body  from  the  bottom  of  the  bowl.  The  vertical 
height  of  the  body  above  the  lowest  point  A 

«r(l  -COS0)  -r|l 7==>. 

Suppose,  for  instance,  that  r  -  1  foot,  and  that  m  ""-  >  which  is 

4 


T^ 


-^,     /-    ^-'^^ 


/ 


7^^^  ^     T.A  7 


'/ 


/-f' 
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B  for  metallic  surfaces,  then  the  preceding  expression 

becomes  1 j^=  -  .039  of  an  inch,  nearly. 

\/l7 


THE  CENTRE  OF  GRAVITY. 

If  two  equal  heavy  bodjes  A  and  B  ore  connected 

by  a  fine  rod,  it  is  evident  that    ^ ^ 

the  system  will  balance,  if  the   a  '•  " 

middle  point  C  of  the  rod  be  supported.  And  this  will  be  the 
case  in  whatever  position  the  system  is  placed,  because  the 
moment  of  A,  tending  to  twist  the  rod  in  one  direction,  will 
always  be  equal  to  the  moment  of  B,  tending  to  twist  it  iu 
the  opposite.  The  point  C,  about  which  A  and  B  will  balance 
in  any  position,  is  called  the  centre  of  gravilij  of  the  bodies, 

It  maybe  shewn,  that  for  every  system  of  heavy  particles 
there  exists  in  like  manner  one  point,  and  no  more,  such  that, 
if  it  be  fixed  and  the  bodies  rigidly  connected  with  it,  the 
system  will  rest  in  any  position.  This  point  is  called  tka 
centre  of  gravittj  of  tlie  gyatem. 

40.     To  shew  that  every  ayatem  hat  a  centre  of  gravity. 

Let     W,,     W„     W„     tr.,    5, 0, *, 

.  be   a   system  of  par- 


ticles,  the  weights    of  wluch 

are   W„    TT,.    IP,,    fT, 

respectively :  suppose  W, ,  JV^ 
joined  by  a  rigid  rod  without 
weight,  and  divide  the  same 
rod  ia  G,,  ao  tliat 


W,G, 


W.G. 


I  then  Wi  and  W,  will  balance  in  all  positions  about  6^1.  and 
1  if  we  suppose  G,  supported,  the  pressure  upon  the  support 
I  will  be  Wi  +  ir,. 

Again,  join  G,Wt,  and  divide  it  in  6r,,  so  that 
G,C,  :    IF,Gj  ::   W,  :    IK,  +  IV,; 
then,  if  we  suppose  the  rod  WiIF,  to  rest  upon  the  rod  Gj  W„ 
15 
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and   G-,  to   be  supported,  the  pressure   tK,  +  W, 
if;,  at  Wj  will  balance  about  G-,.      Hence   the  three  boc| 
Wi,  W;,  IKj,  supposed  rigidly  connected,  will  balance   i 
positions  about  G^. 

Similarly  we  may  find  a  point  G,.  about  which  If,, 
Wf,  W,  will  balance  in  all  positions,  and  bo  of  any  num 
of  particles.     Hence  every  system  of  particles  has  a  centre  4 
grarity. 

41.  A  sijutein  can  have  only  otm  Centre  ijf  Gravity. 
For  suppose  there  are  two,  and  let  the  system  be  so 

turned  that  the  two  centres  of  gravity  lie  in  the  same  hori- 
zontal plane.  Then  the  weights  of  the  different  particles  of 
the  system  form  a  system  of  vertical  forces,  the  resultant  of 
which  must  pass  through  the  centre  of  gravity,  othcr«-ise  tlie 
system  could  not  balance  about  that  point;  heuce  the  said 
vertical  resultant  must  pass  through  two  points  in  the  same 
horizontal  plane,  which  ia  absurd.  Therefore  there  are  not 
two  centres  of  gravity. 

42.  It  is  manifest  from  the  mode  by  wliicb  we  proved 
the  existence  of  a  centre  of  gravity,  that  the  tendency  of  n 
system  of  heavy  particles  to  produce  pressure,  or  to  ckuho 
moment  about  any  point,  is  the  same  as  that  of  a  single 
particle  equal  in  weight  to  that  of  the  whole  system  and 
situated  at  its  centre  of  gravity.  This  is  sometimes  expressed 
by  saying,  that  we  may  suppose  a  system  eoUected  at  iu 
centre  t\f  gravxiy. 

43.  To  find  Out  centrt  of  'jrai'ity  of  any  niimfter  of  parti 
in  the  same  plane. 

Let    Wu   tr„    IF, be 

the  weights  of  the  particles;  in 
the  plane  in  which  they  tic,  take 
any  two  straight  lines  At,  Ay, 
at  right  angles  to  each  other,  and 

Ict/i,.  A,,  /i, be  the  dis- 

taiK-cs   of    IF,,     IF,.     HT, 

f>om  tlio  line  Ax.  and  *,,  i,. 
'■^ their  distances  from 


the  lino  Ay ;  abm  let  A,  i| 
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UstanccH  of  the  centre  of  granty  of  the  ttystem  from  Ax, 
Ay  respectively;  then  it  is  evident  that  ii"we  find  A  and  k  we 
shall  have  solved  the  problem. 

Join  ir,  W^.  and  let  G^  be  the  centre  of  gravity  of  W, ,  W,; 
from  W„  H;,  G,,  draw  rr.a,.  ir,«,,  and  G,6,  perpendicular 
to  Ax:  then  we  have 

IF,  X  tr,G,  -  JF,  «  H',G, ; 

but  it  ia  evident,  from  similar  figures,  that 

ir,C.  :  a,6,  ::    ff,<?,  :  a,6,; 

.-.    IT,  X  a,ft,  -  W,  X  a,ft,. 

or  W,(^6,-t,)-  ir,(Ai-.rf*,); 

If  we  consider  another  particle  IF,,  we  may,  in  searching  ' 
for  the  centre  of  ^avity  of  the  three   W,,    IK,,   W^,  suppose   ' 
the  two  former  to  act  together  at  their  centre  of  gravity 
already  fouud;  hence,  if  Gj  be  the  centre  of  gravity  of  the 
three  particles,  and  wc  draw  G,b,  perpendicular  to  .^Ij:,  we 
shall  have 

^'^  =  -       IF,+  ?F.+  IF. 

tF,fc.+  'FA+  iVilh, 
IF,  +  W^+  W^       ' 
and  so  on  for  any  number  of  particles.    Hence  we  shall  have 
W,h,  +  iV,k, +  IF.t. 

w,  +  w, +  w.       ' 

and,  in  like  manner, 

IF.A,  +  W,h, +  IF.&. 

IF,+  fF, +  IF, 

44.     To  find  the  centre  of  gravity  of  any  number  ofparticUt  ' 
not  in  the  same  plane. 

If  we  conceive  three  planes  perpendicular  to  each  other 
to  be  drawn,  we   shall  solve    the   problem  if  we  find  the 

15- 
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perpendicular  distance  of  the  centre  of  gravity  from  i 
these  planes.  Let  A,,  k,,  I,,  be  the  perpendicular  distances 
of  the  particle  W,  from  the  three  planes  respectively,  and  so  on 
of  the  other  particles,  and  h,  k,  I,  the  perpendicular  distaaces 
of  the  centre  of  gravity  ;  then  we  may  prove,  in  like  manner 
as  in  the  last  proposition,  that 

^       ir.A,  +  mA  +  W.K .  ~ 

'°         IF,  +  IT, +  IF,      ' 

similarly. 

Wit,  +  W,k +  W.k, 

'"        IV,  +  W^ +  IF,       ' 

and  so  likewise, 

[Fi/i+  W^l, A-WX 

IF,  4-  IF, +  IF.      * 

We  shall  now  proceed  to  find  the  centre  of  gravity  in  s 
actual  cases. 

45.  To  find  the  centre  of  gravity  of  a  right  line. 
The  middle  point  will  be  the  centre  of  gravity ;  for  we 

may  suppose  the  Hne  to  be  divided  into  pairs  of  equal  weights 
equidistant  from  the  middle  point,  and  the  middle  point  will 
be  the  centre  of  gravity  of  each  pair,  and  therefore  of  the 
whole  system. 

46.  To  find  tfie  centre  of  gravity  of  a  triangle. 
Let  ABC  be  the  triangle  ;  bisect  BC  in  D,  and  join  A^ 

draw  any  line  hiic  pa- 
rallel to  BC;  then  it  is 
evident  that  this  line 
will  be  bisected  by  AD 
in  d,  and  will  therefore 
balance  about  d,  in  all 
positions ;  similarly  all 
lines  in  the  triangle  pa- 
rallel to  BC  will  balance 

about  points  in  AD,  nnd  therefore  the  centre  of  gravity  i 
be  gomewhcrc  in  JD. 

In  like  manner,  if  we  bisect  AC  in  E,  and  join  BE,  i 
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centre  of  gravity  must  be  in  BE ;  hence  Cr,  the  intersection  of 
AD  and  BEy  is  the  centre  of  gravity  of  the  triangle. 

Join  DEj  which  will  be  parallel  to  AB.    (Euclid,  vi.  2) 
then  the  triangles  ABGy  DEG  are  similar. 


•  • 


AG  :   GD 


AB  :  DE 
BC  :  DC 


2     :   1, 

or    AG  =  2GD, 

and   /.  AD'^SGD. 

Hence,  if  we  join  an  angle  of  a  triangle  with  the  bisection 
of  the  opposite  side,  the  point  which  is  two  thirds  of  the  dis- 
tance down  this  line  from  the  angular  point  is  the  centre  of 
gravity  of  the  triangle. 

47.  To  Jind  the  centre  of  gravity  of  a  pyramid  on  a 
triangular  hose. 


Let  ABCD  be  the  pyramid, 
take  EF  «  ^AE,  and  join  DF. 


Bisect  BC  in  E;  join  AE: 
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the  lino  in       1 

luinfr    in   hi- 


Suppose  the  pyramid  to  be  made  up  of  thin  alic6^ 
to  JBC,  and  let  abo  be  one  of  them;  let  a/e  be  the  1 
which  it  13  intersected  by  the  plane  DAE,  e  and  /  lying  in  6c 
and  VF  respectively.     Then,  by  similar  triangles, 
be  :  eD  ::   BE  :   ED, 
also    ce  :  eD   ::    CE  i   ED\ 
.-.  be  :    ce    ::  BE  :    CE, 
but    BE-CE;     .-.  be  =  ce. 
In  like  manner  it  may  be  shewn,  that 
fa  :  af  ::   FE  :  JF, 
but    JF-2FE;     .:  «/=  a/c. 
Hence /is  the  centre  of  gravity  of  the  triangle  a  6c.    Simi- 
larly it  will  appear,  that  the  centres  of  graWty  of  all  slicea  of 
the  pyramid  made  by  planes  parallel  to  ABC  lie  in  DF,  and 
therefore  the  centre  of  gravity  of  the  pyramid  is  in  that  line. 
Similarly,  if  we  join  DE,  take  GE  «  ^DE,  and  join  JG 
the  centre  of  gravity  will  he  in  AG;  therefore  H,  the  i 
tion  of  DF  and  AG,  is  the  centre  of  gravity  of  the  pyn 
Now  join  GF,  then  by  similar  triangles. 


nF  :  HD 


GF  : 

FE  : 


.-.  nF~\HD~XDF. 

Hence,  if  we  join  the  vertex  of  the  pyramid  with  the"* 
centre  of  gravity  of  the  base,  and  set  off  one  fourth  of  (Jus 
line  from  the  latter  point,  we  shall  determine  the  centre  of 
gravity  of  the  pyramid. 

Cor.  1.  The  same  construction  will  hold  for  a  pyramid 
upon  a  base  of  any  form,  since  it  may  be  divided  into  a  num- 
ber of  pyramids  on  triangular  bases. 

Cini.  2,  The  centre  of  gravity  of  a  solid  cone  will  be 
found,  by  setting  off  one  fourth  of  the  axis  mea.sured  from  tho 
centre  of  the  base ;  Fur  tho  bfti^e  may  bo  regarded  as  a  poly- 
gon having  an  indefinite  number  of  irides. 
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48.  Given  the  centre  of  gravity  of  a  heavy  body,  and  also 
that  of  a  certain  portion  ofity  to  find  the  centre  of  gravity  of  the 
remainder. 


Let  G  be  the  centre  of  gravity  of  the  body,  W  its 
weight :  G,  the  centre  of  gravity  of  the  given  portion,  Wx 
its  weight.  Join  Gi  G,  and  in  that  line  produced  take  Oj^ 
such  that 

G2G  :   G,G  ::   W,  :   fF-  fK,. 

Then  G^  will  be  the  centre  of  gravity  required. 

The  preceding  proposition  is  applicable  to  a  variety  of 
examples. 

The  following  is  one  of  the  niost  important  properties  of 
the  centre  of  gravity. 

49.  When  a  body  is  placed  upon  a  horizontal  plane,  it  will 
stand  or  fall  according  cw  the  vertical  line  through  ths  centre  of 
gravity  falls  within  or  without  the  base. 


Fio.  I. 


Fio.  II. 


r 


A 


Suppose   the   vertical   line  GC  through   the   centre  of 
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gravity  G.  to  fall  within  tlie  base,  as  in  fig.  1  :  tben  we  i 
suppose  the  whole  weight  of  the  body  to  be  a  vertical  pres- 
sure W  acting  in  the  line  GC ;  this  will  be  met  by  an  equal 
and  opposite  pressure  W  from  the  plane  on  which  the  body 
is  placed,  and  so  equilibrium  will  be  produced  and  the  body 
will  stand. 

But  suppose,  as  in  fig.  2,  that  the  line  GG  falls  without 
the  base ;  then  there  is  no  pressure  equal  and  opposite  to  W 
at  C,  and  therefore  W  will  produce  a  moment  about  B,  (the 
nearest  point  in  the  base  to  C)  which  will  make  the  body 
twist  about  that  point  and  fall. 

50.  According  to  the  proposition  just  proved,  a  body 
ought  to  rest  without  falling  upon  a  single  point,  provided 
that  it  is  so  placed  that  the  centre  of  gravity  is  in  the 
vertical  line  passing  through  the  point  which  forms  the  baee._ 
And  in  fact  a  body  so  situated  would  be,  mathematio  ~ 
speaking,  in  a  position  of  equilibrium,  though  practically  t 
equilibrium  will  not  subsist ;  this  kind  of  equilibrium  and  t 
which  is  practically  possible  are  distinguished  by  the  nai 
of  unstable  and  stabk.  Thus  an  egg  will  rcst  upod  its  side  I 
a  position  of  stable  equilibrium,  but  the  position  of  equilibria] 
corresponding  to  the  vertical  position  of  its  axis  is  untta 
TIic  distinction  between  stable  and  unstable  equilibrium  i 
be  enunciated  generally  thus :  Suppose  a  body  or  a  8)-sl 
of  particles  to  be  in  equilibrium  under  the  action  of  i 
forces ;  let  the  system  be  arbitrarily  displaced  very  sUgrf 
from  the  position  of  equilibrium,  then  if  the  forces  be  i 
that  they  tend  to  bring  the  system  back  to  its  positioD  i 
equilibrium  the  position  is  stabU,  but  if  they  tend  to  i 
the  system  etill  further  from  the  position  of  equilibrium  it  I 
unste^te. 


51.      W/wn  a  lieat-y  fioitif  is  fnt»peiuUd  from  a  point  i 
which  it  can  turn  freely,  it  will  rest  with  its  cetUre  of  gravity  i 
the  vertical  tine  passing  through  the  point  <jf  tuif>«ng\tm 

For  let  O  be  the  point  of  suspension,   G   the   centre   i 
gravity,  and  suppose  that  G  is  not  in  the  vertical  line  thn 
O;  draw  OP  perpcudiculu-  to  the  vertical  through  G,  i 
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18.  to  the  direction  in  which  the 
weight  VV  of  the  body  acte.  Then 
the  force  W  will  produce  a  moment 
iV.  OP  about  O  as  a  fulcrum,  and  there 
being  nothing  to  counteract  the  effect 
of  this  moment  equilibrium  cannot 
subsii^t. 

Hence  G  must  be  in  the  vertical 
line  through  O,  in  which  case  the 
weight  IF  produces  only  a  pressure 
on  the  point  O,  which  is  supposed 
immoveable. 


I 


ON  THE  PRINCIPLE  OF  VIUTtTAL  VELOCITIES. 

62.  Def.  If  we  suppose  a  point  at  which  any  force  acta' 
to  be  very  slightly  displaced,  and  from  the  new  position  of  the 
point  a  perpendicular  to  be  dropped  upon  the  direction  of  the 
force,  then  the  line  intercepted  between  the  foot  of  this  per- 
pendicular and  the  original  position  of  the  point  is  called  the 
Virtual  Vehcitij  of  the  force. 

Thus  let  0  be  the  point  at  which  q, 

the  force  P  acts,  and  suppose  it  to  be      ^^^\ 

slightly  displaced  so  as  to  be  brought    ON  p 

into  the  position  O' ;  from  O"  draw  the  perpendicular  Q'N  on 
OP,  then  ON  is  the  Virtual  A'cloeity  of  P. 

If  the  displiicement  of  0  is  such  that  jV  falls  between  O 
and  P,  that  is,  if  tlic  virtual  velocity  is  in  the  direction  of  the 
force,  it  is  reckoned  positive ;  if  in  tlie  opposite  direction, 
or  JV  on  the  other  side  of  O,  it  is  reckoned  negative. 

63.  It  will  appear  from  what  has  been  said  that  the  vir-  | 
tuol  velocity  of  a  force  is  to  a  considerable  extent  an  arbitrary 
quantity,  and  such  is  the  fact,  but  it  will  be  observed  that 
when  we  have  several  forces  acting  at  different  points  of  a  rigid 
body  the  displacement  of  one  point  vriU  in  general  determine 
the  displacements  of  the  others.  For  example,  suppose  we 
have  two  forces  acting  on  the  arm  of  a  lever,  then  if  we  raise 
one  extremity  of  the  lever  through  a  small  space,  the  other 


extremity  is  neoessarUj  depressed  tlirougli  a  space,  thfe  1 
nitude  of  which  can  be  assigned. 

64.  If  the  displacement  is  made  in  the  dii'ection  of  ihe 
force,  the  whole  displacement  becomes,  according  to  our 
definition,  the  virtual  velocity,  and  if  in  a  direction  perpen- 
dicular to  that  of  the  force,  the  virtual  velocity  is  zero.  And 
in  general  we  may  regard  the  virtual  velocity  as  the  spsoe 
through  wliich  the  point  of  application  is  moved  tn  the  direc- 
tion of  t/ie  /orce.  It  will  be  seen  also,  by  reference  to  Uie 
note  on  page  148,  that  when  a  force  is  acting  perpendicularly 
to  the  arm  of  a  lever,  and  the  arm  is  made  to  turn  through 
a  very  small  angle,  the  small  are  of  a  circle  described  bj 
the  point  of  application  may  be  taken  as  the  virtual  vel« 
of  the  force. 

55.  Hence  we  shall  see  sometliing  of  the  meaning  of  UiB 
term  Virtual  Velocity ;  for  suppose  we  have  any  number  of 
forces  acting  at  different  points,  and  that  in  consequence 
of  an  arbitrary  motion  of  one  of  the  points  in  the  direction 
of  the  corresponding  force  through  a  very  snmll  space  a,  the 
other  points  of  the  system  move  in  the  direction  of  tlicir 
respective  forces  through  the  spaces  0,  y,  &c. ;  then  since 
these  points  move  ct>ntemporaneously  through  the  spaces 
a,  j8,  7-..,  these  spaces  measure  the  rate  at  which  they  re- 
spectively move;  for  example,  suppose /3  =  2a, 
then  the  points  must  have  moved  at  rates,  or  with  vclocil 
which  are  in  the  ratio  of  l,  2,  3,  &c, ;  but  these  velocities 
not  real,  since  the  parts  of  the  system  do  not  move  iu  con- 
sequence of  the  forces  which  act  upon  them ;  if  they  did 
move,  the  question  would  be  Dynamical,  not  Statical;  lience 
the  small  spaces  of  which  we  have  been  speaking  are  called 
Virtual  Velocities.  And  the  student  cannot  too  carefully 
bear  in  mind,  that  the  motion  which  would  seem  to  be  im- 
plied by  the  term  velocity  is  altogether  of  a  geometrical 
character,  that  is,  it  is  not  due  to  the  forces  of  the  systcini 
but  is  only  a  displacement  supposed  to  be  arbitrarily  produced 
without  any  reference  to  the  nature  of  tlie  fore 
to  produce  it. 

fifl.     Having  explained  what  is  me«nt  by  virtual  v 
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we  shall  be  able  to  prove  several  propositions,  which  form 
particular  cases  of  a  very  general  principle  known  as  that  of 
Virtual  Velocities,  the  proof  of  which  we  cannot  give  here, 
but  of  which  it  may  be  well  to  give  the  enuneiation. 

WTwn  a  system  of  bodies  is  in  equilibrium  under  the  action 
({f  any  forces,  then  if  t/ie  system  be  very  sUglUly  di^laced, 
the  svm  of  eae/t  force  multiplied  by  its  virtual  velocity  will  iqucU 


All  that  we  shall  do  will  be  to  prove  this  principle  in  those   , 
cases  of  eqiiihbrium,  which   have  been  already  considered, 
aseuming  the  results  which  have  been  obtained. 

67.  To  prove  the  principle  of  virtual  velocities  in  the  case 
of  a  single  particle,  acted  upon  by  any  system  of  forces  in  the 
same  plane. 

Let  O  be  the  particle,  P  any  one  of  the  forces,  which 
makes  an  angle  9  with  a  line  OX 
drawn  through  0.  Let  the  particle 
be  displaced  to  (f,  and  from  O'  draw 
(fN  perpendicular  to  OP,  and  let 
ON  =  p ;  also  draw  O'm  perpendicular 
to  OX.  and  let  Om  =  x.  O'm^y; 
then  it  is  easy  to  see,  by  drawing  m/i 
perpendicular  to  OP,  and  Or  perpen- 
dicular to  mn,  that 

p~  On  +  0*r  <•  ,T  cos  0  +  y  sdn  5. 
Similarly,  if^'p"...be  the  virtual  velocities  of  forces  P P'. 
acting  at  angles  ff,  0".,.with  the  line  OX,  we  shall  have 
p'  —  xcosff  +y  sin  ff, 
p"  -  w  COB  9"  +  s  sin  ff', 
&c.  -  &e. 
.  Pp  +  P'p'+P"p"+...^xiPcoae  +  P'c03ff +  P"coa &'+...)  ] 
+  y  {pBiae  +  P"  ainff  +  P"  aiaff'  +...)-  0. 

by  the  general  conditions  of  equilibrium  established  in  Art.  15i 
paf^e  19!),  which  proves  the  principle  of  virtual  velocities  in 
this  cose. 


58.  To  prove  tlte  principle  of  virtual  velocitiea  in  As*c 
of  the  Lever. 

(l)  Suppose  the  lever 
to  be  a  straight  lever  AB, 
having  arms  AO  =  a,  BO  =  b, 
and  to  be  acted  upon  by 
forces  P  and  Q  perpendicu- 
lar to  the  arms. 

Let  the  lever  be  turned  through  a  small  angle  abt 
its  fulcrum,  bo  that  the  points  A,  B,  are  brought  into  t 
position3  A',  ff,  respectively  ;  from  A',  B,  draw  A'm,  B'n,  per^ 
pendicular  to  the  directions  of  the  forces,  and  A'm.  B'n 
perpendiculars  upon  the  lever.  Then  Am,  Bn,  or  A'm,  B ti 
axe  the  virtual  velocities  of  P  and  Q,. 

Now  we  have  seen.  Art.  17,  page  200,  that 
P.«  =  Q.fc. 
but  by  similar  triangles  AOm,  BOn, 
A'm'      B^ 
a     ~     6    ' 
.-.  P.A'm''-  Q.  Bn'. 
Hence,  not  ha^-iug  regard  to  sign,  we  may  say  that 
P  X  I^s  virtual  velocity  -  Q  x  Q's  virtual  velocity. 

Or  if  we  denote  A'm  by  p,  and  B'n  by  -  7,  (see  Art.  58)  we 
Hhall  have 

P.p  +  Q.q-=.o, 

which  coincides  with  the  general  enunciation  of  the  principle 
of  virtual  velocities  given  in  Art.  56. 

(a)     Suppose  the  forces  P  and  Q  to  act  at  any  angles  1 
and  /3  with  the  lever  JOB. 

Let  the  lever  be  turned  through  a  small  angle  aa  befoc 
and  call  the  angle  B.  From  A',  B  the  new  positions  oi  A  a 
B  draw  A'm,  Bn  perpendicular  to  the  directions  of  the  f< 
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then   if  0  be  indefinitely  small,  Am,  Bn  will  be  the  virtual 
velocities  of  P  and  Q.     Join  AA\  Bff, 

Then  Am  =  AA'  cos  A  Am 
=  2a  sin  -  cos  [a  -  90®  +  -j ,     (since  A'  AO  -  90® J , 

B  2a  sin  -  sin  (a  +  -  I , 
2  V  2/' 

similarly  it  will  be  found  that  Bn  «  26  sin  -  sin  (/3  — ) , 


d 

n.  ain   I  n  a. 

Am 


asm  la  +  -j 


If  we  make  Q  indefinitely  small,  we  shall  have  sin  [a  4-  -j 

indefinitely  nearly  equal  to  sin  a,  and  sin  [  )3  — |  to  sin  )3, 

-  ,-        -,        P's  virtual  velocity      a  sin  a 

and  therefore  -jr^ =  .—: — r . 

Q's  fesin/a 

But  we  know,  from  Art.  17,  page  200,  that 

P      68in/3 

Q      a  sin  a' 
/.  P  X  P's  virtual  velocity  —  Q  x  Q's  virtual  velocity, 

or,  having  regard  to  the  signs  of  the  virtual  velocities,  and 
calling  them  p  and  -  g, 

as  before. 
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This  laat  demonstration  ia  applicable  to  the  case  of  anj 
rigid  body  acted  upon  by  two  forces  in  the  same  plane,  aiid 
having  one  point  fixed ;  for  through  the  fixed  point  we  may 
draw  a  straight  line  intersecting  the  directions  of  the  forces, 
and  the  points  of  intersection  we  may  regard  as  the  points  of 
application  of  the  forces.  Hence  in  this  general  ease  the 
principle  of  virtual  velocities  is  true. 

69.     The    Wfteel  and  Axle. 

The  condition  of  equilibrium  being  precisely  the  same  ai 
for  the  straight  lever  acted  upon  by  two  forces  perpendicular 
to  its  arms,  the  demonstration  will  be  the  aame  as  in  that 
cose. 

60.      Tootlied   Wheels, 

To  simplify  the  investigation  we  shall  suppose  the  teeth 
to  be  indefinitely  small,  and  therefore  the  wheels  themsel%'C3 
to  be  in  contact ;  the  action  between  the  wheels  will  then  bo_ 
in  the  direction  of  the  tangent  to  the  wheels  at  the  point  q 
contact,  or  perpendicular  to  the  line  joining  their  centres. 

Let  R  be  the  action  between  the  wheels,  and  suppose  c 
of  them  to  be  turned  through  a  very  small  angle,  and  let  6,^ 


be  the  positions  into  which  the  points  which  were  in  conti 
at  a  are  brought  by  the  displacement. 

Tlien   from    what   has    been    already   proved,    and 
Art  H,  we  shall  have, 

i*  X  P'b  virtual  velocity  ~  R  ■*  ah. 
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W  X  fV'a  virtual  velocity  =  Ry(  ac\ 

but  it  is  manifest  that  ah  =  ac,  since  those  portions  of  the 
wheels  have  been  in  contact, 

.-.   P  X  P's  virtual  velocity  =  (F  «  Ws  virtual  velocity. 

61.      7"/.^  Pulhf. 

In  applying  the  principle  of  virtual  velocities  to  pullies, 
we  suppose  the  weight  W  to  be  raised  through  a  small  space, 
which  small  space  will  be  its  virtual  velocity,  and  the  cor- 
responding space  through  which  the  point  of  application  of  P 
must  be  moved  in  order  to  keep  the  atriug  stretched  will  be 
the  virtual  velocity  of  P. 

(l)      The  eitu/le  moveable  Pally. 

If  in  the  figure,  page  212,  Art.  a6,  we  suppose  (('  raised 
through  a  small  space  a,  the  string  on  either  side  of  the  pully 
will  be  shortciied  by  the  same  quantity ;  consequeutly  the 
point  of  application  of  P  must  be  raised  through  ia,  which 
will  be  i*"s  virtual  velocity. 


But 


^  W; 


or  /•  X  P's  virtual  velocity  =    IV'  x  IF's  virtual  velocity. 

(2)      Ttte  first  mjatem  of  Pulliiv. 

In  the  figure  of  page  313.  Art.  S7,  let  W  be  raised  through 
a  small  space  a,  then  the  lowest  puUy  rises  through  a  space  «, 
the  second  (reckoning  from  the  lowest)  through  a  space  2  o, 
the  third  through  2  x  2a  or  2* a,  and  so  on;  hence  the  h'^ 
pully  will  rise  tlirough  a  space  a''"'a,  and  the  space  through 
which  P  will  descend  will  be  •z''a. 

But  /'xr  =  IF; 

,-.   P  X  -Z'lt  =  W  *  a, 

or  P  X  P's  virtual  velocity  =  IV  «  W'n  virtual  velocity. 


240  BTATica. 

(3)  Tlie  second  system  of  PuUies. 
In  the  figure  of  page  213.  Art.  28,  let  W  be  raised  through 

a  small  space  n  \  then  if  there  be  n  strings  between  the  two 
blocks,  each  of  these  will  be  shortened  by  a  quantity  a, 
consequently   P  will  descend  through  a  space  no. 

But  P  y  n-^  W; 

.:  P  X  »Q  =   TF  X  a, 

or  P  X  P's  virtual  velocity  •*  W  k  Wa  %'irtuaJ  velocity. 

(4)  The  third  system  of  Pulliea. 
In  the  figure  of  page  214,  Art,  29,  let  rr.be  raised  througo 

a  sniidl  space  a ;  then  the  second  pully  {reckoning  from  the 
highest)  will  descend  through  a  space  a.  and  therefore  the 
third  ptitly  will  descend  through  2a;  but  in  consequence  of 
the  rising  of  IV.  the  third  pully  would  have  descended  throi^h 
a,  even  if  the  second  had  been  fixed,  therefore  on  the  whole 
it  descends  through  2a  +  a-  In  like  manner  the  fourth 
descends  through  2  (2ii  +  a)  +  a  or  (2*  +  2  +  i)a  ;  and  the  n* 
through  (H'"^  +  2""'  +  ...  +  1)  a,  and  P  through 

(2'"'  +  3'-'  +  ...  +  I)  a,  or  through  (2"  -  I)  a. 

But  P  X  (2"  -  1)  =.  W, 

A   Px  (2"-  1)  o-  IVxa. 

or  P  X  P'&  virtual  velocity  »  tf  k  Ws  virtual  veloeity. 

62.      The  inclined  Plane. 

Let  .^  be  a  particle,  of  weight  W, 
which  is  kept  at  rest  on  an  inclined 
plane  by  a  force  P,  the  direction  of 
which  makes  an  angle  e  with  the 
plane ;  li  the  pressure  of  the  plane 
on  A;  a  the  angle  of  the  plane.  ""^ 

Suppose  A  to  be  moved  along  the  plane  to  the  point  a ; 
from  a  draw  ah,  ae  perpendicular  to  the  directions  of  P  and 
IV  respectively  ;  then  Ab,  Ac  ore  the  virtual  velocities  of  P 
and  W ;  H  will  have  no  virtual  velocity,  Art.  Si. 


VIRTUAL  VELOCITIES. 

Now  Ab  a  Aa.  eoa  e, 

and  Ac  "  Aa  .sin  a; 

but  Pco8e=  IT  sin  a; 

.'.   P  «  Ja  cos  6  =  TT  X  A  a  sin  a, 

or  P  >i  Ab -^  W  X  Ac, 

or  P  X  P's  virtual  velocity  =  W  x   TT's  virtual  velocity. 


63.      The    Wedffe. 

Let  the  figure  represent  one  side  of  an 
losccles  wedge,  acted  upon  by  a  force  2P; 
the  point  of  contact  of  the  obstacle  ;    W 
■■Hie  resistance ;  □  the  semiangle  of  tlie  wedge. 
Suppose  the  wedge  depressed  through  a 
small  space  ce,  so  that  the  wedge  assumes  the 
position  represented  by  the  dotted  line;  and 
let  b  be  the  corresponding  point  of  contact  of 
the  obstjxcle,  so  tliat  the  point  A  has  moved 
through  the  very  small  space  Ab,  which  we 
shall  consider  to  be  a  straight  line.     From  c,A,  draw  cd,  Aa, 
perpendicular  to  the  side  of  the  wedge,  and  let  the  angle 
_  bA  a  =  i. 


Tben 
but 


A  b  cos  i  =  An  =  cd  =  ce  sin  a, 
Pco3i=  JTsina; 


P  X  P's  virtual  velocity  =-  IV  x  TP"s  virtual  velocity. 


64.      The  Screw. 

It  is  evident  that  if  the  arm  upon  which  the  force  P  acts, 
(see  fig.  page  35),  be  made  to  describe  a  complete  revolution, 
the  weight  W  will  be  raised  or  depressed  through  a  space 
equal  to  the  vertical  distance  between  two  threads  of  the 
screw ;  and  the  same  proportion  will  be  observed  whatever 
be  the  actual  magnitudes  of  the  motions  of  P  and  17 ;  con- 
16 
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sequently  supposing  these  motions  to  be  indefinitely  small, 
we  have  (Art.  54). 

P's  virtual  velocity      circumference  of  circle  described  by  P 
TF's vertical  distance  between  two  threads  ' 

P      vertical  distance  between  two  threads 
W     circumference  of  circle  described  by  P  * 

/.  P  X  P*s  virtual  velocity  =  W^  x  FF's  virtual  velocity. 

65.  We  have  thus  proved  the  principle  of  virtual  velocities 
in  the  case  of  all  the  simple  machines.  In  any  combination 
of  these  miachines  it  is  not  difficult  to  conclude  that  the  prin- 
ciple must  also  hold.  A  law  which  thus  brings  under  one 
view  the  conditions  of  equilibrium  in  so  many  different  cases 
will  doubtless  appear  to  the  student  one  of  great  beauty  and 
generality,  although  only  a  deduction  from  conditions  pre- 
viously established;  but  the  principle  of  virtual  velocities 
appears  in  its  most  striking  light  when  demonstrated  in  all 
its  generality,  and  made  the  basis  of  mechanical  investiga- 
tions. 
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1,  Wb  have  now  tu  treat  of  force,  coniiiilered  a»  pro- 
ducing motion  in  bodies.  Our  first  business  wiQ  be  to  explain 
accurately  what  we  mcau  by  the  velocity  of  a  body,  and  how 
it  ifi  measured. 

2.  The  velocity  of  a  body  is  tUe  rate  of  its  motion,  or  tlie 
degree  of  ijuickness  with  which  it  is  moving :  if  of  two  bodiea 
one  passes  in  a  given  time  over  twice  the  distance  passed  over 
by  the  other,  we  aay  that  the  velocity  of  the  first  i«  twice  as 
great  as  the  velocity  of  the  second. 

Velocity  may  be  un^orm  or  variable.     By  saying  that  a 
body  moves  with  imtform  velocity,  we  mean  that  it  moves 
through  equal  spaces  in  equal  times;   when  tlie  velocity   : 
variable  this  is  uot  the  qosq. 

Velocity  when  uniform  is  measured  liy  the  epace  pasted  ovef  | 
tn  a  unit  of  time ;  when  variable  it  id  measured  at  any  initant,  J 
by  the  sj)ace  tehich  would  be  passed  over  in  a  unit  af  time,  if  thi  I 
body  were  to  move' during  that  unit  with  the  velocity  which  it 
has  at  the  proj>o»ed  instant. 

This  reiiuires   some   explanation.     Let   us  first  consider 
uniform  velocity ;    in  order  to  measure  it,  we  first  fix  upon 
some  unit  of  time,  that  is,  some  convenient  period  of  time  to 
which  we  may  always  refer,  and  by  which  we  may  measure 
other  periods :  the  unit  agreed  upon  is  one  second,  so  that 
in  what  follows,  (unless  the  contrary  be  stated,)  time  will  be 
measured  by  seconds ;  if  any  number,  as  5  for  example,  should 
occur  as  representing  time,  it  will  be  understood  to  mean  a 
or  5  seconds.     Wc  may  here  also  state  that,  in  like  manner,  I 
we  find  it  convenient  to  agree  upon  a  fixed  unit  of  space,  T 
and  that  the  unit  wc  shall  take  will  be  one  foot,  so  that  {tol 
take  our  former  example)  the   number  5,  if  representing! 
space,  will  mean  5  feet.    With  these  conventions  our  rule  fop'| 
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measuring  uniform  velocity  will  be,  that  it  is  measured  by 
the  number  of  f&tt  described  in  one  second ;  and  it  does  not 
require  much  consideration  to  perceive,  that  this  is  a  proper 
mode  of  measuring  velocity ;  for  suppose  two  bodies  are 
moving  uniformly,  and  that  one  passes  over  J  feet  in  a  second 
and  the  other  5  feet,  then  the  numbers  3  and  5  are  proper 
representatives  of  the  respective  velocities  of  the  bodies. 
Any  other  numbers  in  the  same  proportion  would  bo  e<|Ually 
jiroper  expressions  for  the  velocities,  and  the  actual  numbers 
of  course  depend  upon  the  particular  units  we  have  chosen  ; 
thus,  if  in  the  case  just  supposed  we  had  taken  2  seconds  as 
the  unit  of  time  instead  of  1  second,  the  values  of  the  veloci- 
ties would  have  been  6  and  10  instead  of  3  and  5. 

"With  regard  to  the  mode  of  measuring  variable  velocity, 
it  will  be  seen,  that  when  the  rate  of  a  body's  motion  is 
changing  from  moment  to  moment,  we  cannot  measure  its 
velocity  by  the  space  which  it  passes  over  in  a  unit  of  time, 
because  it  will  not  have  moved  at  the  same  rate  during  the 
whole  of  that  unit  of  time.  Hence  we  adopt  the  method 
already  enunciated,  and  we  measure  the  velocity  of  a  body 
at  any  moment,  not  by  any  space  actually  described,  but  by 
the  space  which  would  be  described  in  l",  if  the  body  moved 
during  that  time  with  the  velocity  with  which  it  is  animated 
at  the  moment  in  question.  In  doing  this,  we  are  in  fact 
only  adopting  a  method  which  is  in  ordinary  use;  for  when 
we  speak  of  the  velocity  of  a  coach  as  10  miles  per  hour,  we 
do  not  mean  to  assert,  that  the  coach  will  pass  over,  or  has 
pasaed  over,  lo  miles  in  any  given  hour,  but  only  this,  that 
if  it  were  to  proceed  during  an  hour  at  the  rate  at  which  it 
was  moving  at  the  moment  of  our  observation  it  would  pass 
over  10  miles. 

3,  We  shall  in  what  follows  usually  denote  time  by  the 
letter  t,  space  by  s,  velocity  by  v.  From  what  has  been 
said,  we  slial!  be  able  to  attach  a  distinct  conception  to  each 
of  these  synnbols ;  (  will  be  the  number  of  seconds  in  «ny 
time  symbolized,  «  the  number  of  feet  in  any  space,  and  v 
the  number  of  Jeet  which  are,  or  would  be,  described  by  a 
body  in  one  gecond,  according  as  the  velocity  is  uniform  or 
variable. 
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4.  Pnop.  If  &  he  the  apace  which  a  body,  moving  uniformly 
with  a  velocity  v,  deacribes  in  ths  time  t,  then  a  •  vt. 

For  V  is  the  number  of  feet  whicli  the  hotly  passes  over 
in  l";  and  the  body  passes  over  equal  epacea  in  equal  timeSf   ' 
therefore  in  ("  it  describes  vt  feet,  i.  e.  «  •>  vt. 

5.  We  may  extend  to  velocity  the  conveution  respecting 
algebraical  signs,  which  we  have  already  found  of  use  in  the 
case  of  lines,  angles,  and  statical  forces.  If  we  fix  upon  any 
point  in  a  body's  path,  and  consider  the  velocity  of  the  body 
to  be  positive  when  its  distance  from  that  point  is  increasing, 
then  we  must  regard  the  velocity  as  negative  when  that  <Us- 
tance  is  diminishing:  for  instance,  suppose  a  body  is  projected 
upwards  from  the  earth's  surface,  and  we  regard  the  velocity 
during  the  ascent  as  positive,  then  when  the  body  dei-cends 
the  velocity  will  be  nogative, 

6.  It  is  manifest  that  we  may  represent  velocity,  in  the 
same  way  as  we  formerly  represented  force,  hy  a  straight  line, 
the  length  of  the  line  indicating  the  magnitude  of  the  velocity, 
and  the  direction  in  which  it  is  drawn  that  in  which  the  body 
is  moving ;  this  we  shall  call  representing  a  velocity  in  direc- 
tion and  magnitude. 

7-  When  a  body  is  animated  simultaneously  by  two  velo- 
cities having  different  directions,  the  body  will  evidently  move 
in  a  direction  intermediate  to  those  two  directions,  in  one  of 
which  it  would  have  moved  if  animated  by  either  velocity 
singly,  and  with  a  velocity  which  will  in  some  manner  depend 
on  each  of  the  two  velocities,  and  may  be  called  theii-  r&nif- 
tant.  The  actual  problem  of  finding  the  resultant  of  two 
velocities  we  shall  solve,  by  proving  a  proposition  very  nearly  , 
analogous  to  the  parallelogram  of  forces,  and  which  we  shall  I 
call  the  parallelogram  of  velocities, 

8.  Pbop.  Jf  two  velocities,  with  which  a  particle  is  sitnut-  1 
taneously  animated,  be  represented  in  direction  atui  maynitude 
by  two  straight  tinea  drawn  from  the  particle,  the  resultant  I 
velocity  of  the  particle  totll  be  reprmrmett  in  direction  and  I 
magnitude  by  the  diagonal  of  the  parallelogram  described  upon  1 
l/wse  two  straight  lines. 


Let  A  be  the  particle,  JB 
AC  the  lines  representing  the 
two  component  velocities,  JD 
the  diagonal  of  the  parallelogram 
ABDC  described  upon  them. 

Then,  under  the  influence  of  the  velocity  AB  only,  tl 
particle  would  at  the  end  of  \"  be  at  B,  and  under  the 
influence  of  AC  it  would  be  at  C;  suppose  now,  that  instead 
of  moving  for  l"  under  the  influence  of  the  two  velocities,  the 
particle  movea  for  l"  under  the  influence  of  AB,  and  then 
for  l"  under  the  influence  of  AC,  its  place  at  the  end  of  the 
time  will  be  the  same  as  upon  the  former  hypothesis.  But  oH» 
this  supposition  the  particle  will  be  at  the  end  of  the 
second  at  B,  and  {drawing  BD  parallel  and  equal  to  AC) 
will  be  at  the  end  of  the  next  at  D;  hence,  under  the  inBuencti 
oi  AB  and  ,^Cjointly,  the  particle  will  be  at  the  end  of  l"  at 
D,  that  is  to  say,  AD  represents  the  resultant  velocity  in 
direction  and  ruagnitudc. 

Oils.     In  this  proof  we  have,  fo»  simplicity's  sake,  spoken 
of  the   velocities  as  if  they   were  uniform ;  the  same  proof 
however  applies,  with  a  change  of  phraseology,  to  varial 
veloci^es. 

il.  It  follows  from  the  proposition  just  proved,  that,  ifn 
particle  be  moving  with  a  velocity  v  in  a  direction  making  an 
angle  9  with  a  given  line,  we  may  conceive  the  particle  to  be 
animated  by  two  velocities  v  cos  Q  in  the  direction  parnJIel  to 
the  given  line,  and  v  sin  $  in  the  direction  perpendicular  to  it. 
This  ia  called  resolving  a  velocity. 

And  hence  we  may  compound  any  number  of  velocities 
and  find  their  resultant,  by  a  process  exactly  similar  to  that 
made  use  of  for  forces,  and  given  at  length  in  Art.  14, 
page  197. 

Having  said  thus  mucli  respecting  velocity,  we  shall 
proceed  to  treat  <ti  fvrcv.  considered  dynaniioally.     We 
alrcatly  defined  force  (page  185)  a»  any  caiu«  uthich  c/tatute^, 
or  temts  to  chanijr,  a  btxly't  state  0/  rest   or  modon,  and  w© 
have  already  in  the  treatise  on  Statics  considered  tJie  case  of 
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force  tendituf  to  move  bodies  from  rest ;  we  shall  now  be 
emplo_yed  with  the  ease  offeree  actually  producing  or  changing 
motion. 

10.  We  shall  begin  by  enunciating  the  following  general 
property  of  matter,  which  is  known  as  the  First  Law  of 
Motion. 

A  body  under  the  action  of  no  external  force  will  remain  at 
rest,  or  moi'e  uniformly  in  a  straight  line. 

With  regard  to  the  meanintf  of  this  law,  it  is  intended  to 
aBsert  that  there  is  in  matter  no  tendency  to  motion  of  one 
kind  more  than  another,  or  indeed  of  any  kind;  that  matter 
18  purely  inert,  and  the  cause  of  any  motion  which  a  body 
may  have,  is  to  be  sought  not  in  the  properties  of  the  body 
itself,  but  in  external  influences.  The  property  which  matter 
possesses,  of  moving  only  with  the  velocity  it  has  acquired  from 
the  action  of  external  force,  is  called  its  ijiertia;  hence  we 
may  say  briefly,  that  the  first  law  of  motion  asserts  the  inertia 
of  matter. 

11.  As  to  the  proof  of  this  law,  we  may  obtain  some 
hint  of  its  truth  by  observing,  that  the  more  nearly  we  make 
the  circumstances  of  a  body  agree  with  those  supposed,  the 
more  nearly  is  the  law  verified  :  for  instance,  according  to  the 
law  the  destruction  of  the  velocity  of  a  body  moving  along  a 
dead  level  ought  to  be  wholly  due  to  friction,  and  we  do  in 
fact  find  that  the  more  we  guard  against  friction  the  longer 
the  body  will  continue  in  motion,  and  on  a  railway,  where  the 
friction  is  very  much  <liminished.  tlie  distance  to  which  a  train 
will  proceed  after  the  steam  has  been  turned  off  is  very  great 
indeed.  Other  examples  will  suggest  themselves  to  the  etndcut. 
or  perhaps  he  may  think  the  law  so  simple  as  not  to  require 
illustration ;  he  must  remember  however  that  the  want  of  a 
clear  perception  of  its  truth  was  for  a  long  time  a  bar  to  pro- 
gress ia  dynamical  science,  because  men,  misled  by  terrestrial 
phsenomena,  considered  it  necessary  to  inquire  what  force  was 
necessary  to  keep  a  botly  in  a  certain  uniform  state  of  motion. 
A  satiafactory  proof  of  the  truth  of  this,  as  well  as  of  other 

llawa  which  we  shall  meet  with  hereafter,  arises  from  the  fftct 
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of  the  accurate  agreement  with  fact  of  calculations,  iai 
complicated,  which  are  based  upon  it.     Perhaps,  however,  J 
mind,  which  has  dwelt  long  on  the  aubject,  will  see  the  t 
of  the  law  as  necessarily  involved  in  the  idea  of  matter,  i 
having  therefore  an  axiomatic  character  more  convincing  ti 
any  proof  founded  upon  the  agreement  of  calculation  i 
experiment:  we  must  not  however  pursue  a  remark.  i 
would  lead  us  into  discussion  unsuited  to  the  character  of -|| 
present  elementary  work. 

12.  Dismissing  then  the  question  of  the  nature  o€  i 
proof  of  the  first  law  of  motion,  and  supposing  its  truth  | 
be  establbhed,  we  learn  from  it  that  whenever  a  body  i 
moving  with  a  velocity  varying  either  in  direction  or  in 
magnitude,  we  are  to  conclude  that  the  body  is  acted  upon 
by  some  extraneous  force.  Confining  ourselvea,  for  distinctness 
of  conception,  to  the  case  of  a  body  moving  in  a  straight  line 
but  not  uniformly,  wc  are  to  conclude  that  the  change  of 
velocity  from  one  moment  to  another  is  due  to  the  action  of 
some  force  upon  the  body  ;  liencc  the  rate  of  this  change  miut 
in  some  way  be  an  index  of  the  intensity  of  the  force :  bat 
here  the  question  occurs, — Are  we  lo  estimate  the  force  mctiag 
on  the  body  solely  by  the  change  of  velocity,  or  are  we  to 
take  into  account  also  the  quantity  of  matter  contained  ia  the 
body,  for  it  is  an  obvious  fact  that  a  given  force  (as  a  blov 
for  instance)  will  generate  a  greater  velocity  in  a  body  w  its 
weight  is  lesa?  The  answer  is,  that  we  may  estimate  the 
force  either  way,  that  is,  we  may  estimate  it  either  by  the 
velocity  generated  only,  or  we  may  take  into  account  not 
only  the  velocity  generated,  but  also  the  quantity  of  matter 
moved :  in  the  former  case  we  call  the  force  the  acceUratitg 
force  acting  on  the  body,  in  the  latter  the  m*)vin*f  force. 
As  the  distinction  between  these  two  ways  of  usttmatiag  forco 
is  of  first  importance  to  a  clear  understanding  of  dyoamioal 
principles,  wc  sliall  enunciate  it  as  plainly  as  wc  can. 


13.     Force  conniUred  with  reference  to  veloctlt/ 
onhj.  and  not  to  C/w  quantity  <^  nuitter  moved,  is  called 
x^ng/oree. 
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Force  conaiilered  with  reference  to  ttte  qitanliti/  nf  matter 
moved,  as  well  as  the  velocity  generated,  is  called  moving  force. 

14.  The  exact  relation  between  accelerating  and  moWng 
force  will  be  for  our  consideration  presently :  the  former 
will  just  now  occupy  our  attention,  and  we  must  consider 
carefully  the  mode  of  measuring  it.  We  will  observe,  by  the 
way,  that  the  term  accelerating  is  not  used  as  opposed  tu,  but 
rather  as  inclusive  of,  retarding  force,  the  latter  being  sup- 
posed to  differ  from  the  former  merely  in  its  algebraical  sign ; 
and  hence,  when  we  speak  of  a  force  generating  a  velocity 
in  a  body,  we  intend  the  term  to  include  forces  which  destroy 

^H  velocity. 

^^H        Accelerating  force  may  be  uniform  or  variable ;  it  is  called 

^^■VTit/broi  when  equal  velocities  are  generated  in  equal  times, 

^^^variable  when  this  is  not  the  case. 

^^V        Accelerating  force  ia  measured,  if  imiform,  by  the  velocity 
^^^generated  in  a  unit  of  time ;  if  variable,  by  the  velocity  which 
"      foould  be  generated  in  a  unit  of  'time  if  tlie  force  remained  con- 
stant during  that  unit. 

Let  us  illustrate  the  mode  of  measuring  accelerating  force, 
by  reference  to  the  case  of  the  earth's  attraction :  we  observe 
that  bodies  fall  with  a  variable  velocity,  hence  we  know  that 
they  are  acted  upon  by  some  force ;  this  force  we  are  led  to 
attribute  to  an  attraction  residing  in  the  earth,  and  which 
we  coll  gravity ;  again,  we  observe,  (or  at  least  we  will 
suppose  it  to  be  observed,)  that  the  increments  of  velocity 
of  a  falling  body  in  equal  times  are  equal,  hence  we  con- 
clude that  gravity  is  a  wni/bcm  force.  Let  us  consider  how 
it  is  to  be  measured ;  a  body  in  l"  is  found  to  fall  from 
rest  through  l6.l  feet,  at  the  end  of  l"  it  is  found  to  be 
moving  with  such  a  velocity  that  it  would,  if  it  continued  to 
move  with  the  velocity  which  then  animates  it,  pass  over  in 
the  next  second  32.2  feet.  Hence  38,2  feet  is  the  measure 
of  the  velocity  which  has  been  generated  in  i",  and  is  there- 
fore the  measure  of  the  accelerating  force  of  gravity.  It  may 
be  mentioned  here,  that  this  quantity  is  usually  denoted  by 
the  letter  g. 
^^—        It  appears  then  that  33,2  feet  is  the  measure  of  the  earth's 
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attraction,  and  in  makiug  use  of  this  result  the  studeBt.^ 
requested  to  bear  carefully  iu  mind  all  the  conventions  ) 
which  it  depends.     We  have  assumed  that  the  acceleratt 
force  of  the  earth's  attraction  on  aH  bodies  is  the  same;  ^^ 
experimental  proof  of  this  is  supplied  by  the  fact,  that  under 
the  exhausted  receiver  of  an  air-pump  all  bodies  fall  equally 
rapidly ;  tlje  diiference  of  velocity  of  falling  bodies  in  air  is  doe 
entirely  to  the  difi'erent  action  of  the  air  upon  them. 


be  t/ie  velocity  {lentraled   fiy  a  uniform 
1  ifie  time  t,  Oien  ^vUl  v  =  ft. 


15.  Pnop.     If  v 
acceUratiftff  force  f  i 

For/  is  the  expression  for  the  velocity  generated  in  i", 
and  since  the  force  is  uniform  an  equal  velocity  is  generated 
in  each  second,  therefore  tlie  velocity  generated  in  f"  is  ft ; 
i.  e.  V  =ft. 

Thus  in  the  case  of  the  earth's  attraction,  the  velocity 
generated  in  l"  in  a  falling  body  is  32.3  feet,  fiicrcfore  the 
velocity  generated  in  a"  is  (i4.4  fcetj  by  which  we  mean,  that 
if  a  heavy  body  be  let  fall,  it  will  at  the  end  of  2"  be  moving 
ivith  such  a  velocity  that,  were  that  velocity  continued  con- 
stant through  l",  the  body  would  niove  through  64.4  feet, 

16.  AVe  haic  said  that  force  is  measured  by  the  velocity 
generated  in  a  unit  of  time,  but  now  we  must  observe  further 
that  there  is  a  certain  kind  of  force  which  cannot  be  so  esti- 
mated. This  kind  of  force  is  what  wc  term  impuUivt,  under 
which  name  we  include  all  forces  which  are  of  the  nature  of 
a  sudden  blow,  applying  the  name  of  finite  to  all  other  forces, 
6uch  as  that  arising  from  the  gravitation  of  bodies.  We  n-ill 
tirat  give  formal  definitions  of  these  two  classes  of  force,  and 
then  attempt  to  explain  clearly  the  difference  between  thein, 
and  the  necessity  for  different  modes  of  measuring  their 
effects. 

Def.  a.  finite  force  is  one  which  requires  a  finite  time  to 
generate  a  finite  velocity. 

Dkf.  An  impufMvc  force  is  one  which  generates  a  finite 
velocity  in  an  indefinitely  short  time. 

17.  Let  us  consider  what  takes  place,  when  an  impulsive 
force  results  from  the  impact  of  two  bodies  upon  each  other. 
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For  disttnctaesG  of  conceptiuii.  let  ns  snppoae  tbat  the  impaeC 
is  that  of  twa  Wory  twlU :  when  the  bijlji  strike  each  other, 
the*  appenr  Ut  flv  asunder  instantaneou.*] t ,  but  to  realitT  a 
rather  complicated  actioa  takes  place  between  them ;  the  first 
effeei  after  impact  is  a  compressioD  of  each  of  the  balls,  rcry 
sliglit  of  course,  but  nereTtheless  necessarilv  existing  unless 
the  bails  be  absolutely  rigid,  which  no  substance  in  natare  is ; 
afYcr  the  compression  ha^  ceased,  a  restitution  of  the  figure  of 
the  balk  commences,  in  consequence  of  their  ehuticity,  and 
when  the  form  of  the  bails  is  restored  they  separate,  and  their 
action  on  each  other  ceases.  The  whole  action  just  described 
neces.-*aTilT  occupies  a  certain  space  of  time  and  cannot  be  in- 
stantaneous, and  there  is  nothing  in  the  nature  of  the  forces 
considered  to  make  theni  differ  essentially  from  those  which 
we  have  denominated  ,jiiu>« ,-  nevertheless,  if  we  attempt  to 
tnea-sure  them  in  the  same  wajr  we  are  met  by  this  insuperable 
diiliculty.  that  we  know  nothing  of  the  laws  according  to 
which  the  action  we  have  described  takes  place:  we  cannot 
ol>serve  the  action  of  the  forces,  because  for  all  purposes  of 
observation  that  action  is  instanuneous ;  hence  we  distinguish 
tbe?e  itnpaUirt  forces  as  a  new  class  of  forces,  not  because 
they  are  pbyBically  different  from  those  which  we  call  finite. 
but  because,  since  they  generate  a  finite  velocity  in  a  time  bo 
ahorl  as  to  be  considered  indefinitely  small,  we  are  compelled, 
to  measure  tliera  in  a  different  way;  and  we  measure  th« 
accelerating  force  of  an  impulse,  not  by  the  velocity  which 
would  be  generated  in  a  unit  of  time,  but  by  the  whole  velo- 
city actually  generated. 

Tlie  measure  of  the  moiring  Jorct  of  an  impulse  will  be 
considered,  when  we  corae  to  speak  in  general  of  the  connec- 
tion between  aocelerating  and  moving  force. 

18.  The  first  Law  of  Motion  would  enable  ns.  with  the 
belp  of  such  mathematical  calcuUtion  as  we  shall  hereafter 
employ,  to  solve  all  problems  of  rectiUncar  amtion;  but  we 
bave  at  present  no  means  of  determining  the  motion  of  a  b«Miy 
which  is  moving  under  the  action  of  various  forces  in  different 
liirections,  or  of  a  body  which  being  in  motion  is  '"^^^^P**^ 
by  a  force  not  in  the  direction  of  the  motion.     '^'-* 


That  which 
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we   require   is   furniahed  us  by   the   Second  Law  of  1 
which  we  shall  at  once  enunciate. 


19.  When  any  number  of  fm 
eapA  produces  its  whole  effect  it 
direction  of  the  body's  velocity,  as 
at  rest. 


ces  act  upon  a  bodi 

altering    tli*    magnitude   and 
if  it  acted  singly  on  the  body 


The  application  of  this  law  is  as  follows  :  At  any  momeot 
a  body  has  a  certain  velocity,  also  if  it  were  at  rest  each  of 
the  forces  would,  acting  separately,  generate  in  it  a  certaia 
velocity  in  a  certain  direction ;  we  must  suppose  that  the 
body  has  all  these  velocities  simultaneously,  and  if  they  be 
compounded  by  the  rule  of  the  parallelogram  of  velocities, 
the  resultant  velocity  will  be  the  actual  velocity  of  the  body. 

20.  With  regard  to  the  proof  of  the  second  Law  of 
Motion,  we  may  appeal  to  such  experiments  as  the  following; 
A  bail  let  fall  from  the  mast  of  a  ship  in  motion,  will  fall  at 
the  foot  of  a  mast,  notwithstanding  the  onward  course  of 
the  sliip :  in  this  instance,  the  velocity  of  the  ball  is  com- 
pounded of  that  which  it  has  in  consequence  of  the  motion  of 
the  ship,  and  of  that  impressed  upon  it  by  the  action  of 
gravity ;  for  before  the  ball  is  let  fall,  it  has  the  same  hori- 
zontal velocity  as  the  ship,  and  when  let  fall,  it  does  not 
lose  this  velocity,  but  only  has  it  compounded  with  another, 
viji.  that  due  to  gravity ;  and  as  the  ship  also  retains  the 
same  horizontal  velocity,  {for  it  is  supposed  to  be  sailing  uni- 
formly.) the  ball  falls,  with  reference  to  the  deck,  exactly  M 
though  the  vessel  were  at  rest. 

Illustrative  of  this  law  also  arc  such  facts  as  these;  that 
we  walk  with  the  same  ease  in  different  directions  along  the 
earth's  surface,  although  we  know  the  earth  to  be  not  at 
rest;  that  we  can  walk  across  a  railway  carriage  in  rapid 
motion  ;  and  doubtless  many  others  will  suggest  themselves  to 
the  mind  of  the  thoughtful  student.  Perhaps  the  most  aatw- 
fttCtory  is  thii ;  the  time  of  oscillation  of  a  pendulum  is 
independent  of  the  plane  in  which  it  \ibratcs,  notwithstand- 
ing the  earth's  motion. 

Fturther  experintental  proof  arises  from  the  fact  of  oalc»> 
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lations,  based  upon  thig  law,  leailing  in  the  most  delicate 
cases  to  correct  results.  Perhaps  however  it  may  be  said, 
that  whon  the  idea  of  force  has  been  completely  seized  aad 
thoughtfully  considered,  the  truth  of  the  second  Law  of 
Motion  will  present  itself  to  the  mind  in  a  form  rather 
axiomatical  than  experimental ;  but  this  is  a  question  on 
which  we  shall  not  here  raise  a  discussion. 

21,  Hitherto  we  have  considered  force  only  as  measured 
by  the  velocity  which  it  generates,  in  other  words,  we  have 
been  concerned  with  acceterallng  force :  we  must  now  examine 
the  proper  mode  of  estimating  force,  when  we  take  into 
account  the  quantity  of  matter  moved,  or  when  ive  regard  it 
as  moving  force. 

The  quantity  of  matter  in  a  body  is  usually  termed  its 
mass;  but  how  are  we  to  define  the  term  mass?  If  we 
were  to  conceive  matter  to  be  made  up  of  ultimate  atoms, 
which  atoms  should  be  all  precisely  alike  in  magnitude  and 
in  all  their  qualities,  then  we  might  measure  the  mass  of  a 
body  by  the  number  of  atoms  it  contains;  but  this  is  not 
a  practicable  method,  and  we  are  compelled  to  measure  the 
mass  of  a  body  by  its  effects ;  we  measure  the  mass  of  a 
body  by  its  weiiflit,  or  we  consider  two  bodies  to  be  of  the 
same  maes  if  they  are  of  the  same  weight.  In  this  mode 
of  estimating  mass,  it  is  assumed  that  the  attraction  of  the 
earth  on  all  particles  is  the  same,  that  is,  that  the  attraction 
is  not  dependent  upon  the  nature  of  the  matter  attracted ; 
an  assumption  which  appears  to  be  justified  by  the  fact 
alreofly  alluded  to,  that  bodies  of  all  kinds  fall  with  equal 
velocity  under  the  exhausted  receiver  of  an  air-pump,  and 
of  the  truth  of  which  Newton  assured  himself  by  a  variety 
■  of  experiments*.     We  can  only  define  the  mass  of  a  body 


■   Newton  cnnim 

meet  ihe  PtincipU  with  »  dcfiniiTon  of  mo.*,-    Ii 

lel1>  u* 

"the  qujuniljr  of  m 

i  dnwlty 

mifriiiudt."    Anit  h 

e  expUlni  hM  aefinia«i  thus;  -'Air  when  iu  d«i> 

,  it  ^oub 

it  did  before,  n 

■he  utne  i*  Hue  at  mow  or  dun  coadoued  b;  campreuion.  And  ihe  Huue  bohU  of 
*ll  bodica  condenaed.  bf  wbalever  cbui«.  Thi>  quaiilil!/  of  malltr  t  denote  by  ihe 
name  of  Swfy  or  Hait.  And  Ihe  miui  of  evcrr  bodf  ii  delrmiined  by  iti  weight  t 
for  1  h«ve  luteruilned  by  moil  ucurate  extMaimenU  "ilh  penduliuiii  ihal  the  mw* 
im  proponlonal  to  ihe  weight.** 
^H    Here  it  will  be  ohwned,  iha(  kllbnugh  Newton  upeiikt  of  Ibe  niut  beinj;  mekiiired 
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then,  as  being  a  quantity  proportional  to  its  weight,  i 
if  If  be  the  weight  of  a  body  and  M  its  mass, 
W  =  M. 
or   IT-  CM, 
where   C  is  some  constant  quantity,  the  numerical  valud 
which  will  depend   upon  circumstances  to  be   presently  ' 
plained. 

22,  Before  proceeding  further,  we  must  define  the  ( 
Momentum,  which  we  shall  use  frequently. 

Def,     The  momentum  of  a  particle  of  matter  is  Its  I  

multiplied  by  its  velocity ;  the  momentum  of  a  body,  or 
system  of  particles,  is  the  sum  of  tlie  products  of  the  masses 
of  the  particles  by  their  respective  velocities. 

The  phrase  qitantiti/  of  moCion  in  sometimes  used  ini 
of  momeTUum. 

23.  Let  U9  now  inquire  concerning  the  method  of  r 
suring  moving  force ;  in  other  words,  when  pressure  eominu- 
oicates  motion  to  a  body,  what  will  be  the  proper  mensttn 
of  its  effect?     The  answer  is  given   by  the   Third   . 
MolioH,  which  we  may  enunciate  as  follows: 

?K/wn  prai»ure  produces  motion  in  a  body,  the 
tftinerated  in   a  unit   of  time,  supposing  tlie  pressun  t 
which  would  be  t/eiierated  tnpponnij  the  proigiire  variabU, 
portional  to  tfie  prrssure. 


r  mSa     I 

nminu- 

r  mensttn       i 


hj  Thp  (oluin*  nnd  ihe  ilriuiiiy,  yei  the  iiltimaie  itiDilsnl  of  refcFCDoe  U  iha 
ihM  beiiiit  In  (»«  ihe  only  tew  of  6tai\if. 

An  meiiihmed  in  Ihe  icit.  It  1*  rlsarljr  uiumnl 
i*  th<  Muue  oti  kll  kioili  of  matici.  and  milj  »r[« 
Iheii  conlilnlnft  difllnni  qmniitlen  of  ntaltcr.  for  llluitnlinn;  a  cubic  li 
w«i|!hi  more  thui  a  cubic  Inch  of  mood,  and  fi  might  be  uipicd  Ihai  Ihli  >■• 
of  the  greater  Inittisitj  of  the  c«rth'>  «itr«tion  for  lead  than  for  wood, 
chcniltlrr  tub'tancH  have  a  (rrealft  ■ffinitj'  for  one  lubxann  than  another; 
CUCII7  what  li  denied  in  Ihe  cai*  nf  the  carih'n  aliracllon,  and  tt  i*  ubcto 
Hrealn  graritailon  of  the  lead  than  of  the  wood  1«  due  10  ihe  fptaut  degree  « 
•tth  which  the  parUflea  in  It  are  packed.  U'llhout  mietini;  up rai  other  ti 
tht  fkel  ineollonm]  [n  the  text,  tiaiiiely,  the  equnl  lelociir  of  all  lubatanoea 
»atwuatcd  ttain*.  la  »err  •iroDu  in  lavoDt  of  the  aaaenloo  ;  bnauie,  if  Ihera 
dlfflcrence  bttwoen  the  acliou  of  ihe  eanh  on  diRrreal  lubatancn,  *e  Tnlitfal 
■D  be  ihevn  In  ihe  diR'enfioe  of  •■locit/  s<n<raied  aa  veli  a>  In  thai  of  ptcaaure  | 


■rmitD  LAW  OF  MOTroN.  255 

24.  The  result  of  this  law  i»,  that  as  velocity  generated 
!s  the  measure  of  acceleratinff  force,  bo  momentum  generated 
is  the  measure  of  movinrf  force.  And  if  P  be  a  uniform 
>ssure,  V  the  velocity  generated  in  the  time  t,  in  a  body 
ftie  mass  of  which  is  M,  we  shall  have 
Mv  =  Pt. 
Suppose  y  to  be  the  accelerating  farce  corresponding  to 
»  pressure  P,  then  we  have 

■whence,  comparing  the  last  two  formula-. 
/'  =  Mf. 
;  moving  force  =  mass  x  accelerating  force. 
Thus  the  third  I^aw  of  Motion  teaches  us  how.  when  a 
'pressure  is  given,  to  deduce  tlie  accelerating  force  due  to  it, 
for  we  have  only  to  divide  the  pressure  by  the  mass  moved 
and  we  have  the  accelerating  force  required.     Let  its  take 
the    example    of  the   pressure   caused  by  the  weiglit    of  a 
Kibody ;  let  ir  be  the  weight,  M  the  mass,  then  we  know  that 
rilie  accelerating  force  is  that  which  was  before  denoted  by 
jfr,  hence  by  the  third  Ijaw  of  Motion  we  must  have 
W  -  Mg*, 
1  therefore  the  constant  C  in  the  formula  of  Art.  21.  is  to 
!  replaced   by  g,  the  accelerating  force  of  the  earth's  at- 
ractionf, 

*  The  ■dopiion  of  this  latnmla  compels  ui>  la  like  a  |iecu1iu  quantiir  at  the  luiil  oT 
w«i({hi  in  D)(n»micx, 

Km  let  ^l  be  the  density  of  ■  body  of  which  the  msiB  U  M  and  the  TDlunw  V,  In 
sthet  vorUa,  la  II  be  luch  s  i|uanciif  thai  M^ pV,  ilien 

In  thi>  formula  let  W^\.  and  p«l, 

••%■ 

Ui*i  ■*,  the  unit  of  might  i>  the  g"'  part  uf  the  weight  of  a  unit  of  tolume  of  the 
tubslance  irh«e  denaiiy  ia  taken  for  unity.  In  general.  diMllied  water  ai  a  Urtn 
lempcralun  ia  taken  u  ihe  ilandKnl  aubulancc.  and  a  cubic  foal  aa  (he  uult  of  iDtume, 
•til]  lh«  •eight  of  a  cubic  luoi  of  duiiilcd  water  is  found  lo  be  lOOOtn  i  hence  the  unit 
bt  •elRhl  ID  Dynamica  must  be  -^-^  at, 
_     f    The  Third  l>aw  of  Hoiiun  1>  enunciated  in  a  diHerenl   fm-ni    by    Newton,    a* 
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25.     Tliis  Law  of  course  ineliides  impulsive  forces, 
we  may  therefore  say  tliat  an  impulsive  force  is  mensurcd 
by  the  whole  momentum  generated  by  it.     (See  Art.  17.) 

2G,  We  may  exhibit  the  third  I^aw  of  5Iotion  from  a 
slightly  different  point  of  view,  by  saying,  that  it  establishes 
a  relation  between  the  statical  measure  of  force,  which  is  %' 
pressure  produced,  and  the  dynamical  measure,  which  i 
velocity  generated. 

27.  With  regard  to  the  truth  of  the  third  I.ai^ 
]\rotion,  it  may  be  considered  cither  to  rest  on  experin 
confirmed  by  the  coincidence  with  fact  of  innumerable  % 
culations  founded  upon  it,  or  perhaps  to  be  deducible  irit^ 
experiment  from  previously  established  principles. 

We  shall  content  ourselves  with  giving  an  account  ofl 
experiment,  divested  of  all  the  reHnements  by  meai 

UniFllaa  ii  alvagi  eQual  and  oppotilt  lo  aelion  ;   «■  (A«  nufuo/ 
toiiirt  upon  facli  nther  art  alteagt  et/iml  itnJ  in  oppotitt  dirtcliotu. 

In  illustrfttlon  ot  ihc  low  Ncwian  hu  ihetc  rcm>rki : 

"  UTutever  btxlf  pmi«  or  dnwt  knaihn,  )■  In  like  minnrT  ilulf  pi 
If  •  Blsnc  U  preucd  >iih  ibc  lia;^,  the  lingir  in  ■!»  prCHcd  hy  the  lum*.  If  ■ 
honi  dnwii  ■  liunlcn.  the  hone  »i]l  be  (u  to  ipeak)  alia  driion  back  by  ihe  biuden  i 
Tut  the  rope  bj'  whicli  the  bunten  it  dnwn  being  equally  alrelched  throughout  vfll 
poll  the  hnme  lowardi  tlie  bunlea  ■>  touch  w  the  burden  laward*  Ihe  hone,  Ukd 
wiW  impe-le  the  motion  or  the  one  h  much  u  li  eipeditca  ihe  motion  o(  tlie  otlMc; 
If  one  body  ImpinginH  upon  another  change  ili  moiion  in  tnj  mrutaer.  It  viU  Uaa 
iuelf  undergo  the  lame  change  In  ila  own  motion  only  In  (he  oppoill*  directlont  Ml 
■ccouni  or  the  rquallij  nr  the  mutual  preanuie.  It  li  ihe  change  uf  mollon,  ((wmmd. 
rum,)  noi  of  letooij,  vhich  ii  equal  to  the  action  in  aueh  eaua,  •>  leu>  ■»  bodioa 
nllierwlte  moving  Freely.  Fat  the  change  of  the  veloclliea  of  Ivo  impinxieg  bodiM, 
■inee  the  mameola  of  the  two  ate  equallji  chaoged,  ti  intenely  ■■  Ihe  niMM*  of  A* 
bi^din." 

Pnnn  ihii  li  will  be  leen  thai  the  thitit  La*  of  Motion  u  enuncialcd  Vt  Ne«HM  b 
not  entirely  equliiJent  to  the  Lao  ai  elated  in  the  leal )  the  teuan  i>  that  tw  ha« 
before,  namely,  in  the  aecond  of  Ihe  deSnilion*  which  pretWce  the  Prlndpia,  Uld 
tlown  that  the  qiianuij  of  •  body'i  motion  la  to  be  iiieMured  hj  Ihe  producl  of  the 
niaia  and  the  velucitjr ;  laken  In  conjunelioo  with  iht*  delJnltiDn  Ihe  law  it  equlialeni 
to  (hat  of  die  lexl  i  for  Newton'i  third  La*  aaaert^  that  action  and  rtmctlon  an 
neceaianty  ri|ual  and  oppnalle,  and  If  the  action  be  repreHnltd  by  a  prvunre  md  iha 
raiciion  by  the  motion  praduced  ihe  njuality  miui  hold,  It  la  not  poaalbl*  to  cooeal** 
ll  oihRwiM.  But  how  to  roea*ure  the  motion  pioduced  ?  Newton  haa  befim  laU 
down  th)  rule,  that  ll  ii  ID  be  niMiured  by  that  which  we  haic  called  ■— «mWi»/ 
heiife  hit  ajHeiUon.  ihai  action  and  reacllun  are  eijual  and  oppoilie,  becomai  eqidimlant 
to  ihai  of  the  lext,  iliat  ib(  nionieniuni  generaiMl  by  ■  prcuuic  ia  propenkmal  t«  tiM 


I 


I 
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which  ACwood  was  able,  with  a  machine  constructed  for  the 
purpose,  to  obtain  great  accuracy  of  result. 

Let  Tr  and  IF'  be  two  weights,  of  which  W  is  the  ^^ 
greater,  connected  by  a  fine  string  passing  over  a  small 
fixed  puUy.  Then  IF  will  descend,  and  as  W  and  TF' 
are  pulling  in  opposite  directions,  the  weight  producing 
motion  is  TF  -  IF',  and  the  weight  moved  is  W  +  W. 
The  advantage  of  this  experiment  is,  that  we  can  alter 
the  difference  between  the  weights  (IF  —  T*")  as  much 
BB  we  please,  while  the  weight  moved  { IF  +  IF')  re- 
mains the  same.     Now  by   numerous  experiments  it 

was  determined,  that  the  ratio  -— — -— ,  is  in  all  cases    i  -S-. 
iV+lV  ^  " 

proportional  to  the'accele rating  force,  or  that  the  pres- 

Bure  producing  motion  is  proportional  to  the  product  of  the 

weight  moved  and  the  accelerating  force,  or  (which  is  the 

same  thing)  the  product  of  the  mass   and  the   accelerating 

force :  which  result  is  in  accordance  with  the  third  Law  of 

Motion. 

28,  We  are  now  prepared  with  Dynamical  principles, 
^hich  we  shall  proceed  to  applj'  to  the  cases,  of  a  particle 
under  the  action  of  uniform  forces,  and  of  the  collision  of 
bodies.  A  more  general  application  of  the  principles  would 
require  the  use  of  a  higher  calculus  than  any  with  which  the 
tudeut  is  supposed  to  be  acquainted. 


ON  THE  RECTILINEAR  MOTION  OF  A  SINGLE  BODY 
CONSIDERED  AS  A  PARTICLE,  UNDER  THE  ACTION 
OF  A  UNIFORM  FORCE. 

The   following   is   the    fundamental  proposition    of  this 
!branch  of  Dynamics. 

Prop.     If  b  be  the  apace  described  from  rest,  in  the 
ftme  t,  btf  it  body  under  llie  action  of  a  unj/'orm  accderatiiuj 

,  f  ,  then   8  .=  ~ . 

17 
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Suppose  the  time  to  be  divided  into  n  equal  intcn 
each  equal  to  t,  so  that  t^nr;  then  the  velocity  of  1 
body  at  the  end  of  the  ist,  2nd,  3rd. ..intervals  will  be  J 
2/r,  3/t... respectively ;  (Art.  15),  Now  suppose  the  1 
instead  of  moving  as  it  actually  docs,  to  move  through  1 
wliole  of  each  interval  of  time  with  the  velocity  which 
had  at  the  beginning  of  the  interval,  and  let  e^  be  the  i 
which  would  be  described  iu  the  time  t  on  this  hypoihcsu; 
again,  suppose  the  body  to  move  through  each  interval  with 
the  velocity  which  it  has  at  the  end  of  the  interval,  aod 
a,  be  the  space  described  on  this  hypothesis ;  then 


*,  -  0  .  T  +/t  .  T  +  2/t  .  t  +  ...  +  (h  -  1)/t  .  T 


-f^- 


.  +../r 


-z^- 


1  +- 


Now  it  is  manifest  that  e  h  intermediate  in  value  to  /, 
and  Si,  but  wlien  we  suppose  the  interval  t  to  be  indctinitely 
sraall,  and  n  indefinitely  great,  we  bring  the  two  hypothetical 
cases  which  we  have  supposed  to  coincide  with  the  real  mo- 
tion of  the  body,  and  in  this  case  -  ia  indefinitely  small. 


/<■. 


.  also,  »  =  - 


I 


30.  We  shall  give  another  proof  of  the  same  propo- 
sition, which,  though  in  some  respects  inferior  to  that  which 
precedes,  is  worthy  of  the  student's  attention  on  account  of 
its  brevity. 

Let  A  be  the  point  from  which    » 

tlie  body  starts,  B  ils  place  at  the 

cud  of  the  time  (,  ao  that  All  ^  a:   then  the  velocity  of  the 

iKHly  at  U  -ft.    Now  suppose  the  body  to  ittart  from  S  witb 


-fe 


^^!^TOlocit3 
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city/*,  and  to  proceed  towarda  J,  the  force/acting  in 
the  same  direction  as  before,  and  therefore  rfiartliiuj  its  mo- 
tion ;  at  the  end  of  the  time  (  the  body  would,  if  no  force 
acted,  have  described  a  space /f;  also  we  know  that  the 
space,  through  which  the  force  /would  carry  it,  is  s;  hence 
the  space  through  which  the  body  will  move  in  the  time  (, 
irhcn  it  starts  with  a  velocity  ft,  and  is  retarded  by  a  force 
f,  must  haff  -  s.  But  at  the  end  of  the  time  (  the  body 
ijlill  be  at  A,  since  the  force  /will  destroy  the  velocity /(,  in 

^HWxactly  the  same  space   wliich  it  required    to  generate  it. 

^^^^ence  we  have 


f('-a  =  IiA  =  s; 

■■•-•?■ 

Cor.     If  V  be  the  velocity  of  the  body  at  the  end  of  the 

time  (,  V  ~fi ;  .'.  «  =  ~ ,  or  n*  =  S/#.     Hence,  when  a  body 

falls  under  the  action  of  gravity,  this  being  a  uniform  force, 
the  velocity  =  the  time,  and  the  square  of  the  velocity  «  the 
space  described. 

31.  If  the  body,  instead  of  storting  firom  rest,  begins 
to  move  with  a  given  velocity,  the  formulffi  of  the  pre- 
ceding article  are  easily  adapted. 

For  let  Y  be  the  initial  velocity,  v  the  velocity  at  the  time 
(,  a  the  space  described.  Then  the  velocity  at  the  time  f  ia 
the  original  velocity  ^  that  which  is  generated  or  destroyed 
by  the  force,  or 

w  -  r  ±/(, 

the  upper  or  lower  sign  being  used,  according  as  the  force 
accelerates  or  retards. 

And  the  space  will  be  that,  which  would  have  been  de- 
seribed  by  tlie  body  moving  uniformly  with  a  velocity  V 
>fa  that  which  it  would  describe  under  the  action  of  the  force 
only,  or 

..v,Jl. 

3 

17— a 


the  upper  or  lower  sign  beiug  taken  according  to  the  i 
nile  as  before. 

Cor.      We  can  obtain  v  in  terms  of  3 :  for 

=  rie/s. 

32.  For  distinctness'  sake,  we  will  here  collect  i 
tabular  form  the  formula;  which  have  been  prored, 
which  may  be  applied  to  a  variety  of  examples. 

When  the  body  starts  from  rest, 
ff   1 


^f 


..{A)- 


When  the  body  starts  with  an  i 


itial  velocity  i 


..{B). 


v=   V  i^  ft 

v*  =  F'  =t  «f» 
the  upper  or  lower  sign  to  be  taken,  according  as  /  a 
rates  or  retards  the  motion. 

33.     These  formulae   possess  peculiar   interest,   bea 
they  apply  to  the  case  of  a  body  falling  under  the  action  4 
gravity.    We  have  before  said,  that  gravity  is  a  uniform  fot 
at  least  it  is  sensibly  so  for  small  distances  above  the  eu 
surface;   we  may  here   remark    in   addition,   that  in  1 
quence  of  the  earth  not  being  accurately  spherical,  the  ftq 
of  gravity  is  uot  exactly  the  same  at  all  points  of  the  eai  ' 
mirfacc,  but  varies  slightly  with  the  latitiule;   wc  may  1 
eider,  however,  that  for  all  ordinary  purposes  its  magoitl 
is  measured  by  the  quantity  y  =  33  .  S  feet     The  value  < 
u  not  determined  by  direct  experiment,  but  may  be  1 
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accurately  found  by  observations  of  the  pendulum,  according 
to  principles  hereafter  to  be  developed. 

34.  We  shall  now  illustrate  the  formulae  {A)  and  (JS) 
by  some  examples  of  falling  bodies. 

Ex.  1.  Two  bodies  are  let  fall  at  an  interval  of  l",  to 
find  how  far  they  will  be  apart  after  the  lapse  of  4''  from  the 
fall  of  the  first. 

Let  as'  be  the  spaces  through  which  they  have  respec- 
tively fallen^  then 

^  =  ?4^=:?x  16, 
2         2 

2  2 

/.  .9 -.»'  =  -  X  7  »"  l6 . 1  X  7  =  112 .  7  feet,  the  distance  required. 

Ex.  2.  When  two  bodies  are  let  fall  from  the  same 
point,  but  not  at  the  same  moment,  the  distances  between 
them  at  the  end  of  successive  equal  intervals  increase  in 
arithmetical  progression. 

Let  ss'  be  distances,  described  by  the  two  bodies  re- 
spectively in  the  time  t  from  the  fall  of  the  first,  t  the  in- 
terval of  time  between  the  starting  of  the  two,  then 


t'i 


'        2    ' 


2  *  ^ 

8  ^8  is  the  distance  between  the  bodies  at  the  time  t ;  call 
this  d,  and  let  c2, ,  dj . . .  be  the  distances  corresponding  to  the 
times  t  -j-  ti,  t +  2^i; 


&c.  <=  &c. ; 

-•-  d,~d-  gt,T  ~d,-dt~  &c. ; 
that  is,  the  qiunttties  dd,  d,  ...  kc,  are  in  arithmetical  | 
gression. 

£x.  5.    A  stone  is  thrown  into  a  veil,  and  it  is  c 
that  s"  elapses  before  the  sound  of  its  striking  the  bott 
heard ;  neglecting  the  time  occupied  by  the  traasmissioni 
the  sound,  find  the  depth  of  the  well. 

Let  «  be  the  depth ; 

then  s=-^=-2g  =  6*.4  feet. 

a 

Ex.  4.    A  ball  13  projected  upwards  with  a  given  rsi 
it  falls,  and  on  striking  the  earth  rebounds  with  a  loi 

(-1     part  of  its  velocity;   find  to   what  height  it  will  i 

after  any  given  number  of  rebounds,  and  the  whole  i 
which  will  be  described  by  the  ball  before  coming  to  rest.  , 
liGt  V  be  the  velocity,  then  the  height  to  which  it  i 

H 

\\Tien  it  reaches  the  earth  its  velocity  is  V,  therefore  t 
velocity  of  rebound   is  F  1 1  — )    by  hypothesis,  and 

heiirht  to  which  it  rises  ■=  —  [  i  —  ) . 

In  like  manner,  the  height  to  which  it  rises  after  the  second 
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And  similarly,  it  will  be  seen,  that  the  height  aflcr  the  p"' 
rebound  =  —  [  i  —  I  ,  wliich  is  the  iinswer  to  the  first  part 
of  the  question. 

Tlie  whole  spuce  described  by  the  ball 


—  1  +  ...ad  injinitum\ 


^^Bdi 


35.  The  formulse  {A)  and  {B)  are  applicable,  with  a 
slight  modification,  to  the  case  of  a  body  falling  down  a 
smooth  inclined  plane.  In  this  case  we  must  conceive  the 
force  of  gravity  to  be  resolved  into  two  parts,  one  parallel  to 
the  plane,  the  other  perpendicular  to  it;  the  latter  will  pro- 
duce pressure  on  the  plane,  the  former  will  accelerate  the 
motion  of  the  body,  and  is  the  only  part  with  which  we  shall 
be  here  concerned.  Let  a  be  the  inclination  of  the  plane, 
then  the  resolved  part  of  g  parallel  to  the  plane  will  be  g  sin  a, 
and  this  quantity  must  be  used  for  f  in  our  fundamental 
formulm. 

Ex.  I.  To  find  the  velocity  acquired  by  a  body  in  falling 
»wn  a  given  inclined  plane. 
Let  AB  be  the  inclined 
plane,  a  its  inclination,  P  the 
place  of  the  body  at  a  given 
time,  BP  =  s,  v  •=  tlie  velocity 
at  P\  then  we  have  by  our 
formula, 

v'  —  Sg'  sin  a  X  *, 
1  gives  the  velocity.  If  we  draw  BC  perpendicular  to 
ihe  horizontal  line  through  A,  and  call  V  the  velocity  at  A, 
'  I  have 

V*~ig.  AB  sin  a 
~2g.BC. 


264                                                                                          ^^M 

Hence  the  velocity  is  the  same  at  A,  as  if  the  body  ^^^B 
faUen  through   the   vertical   space  BC:    that  is  to  say,  the 
velocity   generated  by  gravity,    depends    upon   the   vertical 
Bpace  through  which  it  is  allowed  to  act,  a  result  which  might       | 
perhaps  have  been  anticipated,  and  which  was  in  fact  assumed 
by  Galileo.                                                                                       - 

Ex.  2.     A  body  is  projected  upwards,  along  an  incl|^^^^| 
plane,  witli  a  given  velocity,  find  how  high  it   will   asa|^^^| 
and  the  time  of  ascent.                                                              ^^^^B 

If  ('  be  the  velocity  at  the  time  (,  when  it  has  ascended 
through  a  space  s,  «  the  angle  of  the  plane,  and  V  the  given      ■ 
velocity  of  projection,  we  have                                                  ^^^M 

t'<  -  K*  -  9ga        o                                    ^^M 

when  v=0  the  body   will    stop,   and  the   distance  reqi^^^H 
will  be  given  by  the  equation,                                                 ^^^H 

M 

For  the  time,  we  have,                                                  ^^^H 

^^^^H 

and  the  body  stops  when                                              ^^^^^^^| 

^M 

Ex.  3.     Let  ACB   be   a  circle    in  a               ^ 
vertical  plane,  ^  its  highest  point;   the          y"""^ 
time  of  descent  down  all  chords  drawn       / 
through  J,  considered  as  inclined  planes,      / 
will  be  the  same. 

^ 

Let  AI'  he    any  chord,  a   lis  incli-      \ 
nation  to  the  horizon ;  draw  the  vertical          \^,^ 
diameter  AB.   and  join  BP.  tlien  ABP 
-  90"  -  BAP  =  a :  now  if  t  be  the  time 
of  dcfweut  down  AP,  wc  shidl  have 

^ 

^^^^B 
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but,  AP-ABsina 


i  t  =  V  —  -  - 


which    is   independent 


^K>in 


a,  and  ifi  therefore  the  same  for  all  chords. 

Ex.  4.  From  a  given  point  to  draw  the  line,  down  which 
as  aq  inclined  plane  a  particle  will  descend  to  a  fixed  line  in 
the  shortest  time  possible. 

Let  A  be  the  given  point,  and 
through  it  draw  a  horizont.iI  line  to 
meet  the  given  line  in  fi;  in  the 
liven  line  take  BC  equal  to  BA ; 
tin  AC,  which  shall  be  the  line  re- 
ed. 

This  will  easily  appear  from  the 
fact  that  a  vertical  circle  having  A  for  its  highest  point  will 
touch  the  given  straight  line  in  C;  for  if  ^C  be  not  the  line 
of  quickest  descent,  let  ^i"/?  cutting  the  circle  just  mentioned 
in  D  be  the  required  line ;  then  the  time  of  descent  down 
AC  is  equal  to  tlie  time  down  A£,  and  therefore  is  less  than 
the  time  down  AD.  Therefore  AC  is  the  line  of  quickest 
descent. 

And  it  may  be  shewn,  that  in  general  the  line  of  quickest 
descent  from  a  point  to  any  given  curve  will  be  found,  by 
describing  a  circle,  to  touch  the  horizontal  line  passing  through 
the  given  point  at  that  point,  and  alao  to  touch  the  given 
curve.  The  chord  joining  the  points  of  contact  will  be  the 
line  of  quickest  descent. 


ON  THE  MOTION  OF  TWO   FAU-INQ  BODIES 
CONNECTED   BY   A  STRING. 


^^^Biose  which  we  have  been  recently  engaged  in  considering, 
^^Because  in  those  we  were  able  to  regard  gravity  only  as  aa 


nocelerating  force,  whereas  in  these  we  must  consider  the  n 
moved,  and  deduce  the  accelerating  force  by  the  third  ] 
of  Motion. 


Ex.  1.  Suppose  we  have  two  bodies,  the  masses  of  which 
are  M  and  M"  respectively,  connected  by  a  fine  string  passing 
over  a  smooth  peg  or  small  puUy  A,  the  only  eScct  of  wbi^ 
is  to  change  the  direction  of  the  string. 

IvCt  M  be  greater  than  M' ;  then  the  moving  force 
producing  motion  is  the  diffarence  of  the  weights,  or 
Mg  —  M'g,  and  the  whole  mass  moved  is  W  +  it,  con- 
sequently the  accelerating  force  is  — — --7  g. 

Hence,  if  x  be  the  distance  of  M  from  A  at  the 
time  t,  a  the  distance  when  the  motion  commenced, 
wc  shall  have 

M  -  M'  ge 

"^  "'*''■  A/  +  Jf    2  ■ 

Let  it  be  required  to  determine  the  tension  of  the  b 
To  do  this  we  observe  that  if  the  weight  Mg  were  1 
pended  at  the  extremity  of  a  string  and  were  at  rest, 
tension  would  be  Mg,  the  accelerating  force  g  being  cnti 
employed  in  producing  tension.  As  it  is  however  a  port 
of  the  accelerating  force  acting  on  M  is  cmploj-ed  in  pro- 
ducing motion,  and  the  remainder  in  producing  tension  of 
the  string ;  now  the  former  portion  wc  have  determined  to 
,  M-M  . 
be  -rz — jpfi',  hence 


the  tension  -  Af  L  -  3^— j^*} 


an  expression  which,  it  may  be  observed,  involves  M  1 
M'  symmetrically,  as  manifestly  it  ought. 

This  problem  may  be  solved  in  another  manner,  wlticfa 
will  give  us  at  once  the  tension  of  the  string  and  the  ac- 
celerating force. 
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Thus,  let  T  be  the  tension  of  the  string ;  then  the  moving 

force  upon  the  body  M  will  be  Mg  -  T,  and  the  accelerating 

T 
force  therefore  g"  -iTf*    ^^  like  manner  the  accelerating  force 

T 
upon  JIf '  will  be  g'  -  -r-p ;  and  these  two  must  be  equal,  but 

of  opposite  algebraical  signs,  since  one  of  the  bodies  neces- 
sarily cLscends  with  the  same  velocity  with  which  the  other 
descends. 


Therefore,  g-'r:^'^  -fiT  +  TP' 


""[h^if] 


H^ 


and   T  «  -7- — ^^gy  as  before; 
-Af  +  JxT 


and  the  accelerating  force 


Ex.  2.  Let  us  take  a  numerical  illustration  of  the  last 
example. 

Suppose  M  =  SikT,  and  a  =  0,  to  find  how  far  M  will 
descend  in  l".     We  have, 

2  -\  g      16.1  ^    ^ 

X  = = ^  5.S  feet. 

2  +  12         3 

Also  in  this  case  the  tension  of  the  string  «  |^  Mg  «  two- 
thirds  of  the  heavier  weight. 

Ex.  S.  Two  weights  are  placed  upon  two  opposite  in- 
clined planes,  and  connected  by  a  fine  string  which  passes 
over  a  small  pully  at  the  highest  point  of  the  planes;  to 
determine  the  motion. 


2U8 


Let  JB,  AC  be  the  two  planes,  a, 
/3  their  respective  inclinations. 

Then  the  part  of  the  weight  Mg 
which  is  eRective  in  producing  motion 
is    Mg  sin  a,     and     that    of     M'g    is 
M'g  sin  /3 ;    the  difference   of  them  or  b~ 
Mg  sin  a  -  M'gsin  (i  is  the  moving  force ;  the  mass  moved  is 
M  +  JVf ;  therefore  the  accelerating  force  is 
A/ sin  a  -  J[f  am0 
M  +  M'  ^' 

If  X  be  the  distance  of  M  from  A  at  the  time  (,  a  Qte 
distance  at  the  beginning  of  the  motion, 

^  sin  a  -  M'  sin  fi  gf 

The  tension  of  the  string  may  be  found  as  in  Ex.  i. 

Ex.  4.     A  numerical  illustration  of  the  preceding. 

Suppose  M  -  aJf.  a  -=  30M3  =  G0» :  then, 

3      ■v/s 

.r-o  +  il— i-  ^ 
3+  1     ■   2 


-  1.7 


§■(*=  a  +  2.C(»,  nearly. 


ON    PRO.TECTILES. 

37.  We  now  come  to  tlie  case  of  motion  not  rectilinear, 
and  the  principal  problem  to  which  the  formule  already  es- 
tablished are  applicable,  is  that  of  the  motion  of  a  projectile, 
th»t  is,  of  a  heavy  body  which  has  been  projected  in  a 
direction  not  vertical.  The  results  which  we  obtain,  it  may 
be  observed,  are  not  practically  correct,  since  we  omit  the 
consideration  of  the  resistance  of  the  air,  and  suppose  the 
body  to  move  in  a  perfect  vacuum. 


TROJECTILL^ 


T!ie  path  of  a  projectile  wilt  be  a  parabola. 

It  is  evident  that  the  path  will  be  in  one 

;  let  it  lie  in  the  plane  of  the  paper, 

nd  let  P  be  the  point  of  projection,  PNR 

I  line   in  which  the    body  is  projected, 

_»liieh  will  manifestly  be  a  tangent  to  the 

curve  described. 

Let  V  be  the  velocity  of  projection, 
and  N  the  point  at  which  the  body  would 
^  rive  with  this  velocity  in  the  time  t,  so 
lat  PN='  Vu 

From  N  draw  NQ  vertical,  and  make   Nii  =  — ;    then, 

ince  the  space  which  the  body  woidd  describe  in  the  time 

t  under  the   action   of  gravity  only  is  NQ,  and  if  gravity 

not  acted  the  body  would  have  been  at  N,  therefore 

irlien  the   body  ia   simultaneously  animated  by  its  original 

elocity  V,  and  that  generated  by  gravity,  it  will  be  at  Q. 

Complete  the  parallelogram  PVQN,  then 


PV  =  NQ 


gt' 


QV  =  PN=  Vt\ 


But  in  the  parabola  QV-  -  iSP .  P V.     (See  Conic  ! 

tions.  Prop.  ix.  page  133.)     Hence  Q  lies  in  a  parabola,  of 

which  the  axis  is  vertical,  and  the  distance  of  P  from  tlie 


rectrix  or  focus  is  - 


■iirec 

^V     Cor.     From  the  point  P  draw  PM 
^HKrpendicular  to  the  directrix  ;  then 
^  V*  =  2g.SP  =  2g.PM. 

Hence,  the  velocity  at  a«y  point  of 
the  parabola  it  that  which  would  be 
ae^ired  iu  falliiuj  from  the  directrix. 
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39.      To  determine  the  poeition  of  llie/c 

Let  P  be  the  point  of  projection, 
PQ  the  direction  of  projection,  ASB 
the  axis  of  the  parabola,  PM  verti- 
cal, PB  horizontiil ;  and  let  QPB 
(which  \s  called  the  angle  of  projec- 
tion) =  a. 


From  P  draw  PS,  making  the  same  angle  with  i*4 
PQ  makes  with  PM;  then,  by  a  property  of  the  parabola,  ^ 
point  S,  in  which  PS  meets  the  axis,  is  the  focus. 
Now  SPB  =  QPB  -  QPS  =  QPB  ~  MPQ 
-a-90«  +  a- 20-90"; 
.-.  PB  ''SPsmZa,    SB  =•- SP  cos  ia. 


V* 
but  SP'—; 


,  PB  "  — sin  2a, 


SB' 


The  lines  PB,  SB.  determine  the  position  of  S; 
have  only  to  measure  the  distance  PB  horizontally,  and  J 
vertically,  and  we  slmll  determine  S;  or  We  may  <lot«rmuio 
the  position  of  the  line  PS  as  above,  and  take  in  it  a  point 

the  distance  of  which  from  P  is  —  ;  this  will  be  the  focua. 

Cor.     If  a  -  *5°,    tlie  focus   of   the    parabola  is   io  the 
horizontal  plane  passing  through  the  point  of  projection, 

40.     To  determine  the  greatest  lietglit  to  which  tht  prtyectitv 
will  me. 

llie  velocity  of  projection  may  be  supposed  to  be  re- 
solved into  two  velocities,  one  horizontal  -  f  cos  a,  the  other 
vertical  -  Tsin  a.  The  vertical  motion  of  the  body  will  be  the 
same  as  if  it  were  projected  vertically  with  this  latter  velocitj'; 
hence,  if  h  be  tlie  height  required,  we  have 
F'sin'a 

'  Tha  quuiilij  -  — cmSs  will  be  fHuifiir,  bmuic  in  the  tigut*  3a  hM  haM 
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41.  To  Jt/id  the  latua  rectum  of  the  parabola. 
Draw  the  perpendicular  SV  on  the  tangent 

PY,  which  13  the  line  of  projection ;  let  A  be 
the  vertex,  then  ^  y  is  a  tangent  at  the  vertex, 
and  therefore  horizontal.  (See  Conies,  Prop.  vi. 
page  150.) 

Then  51'^  =  90"  -  a,  and  SPY  -  MPY  =. 

.-,  the  latua  rectum  =  4j^.y=  45'Kooaa. 

"^  2  K*       . 

= cos*  a. 

s 

42.  To  find  the  range  of  the  pryectile,  tliat  is,  tlte  distance  1 
yrom  the  point  of  projection  at  which  the  body  meeta  the  hori-  \ 

Kontal  plane  through  the  point  of  projection,   and  the   time  of'\ 
jfltght. 

The  range  will  evidently  be  twice  the  distance  of  the  point  I 
of  projection  from  the  axis  of  the  parabola.     But  this  distance  1 

V- 
waa  shewn  in  Art.  sj)  to  be  —  8in  3a  : 
iff 

^   . 
.:  the  range  =  —  sni  2a 

To  Gnd  the  time  of  flight  we  have  only  to  observe  that 
the  horizontal  velocity  of  the  body  is  uniform  and  equal  to 
V  cos  a,  and  tlierefore  tliat  the  time  which  elapses  between 
the  moment  of  projection  and  the  moment  of  the  body 
striking  the  ground   is  that    occupied  by    a    body    moving  1 

through  the  apace  —  sin  2  a  with  the  velocity  V  cos  a ; 

e 

.•.  the  time  of  flight  =  — =  - — •  sin  a. 

gVGosa       g 

The  same  result  may  be  arrived  at  from  the  consideration  I 
of  the  vertical  motion  of  the  body.     For  since  the  vertical  I 
velocity  of  projection  is  Fsin  a,   the  time  of  flight  will  be  | 
that  which  elapses  before  a  body  projected  vertically  with  s 
velocity  V  sin  a  falls  and  strikes  the  ground ;  and  this  time  J 


is  manifestly  expressed  by 


-  since   the  time  of  ascent 


and  the  time  of  falling  the  same. 


Cor.  The  greatest  value  which  sin  Sa  can  have  is  I, 
which  corresponds  to  a  =  io";  hence,  the  range  of  a  projectile 
will  be  greatest  when  the  augle  of  projection  is  45". 

43,  The  preceding  arc  the  principal  proposttiona  re- 
specting projectiles.  AVe  shall  now  give  a  few  examples, 
which  may  be  multiplied  to  any  extent. 

Ex.  1.  A  body  is  projected  horizontally  with  a  velocity 
of  4  feet  per  second,  to  find  the  latus  rectum  of  the  parabola 
described. 

2  I" 
The  general  expression  for  the  lattis  rectum  is  ^—  ciM? 

S 
and  in  this  case  a  =  0,  and  F  =  * ; 

16 
.■.  the  latua  rectum  =  — —  -  i  foot,  nearly. 
10. 1  ^ 

When  the  body  is  projected  horizontally,  it  is 
that  the  point  of  projection  is  the  vertex  of  the  parabola,  ■ 
the  general  investigation  of  tlie  path   becomes  much  aim 
fied. 

Let  ^Q  he  the  direction  of  projection, 
and  let  Q  be  the  point  at  which  the  body 
would  arrive  from  A  in  the  time  t  with  a  ^  ~ 
velocity  V;  .:  AQ-  Vt. 

Again,  tate  QP=^*  ,   so  that  QP  is 

the  distance  through  which  tlie  body  would 
fall  in  time  t  under  the  action  of  gravity  only :  then  /*  is  the 
actual  place  of  the  body  at  the  time  t. 
Complete  the  rectangle  JNPQ;  then 
P.V-  Vt, 


AN^ 


*'". 
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2P 

g 

but  in  the  parabola  FN*  'r.^JS.JN  (See  Conies,  Prop.  v. 
page  150) ; 

g 

Ex.  2.  A  body  is  projected  at  an  angle  of  S0^  with  the 
velocity  which  it  would  acquire  in  falling  through  5  feet ;  find 
the  range. 

In  general,  the  range  =  —  sin  2  a, 
and  in  this  case  K*  =  2^*  x  5 ; 

y2 

.\   —  =  10, 

g 

and  the  range  =  10  sin  6o^  s  5  y/s  feet. 

Ex.  S.  To  find  the  relation  between  the  velocity  and 
angle  of  projection,  in  order  that  the  projectile  may  strike  a 
given  point. 

Let  O  be  the  point  of  pro- 
jection, OM  horizontal,  and 
MP  vertical;  let  P  be  the 
given  point,  then  it  will  be 
given  provided  we  know  OM 
and  MP:  let  OM  -  h,  MP  «  k. 
Draw  JB  the  axis  of  the  pa-  q 
rabola,  and  FN  perpendicular  to  JB. 

Then  we  have  proved,  (Arts.  39,  40)  that  OB 

r*  sin*  a 


F*  sin  2a 
»g 


/.  AN 


and  AB 
P  sin*  a 


^g 


^g 


P  sin  2  a 
~~^g~ 


but  the  latus  rectum 
18 


2P 
g 


cos*  a ; 


2^  f^ 


wliich  is  the  relatidn  between  a  and  V  required. 

Suppose,  for  instance,  that  «  =.  43",  A  =  90,  k  =  9,  then,  ' 


find  V,  wc  have 


r»       V* 

A*  _  A  _  +  i  —  =  0, 
g         g 

P        A»         90* 

^  =  - — -  -  —  -  100, 

g       h^k      81 

=  57  feet  per  second,  nearly. 


MOTION   OF   A.  PARTICLE  ON  A  CURVE. 

44.  When  a  heavy  particle  moves  on  a  plane  curve,  the 
plane  being  supposed  to  be  vertical,  a  portion  of  the  weight 
of  the  body  ivill  be  employed  in  producing  pressure  on  tJic 
curve,  and  the  other  portion  in  producing  motion.  Heoce, 
in  considering  the  motion  of  a  body  on  a  curve,  we  supjiosc 
the  force  of  gravity  at  any  point  to  be  resolved  into  two 
parts,  one  acting  along  the  tangent  of  the  curve,  the  other 
along  tiie  normal;  the  former  ia  the  part  wliich  produces 
motion,  and  is  the  only  part  with  which  we  shall  generally  be 
oonccrned.  AVe  liave  already  considered  u  particular  case  of 
motion  on  a  curve,  when  we  treated  of  a  body  falling  down 
on  inclined  plane ;  but  in  that  case  the  inclination  of  the  plane 
being  always  constant,  the  force  producing  motion  was  utu> 
form,  whereas  in  the  more  general  problem  of  motion  on  any 
curve  the  intensity  of  flie  force  varies  from  point  to  point. 
Conitequently  the  formulio  which  we  have  hitherto  used  ore 
inapplicable,  and  we  shall  be  obliged  to  content  ourselves,  in 
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this  place,  with  one  general  proposition,  which  -ne  can  demon* 
strate  by  general  reasoning.  We  shall  recur  to  the  subjeci 
hereafter. 

45.  When  a  lieavij  body  falls  down  the  surface  of  a  smooth* 
curve,  the  velocity  at  any  point  is  that  due  to  the  vertical  lisight 
throui/k  which  tlie  body  has  fallen. 

In  the  first  place  we  observe,  that  the  pressure  of  the 
curve  is  always  perpendicular  to  the  direction  of  the  motion, 
and  therefore  destroys  no  velocity. 

In  the  next  place,  the  proposition  is  true  for  an  inclined  \ 
plane,  as  has  been  sheivn.     (See  Ex.   l,  page  263.) 

And,  lastly,  we  may  consider  the  curve  to  be  a  succession 
of  inclined  planes,  the  planes  being  indefinitely  short  in  length 
and  great  in  number,  and  the  proposition  being  true  for  each 
will  be  true  for  all,  and  therefore  for  the  curve.  For  though 
it  may  be  argued,  that  there  is  always  a  loss  of  velocity  in 
passing  from  one  plane  to  another,  yet  we  know  that,  when 
the  planes  are  so  far  increased  in  number  and  diminished  in 
magnitude  as  to  be  considered  coincident  with  the  curve, 
this  will  not  be  the  case,  since  by  our  first  observation  no 
velocity  is  lost.  " 

46.  There  is  one  point  connected  with  the  mfltion  of  a 
body  on  a  curve,  of  which  we  can  give  a  general  expla'^ 
nation,  and  on  which  it  is  desirable  to  have  distinct  notions ; 
and  that  is,  the  existence  of  what  is  called  eentrifiti/al  force. , 
The  explanation  b  applicable,  not  only  to  the  motion  of  a 
body  constrained  to  move  upon  a  curve  line  or  curve  siu^ace, 
but  also  to  that  of  a  body  describing  any  path  not  rectilinear 
under  the  action  of  any  forces. 

When  a  body,  acted  upon  by  any  force,  moves  in  the 
direction  in  which  that  force  acts,  it  has  a  tendency  at  each 
moment  to  proceed  only  with  the  velocity  which  it  has  at 
that  moment ;  this  follows  from  the  first  law  of  motion,  or 
is  the  consequence  of  the  inertia  of  the  body.  But  when 
a  body,  acted  upon  by  any  force,  moves  transversely  to  the 
direction  of  the  force,  it  has  a  tendency  at  each  moment, 
not  only  to  proceed  with  the  velocity  with  which  it  is  then 
animated,  but  also  to  continue  to  move  in  the  direction  in  ^ 
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vUch  it  is  moving  at  the  instant  in  question ;  this  also  1 
a  consequence  of  the  first  law  of  motion.  The  motion  thei 
fore  may  he  conceived  of  as  though  the  body  were 
the  action  of  a  force,  always  tending  to  make  the  bcx 
leave  the  path  which  it  actually  describes ;  the  force  i ' ' 
measures  this  tendency,  is  called  the  centrifugal  force,  a  ; 
liable  to  much  objection,  because  there  is  in  fact  no  force 
acting  on  the  body  to  draw  it  out  of  its  path,  the  tendency 
to  leave  that  path  being  the  result  of  its  own  motion  only. 

Hence  if  we  conceive  the  forces,  acting  on  a  body  whidi 
describes  a  plane  curve,  to  be  resolved  into  two,  one  in  the 
direction  of  the  tangent,  the  other  in  the  direction  of  the 
normal,  we  may  say  that  the  former  portion  is  expended  in 
accelerating  or  retarding  the  body's  motion,  the  latter  io 
changing  its  direction,  or  (in  other  words)  in  counteractinjg 
the  centrifugal  force.  And  if  the  body  be  constrained  to 
move  on  a  curve,  the  normal  portion  will  be  employed  tn 
counteracting  the  centrifugal  force,  and  also  in  producing 
pressure  on  the  curi'C.  Therefore,  when  a  hea%y  particle 
moves  upon  a  curve  in  a  vertical  plane,  the  pressure  on  the 
curve  is  not  the  resolved  part  of  the  weight  in  the  direction 
of  the  normal,  as  would  be  the  case  if  the  particle  were  at 
rest,  but  is  greater  or  less  than  that  resolved  part  according 
as  the  c<^trifugal  force  tends  to  increase  or  diminish  the 
pressure. 


ON  THE  COLLISION  OR  IMPACT  OF  DODI&& 


47.  In  investigating  the  cbcutnstances  of  motion  wlit^' 
attend  the  collision  of  bodies,  there  are  two  cases  for  us  to 
consider;  (l)  that  of  inelaatic  bodies,  (2)  that  of  etattic 
We  must  define  the  meaning  of  these  terms. 

We  have  already,  when  speaking  of  impulsive  force,  de- 
scribed the  nature  of  the  action  which  takes  [ttacc  when  two 
elastic  bodies  impinge  upon  each  other ;  now  if  when  two 
bodies  impinge  upon  each  other,  after  Uie  compression  of 
their  figures  due  to  the  impact  has  ceased,  a  force  of  resti- 
tution of  figure  comes  into  operation,  the  bodies  arc  called 
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but  if  there  is  no  such  force,  then  tliey  are  called 
inelaMtc.  To  take  examples,  ivory  and  glass  are  highly 
elastic  substances,  a  lump  of  putty  or  clay  is  perhaps  as  free 
from  elasticity  as  any  substance. 

Let  us  consider  the  impact  of  inelastic  bodies. 


48.  Two  inelastic  balls,  moving  in  the  same  direction  &ut 
Kith  diff^ent  velocities,  impinge  upon  each  other;  to  determine 
t/ie  tnotioti  after  impact. 

Let  M  M'  be  the  masses  of 
the  two  balls,  V  V  their  velo- 
cities before  impact. 

When  the  bodies  impinge, 
there  will  be  an  impulsive 
pressure  between  thera,  which 
we  will  call  R,  and  the  value 
of  which  it  must  be  our  busi- 
ness to  find.  Tliis  pressure 
will  of  course  be  equal  in  magnitude  and  opposite  in  its  direo>l 
tion  upon  the  two  balls,  i.e.  accelerating  one  and  retarding;] 
the  other. 

The  momentum  of  the  ball  M  before  impact  is  MV, 
therefore  its  momentum  after  impact  is  MV  -  R,  and  there-  i 

R 

fore  its  velocity  K  ~  — . 

M 

Similarly,  the  velocity  of  the  ball  M'  after  impact  ia 

But  since,  by  the  hypothesis  of  inelasticity,  there  is  no 
force  after  impact  to  separate  the  balls,  they  will  proceed  , 
with  a  common  velocity ; 


and  Uie  common  velocity 


If  the  balls  are  moying  in  opposite  directioiis,  ' 
only  to  write  -  V  instead  of  F*. 

Coit.     If  we  eoU  v  the  velocity  afler  impact,  we  I 

Mv  +  Arv=MV+  3rV': 

that  is  to  say,  the  sum  of  the  momenta  of  the  balls  is  the 
same  afler  impact  as  before  it. 

This  result  might  have  been  concluded  at  once  from 
general  reasoning.  For  when  one  body  impinges  upon 
another,  it  can  only  lose  momentum  by  generating  momen- 
tum equal  to  that  which  it  loses ;  this  follows  from  the  third 
Law  of  Motion  ;  and  hence  it  is  evident  that  no  momentum 
can  be  lost  by  the  impact.  And  this  reasoning  applies  not 
only  to  inelastic  bodies,  but  to  clastic,  because  whatever  be 
.  the  nature  of  the  dynamical  action  no  momentum  can  be  lost 
by  one  body  without  generating  an  equal  amount  in  the 
other. 

The  same  thing  will  hold  of  any  number  of  balls,  moting  , 
in  any  directions:  that  is,  if  M,  M'...  be  the  mosse^s  of  any] 
number  of  balls,  V,  V...  their  velocities  before  impact|1 
V,  v', ...  after  impact,  wc  must  have, 

Mv  +  M'o  +  ...  =  Mr  +  M'V  +  ... 

49.     Wc    can   now   proceed   to   the   problem    of  elasti 
bodies.      We     may    consider    the   impact    as    consisting 
two  parts,  viz.   during  the  compression  of  the   bodies,  ood 
during  the  restitution  of  their  fonns :  as  long  oa  compres^^ 
sion  continues,  the  problem  is  precisely  the  same  as  if  tltft  | 
bodies  were  inelastic,  and  if  we  call  the  impulsive   pressure 
between  them  during  compression  H.    the  value   of  R  will 
be  that  already  found  on  tlie  snpiwsition  of  the  bodies  being 
inelutic ;    for,   though    the  bodies   do  not,  for  any  sensible 
time  after  impact,  move   with  the  sitmc  velocity,  yet  during^ 
tliat  very  hhort  time  in  which  the  compression  takes  pla« 
they  du  so;    honce  the  foru  of  ampration  ia  already  C 
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termined.  When  the  restitution  of  fonn  takes  place,  a  new 
force  is  brought  into  action,  -which  we  shall  distinguish  aa 
the  forct  of  restitution,  and  shall  call  R' ;  to  determine  jR* 
we  must  have  recourse  to  experiment,  and  it  is  found  that  the 
ratio  of  Ji^  to  R  is  independent  of  the  velocity  of  the  bodies, 
and  dependent  only  on  the  nature  of  the  substances  of  which 
they  are  composed.  So  that,  if  we  make  R'  =  eR,  we  may 
consider  e  to  be  a  known  quantity,  since  in  any  given  exam- 
ple, if  the  substance  of  the  bodies  is  given,  the  value  of  e  may 
be  found  from  experiment,  or  by  reference  to  tables  of  elas- 
ticity. The  quantity  e  is  called  the  mwluhts  of  elasticity ;  it  is 
always  some  quantity  less  than  l  ;  the  limiting  case  of  0 
being  actually  =  l  is  that  of  perfect  elasticity,  hut  there  is  no 
such  case  in  nature. 


50.  Two  elastic  balls  moving  in  t/ie  same  direction,  bat 
toith  different  velocities,  impit^e  upon  one  another;  la  find  th« 
velocities  afttr  impact. 

Let  MM"  be  the  masses  of  the  bodies. 

W  their  velocities  before  impact. 

vi/    afber  

RR  the  forces  of  compression  and  restitution  respec- 
tively, 80  that  the  whole  impulsive  force  between  the  balls 
=  fl  +  W  =  fi  (1  +  e),  where  c  is  the  modulus  of  elasticity. 

We  may  find  R  on  tlie  supposition  of  the  bodies  being 
taelastte;  hence  by  our  previous  investigation,  (Art.  48) 


«+«• 


M  +  M'^ 


-K-(l+e)r: 


-F-(l  +  e): 


^r 


Av-n, 


,.r.'L^.r.,.,i 


=  r+  (1  -1 


-n 


If  the  balls  are  moving  in  opposite  directions  we  must  change 
the  sign  of  V",  aa  in  Art.  48. 


We  have,  b;  sabtractioti, 
r-f-  F-  F-(l+«)(r-r), 

--.(r-r). 

If  we  suppose  VU>he  greater  Duid  V,  snd  that  af 
impact  the  ball  J/*  is  driren  on  by  JI  in  the  direction  i 
which  it  was  monog  before  impact,  v  will  be  greater  than  w, 
and  we  may  write  the  preceding  eqoatioD  thus, 


Now  V-V  is  the  rtiative  velocity  of  the  twlla  before 
impact,  that  is,  the  rate  at  which  they  approach  each  other, 
and  v-  V  is  the  relative  Telocity  aller  impact,  or  the  rate  at 
which  they  separate ;  hence  the  preceding  formula  may  be 
expressed  by  saying,  that  the  ratio  of  the  relative  velocities 
before  and  after  impact  is  a  qoantily  depending  only  on  the 
nature  of  the  substances  of  nbich  the  balls  are  composed. 
This  ifi  a  law  which  may  be  easily  made  the  subject  of  direct 
observation,  and  from  it  conversely  may  be  deduced  the  law 
which  has  been  enunciated  in  Art.  49,  and  which  has  been 
made  the  basin  of  our  investigations. 

For  we  have 

„     R  +It 


but  by  experiment. 


.(I'-n. 


-  t(r -f) .  {V -  r)  - iR * K)- 


or    R+R-ii  +  t) 


MM 


c-o. 


-^-..^1.(-n 


eR. 
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61.     Jn  elastic  ball  impingea  directly  upon  a  Jixed  plane  ;  to 
find  the  velocity  after  impact- 

Let  V  be  ball's  velocity  before  impact, 

V     after    

B  li"  the  forces  of  compression  and  restitution, 

e  the  modulus  of  elasticity. 

Then,  to  find  R,  we  suppose  the  body  inelastic ;  but  in  this 
case  there  would  be  no  velocity  after  impact,  since  the  plane 
is  fixed; 

R 


M 


.  0,  or  iJ  =  MV; 


I 


.-.  R  +  R:^{l+e)MV, 

and  w-r-  (I  +e)  V-  -eV. 

Hence  the  ball's  velocity  will  be  diminished  in  the  ratio 
of  I  :  e.  The  negative  sign  indicates  that  the  motion  after 
impact  must  be  in  the  opposite  direction  to  that  before  impact, 
which  must  manifestly  he  the  case. 

52.  By  oblique  impact  we  intend  to  express  those  cases 
of  impact,  in  which  the  direction  of  the  velocity  does  not 
coincide  with  the  direction  of  the  mutual  impulsive  pressure. 

53.  J  body  impingte  upon  a  fixed  plane,  in  the  direction  o/ 
a  line  mahintf  a  given  angle  with  the  normal  to  the  plane ;  to  de* 
termine  the  motion  after  impact. 

liCt  V  be  the  velocity  before  impact,  a  the  angle  which 
its  direction  makes  nnth  the  normal  to  the  plane :  v,  6  simi- 
lar quantities  afler  impact.  The  rest  of  the  notation  as 
before. 

We  may  suppose  Ihe  velocity  V  to  be  resolved  into  two 
velocities,  one  parallel  to  the  plane  {Vmxia),  the  other  per- 
pendicular to  it  ( F'coB  u) ;  the  former  will  not  be  altered  by 
the  impact,  the  latter  may  be  treated  as  in  the  case  of  direct 
impact,  and  will  therefore  be  diminished  in  the  ratio  of  i  •  e. 
The  resolved  parts  of  the  velocity  after  impact,  parallel  an^ 
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perpendicular  to  the  plane,  are  v  gin  9,   and    v  cos  6  respec- 
tively; hence  wc  shall  have, 

V  sin  0  =  F  sin  a, 

wcosfl™ -eKcoso; 
.-.  cotfl-  -6Cota, 

and  1/*=  F'(sin*a +«'cos*a), 
which  equations  determine  0  and  v. 

It  may  be  observed  that  this  investigation  is  applicable  to 
the  case  of  impact  on  any  surface,  by  subatituting  for  the 
plane  on  whicli  the  impact  has  been  supposed  to  take  place 
the  plane  which  touches  the  surface  at  the  point  of  impact. 

CoH.     If  the  elasticity  be  perfect,  or  e  >=  t,  we  shall  have 
cot9  ^  -  eot a, 
or  e=  -a, 
andw'-F*. 
or  V  -  F. 

The  interpretation  of  these  results  is,  that  the  ball  m&~' 
rebound   from   the  plane    with  a  velocity  equal   to  that  of 
incidence,  and  in  a  direction  making  an  angle  with  the  normal 
equal  to  the  angle  of  incidence,  but  on  the  opposite  side  of 
the  normal. 

54.  The  more  general  case  of  the  oblique  impact  of  two3 
balls  may  be  solved  in  like  manner  by  resolving  the  velocity 
of  each  ball  into  two,  namely,  one  in  the  direction  of  tie 
mutual  impulsive  pressure,  and  the  other  in  the  direction  at 
right  angles  to  it ;  then  the  latter  portions  of  the  vclocitiee 
will  not  be  affected  by  the  impact,  and  the  former  will  be 
modified  exactly  tn  the  same  way  as  if  the  impact  hod  been 
direct. 

Wc  itliall  subjoin  a  few  examples  of  impact. 

Rx.    I.      A  perfectly  elastic   ball    impinges   directly 
another,  and  ihiit  upon  a  third;  compare  th«  velocity  eommm 
rated  lo  the  third,  with  that  which  would  fiave  betn  commim 
eatad  (/*  t/u  Jirtt  had  impinged  upon  it. 
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Let  M  M'  M*'  be  the  masses  of  the  balls,  V  the  velocity 
of  M  before  impact. 

Let  R  be  the  force  of  compression,  then  we  should  find, 
by  an  investigation  such  as  that  in  Art.  48,  that 

T,       MM'    ,, 

.'.  the  velocity  of  M'  after  impact 

In  like  manner,  the  velocity  communicated  to  M" 

2M'  2M 


At  +  M"  M+Af 


V. 


But  the  velocity,  which  would  have  been  communicated,  if 
M  had  impinged  upon  JIf ", 

2M 
"  M-hAr     ' 

^,         ^.            .     ,  .         2Ar{M+M") 
.'.  the  ratio  required  is  j^r^ —nz-rr^ — -r^^  • 

Ex.  2.  In  the  direct  impact  of  perfectly  elastic  bodies^  the 
sum  of  the  masses  of  the  bodies  multiplied  each  by  the  square  of 
its  velocity  is  the  same  before  and  after  impact. 

Let  MM*  be  the  masses  of  the  bodies,  V  F'  their  respective 
velocities  before,  and  v  v*  after,  impact. 

Then,  we  have  seen  (Art.  50),  that 

v-r--^,(F-F'), 

M  -^  M 


•'-'^-i^c-'^- 


since  e  «  1 : 
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/.  v  -  v'  «  F-  r  -  2(F-  F) 

--(F-T), 

or  t;+  r«t/+  r ; (1). 

Again, 

or  M{v  -  r)  «  -  Jtr(t;'  -  F') (2). 

Multiplying  together  (i)  and  (2),  we  have 

or,  Mt^  +  ilfv'*  -  itfF«  +  JWr^ 

The  miGtss  of  a  body  multiplied  by  the  square  of  its  velocity 
is  called  its  Vis  Viva ;  hence  it  appears,  that  when  the  elas- 
ticity is  perfect,  the  sum  of  the  Vis  Viva  of  two  impinging 
bodies  is  not  altered  by  impact. 

Ex.  3.     In  the  collision  of  imperfectly  elastic  bodies.    Vis 
Viva  is  lost  by  the  impact. 

In  this  case  we  have 

.'.  Mv  +  Stv-MV  +  JU'V'; 

also     c-v'- r- F'-(i +e)(F- r)--«(f^- H; 

.-.  (Mv  +  M't/y  ~  (Mv + if  ry, 

and    MJif  (v-vj^  M3f<^{r  -  Vf 

mMM'iV-  ry-il  -e*)MM'iV-  V')*; 
.'.  by  addition,  {M+At) [Mv^+Afv*) - {M+df) (MV+M'  V) 

-0  -i^JMM'iv-  vy, 

MM* 
iu  +  M 

which  proves  the  proposition,  since  e  is  less  than  l. 
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8  from  a  given  height  upon  a 
find  the  latus  rectum  of  the  parabola 


Sx.  4.  An  elastic 
given  inclined  plane;  I 
described  after  tlie  rebound. 

Let  /3  be  the  angle 
of  the  plane ;  J  the 
point  from  which  the 
body  falls;  /*  the  point 
of  impact,  AP=h.  Let 
PN  be  normal  to  the 
plane,  PB  horizontal, 
and  PM  the  direction 
in  which  the  ball  goes 
off  after  impact, 
BPM=e. 

Then  the  velocity  with  which  the  body  reaches /'"V'sjA, 
and  the  angle  APN  =  fi,  hence  if  f  be  the  velocity  with  which 
the  ball  leaves  the  plane, 

r'=.2^/t(8in*/5+e'co3'/3).    (Art  53.) 

Again,  NPM=  90°-  /3  +  0,  hence  we  have,  (by  the  same  ] 
article,) 

tan(/3-e)-ecot^. 

The  latus  rectum  of  the  parabola  described 

2  F* 
B  -  -  COB*  5.     (Art.  41.) 

e 


tan  ^  —  tan  Q  e 

1  +  tan  0  tan  0  "  tan  /3 ' 
tan'  /3  -  tan  0  tan  ^  -  e  +  c  tan  /3  tan  fl ; 
tan'/3-e 


tane  = 


tan/3(l  +c)' 
tan^j3(l  +e)' 


1  +  tan"  6     taa=  /3  (i  +  e)'  +  (tai 

tan'  3  (I  +  e)' 
sec'  fi  (tan'  /3  +  e') 


•  sin')3 


or  Ml- 
which 
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—-^7 as  small  as  possible.     This  we  shall  do 

MAT 

by  the  method  given  in  the  note  on  page  ^6. 

^    ,  (3f '  4- 3f ")  (if  +  Jl/') 

JLet  X  = ; • 

MM' 

.:  M'*  +  iM  +  M")  M'  +  MM"  =  xMM', 


//vo 


M*  -(Mx-M-  M")  M'  +  (^^-^-^y- 


"\t 


{Mx -M-  M") 


-  MM"; 


^,  ^  Mx-M-M"      ^(Mx  -  M  -  M"y  _ 

2  4 

The  smallest  value  that  x  can  have  is  that  which  makes 

(Mx  -  JIf  -  My  =  4JI/Jf ", 

or  M'  -  y/MM"; 

that  is,  the  mass  of  the  middle  ball  must  be  a  mean  pro- 
portional between  the  masses  of  the  first  and  third. 
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NEWTON. 


INTRODUCTOEY  REMARKS. 

1.  It  may  perhaps  assist  the  student  towards  the  right   | 
understanding   of  those    extracts   from   Newton's    Principia 
which  follow,  if  we  preface  them  with  a  few  remarks  respect- 
ing their  general  purpose, 

2.  The  ordinary  processes  of  geometry  and  trigonometry 
are  sufficient  for  the  mensuration,  and  for  the  discussion  of  j 
the  properties,  of  straight  lines  and  figures  bounded  by 
straiglit  lines ;  but  these  methods  fail  when  we  come  to 
the  consideration  of  curve  lines  and  figures  bounded  by 
cuires.  We  require  then  some  method,  which  shall  enable 
us  to  extend  our  calculations  to  this  more  difficult  case,  and 
Buch  a  method  is  propounded  and  developed  by  Newton :  he 
considers  that  although  a  figure  inclosecl  by  a  curve  line  is 
not  a  polygon,  yet  a  polygon  may  be  made  to  approach  aa 
near  aa  we  please  to  such  a  figure  by  increasing  the  number 
and  diminishing  the  length  of  its  sides;  according  to  a  common 
phraseology,  a  figure  inclosed  by  a  curve  line  may  be  re- 
garded as  the  Hmil  of  a  polygon,  and  thus  we  are  enabled 
to  extend  to  the  former  propositions  proved  concerning 
the  latter. 

We  have  already,  in  fact,  anticipated  this  view  in  one 
simple  ease,  namely,  in  determining  the  area  and  circtim' 
fercnce  of  a  circle,  {Trig.  Art.  51,  page  135);  for  we  deduced 
those  expressions  by  observing  the  values  to  which  the  area 
and  circumference  of  a  regular  polygon  continually  approz- 
mated,  when  the  number  of  the  sides  was  increased  and  their  J 
length  diminished  indefinitely. 

We  also  anticipated  the  principle,  when  we  regarded  thei 
tangent  of  a  curve  as  the  line  drawn  through  two  points  in 
the  curve,  when  one  of  those  points  is  made  to  move  up 
indefinitely  near  to  the  other ;  in  other  words,  we  regarded 
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the   tangent  as  tlie   limiting   poaitjon   of  the  secand   wBctT" 
the    points    through    which    the    secant    is    drawn    coalesce. 
(Conies,  page  145). 

3.     Having  used  the  term  limit,  let  us  endeavour  to  deft 
it  strictly. 

Def.  The  limit  of  the  value  of  a  quantity  is  the  value  i 
which  the  quantity  continually  approaches,  {though  it  ncvfn 
reaches  it,)  when  any  element  on  which  the  quantity  depeni" 
is  indefinitely  increased  or  diniinbhed. 

The  limiting  position  of  a  line  would  be  similarly  defii 
Hence  it  appears,  that  we  do  not  assert  that  a  quantity  en 
is  equal  to  its  limit,  but  only  that  it  continually  approximates 
to  it.  Thus  we  do  not  say  that  a  circle  is  a  polygon,  or  a 
tangent  a  secant,  but  only  that  a  polygon  continually  approx- 
imates to  a  circle  as  the  number  of  its  sides  is  increased 
and  tlicir  length  diminished,  and  tliat  a  secant  continually 
approaches  to  a  tangent  as  the  points  of  section  approach 
each  other. 


4.  The  difficulty,  which  we  have  pointed  out  as  existing* 
in  the  application  of  mathematics  to  Geometry,  exists  also 
in  the  application  of  them  to  Mechanics.  Thus  we  have 
seen,  that  in  our  treatise  on  Dynamics  we  were  restricted 
to  the  consideration  of  uniform  force,  because  we  had  no 
calculus  which  enabled  us  to  treat  of  force  varying  from  one 
moment  to  another.  We  may  however  consider,  that  if  we 
suppose  the  case  of  a  number  of  impulses,  and  suppose  these 
impulses  to  be  indefinite  in  number  but  also  indetimtely 
small  in  intensity,  we  shall  have  a  hypothetical  system  of 
irapubes  approximating  as  near  as  we  please  to  the  character 
of  continuous  varying  force;  in  other  wordit,  a  continuous 
varying  force  may  be  regarde<i  as  the  liviit  of  a  system  of 
impulses. 

5.  The  method  of  calculation,  which  Newton  has  founded 
on  this  idea  of  a  limit,  and  wliioh  lie  lias  developed  in  the 
first  (tection  of  his  Principia,  he  calls  "The  method  of  prime 
and  ultimate  ratios,"  The  propriety  of  the  name  will  be  scea 
by  coiuidcring  an  example. 
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Let  ua  suppose  PQ  to  be  a  portion  of  a    _p  

,  PTthe  tangent  to  it  at  P.    TQ  per-  ~'~-^,._^ 

pendioular  to  PT:  then  we  nmy  i-ousider  llie  ^ 

curve  PQ  to  be  traced  out  bj  a  point,  monng 
according  to  some  given  law,  and  PT  to  be  traced  out  by  j 
a  point,  which  moves  in  the  direction  in  which  the  former 
point  was  moving   at  P.     Now  it  will   be  proved,   that  the 
limit  of  the  ratio   of  the   lines  PT  and  PQ,  when    TQ  is 
drawn  iudeiinitelj  near  to  P,  is  one  of  equality;  hence,  if  we 
regard  PQ  and  PT"  as  described   by  two   points  beginning 
to  move  from  P,  we  may  speak  of  their  natcent  state,   and 
say   that   their  prime    ratio   (that   is,   the    ratio   whieh    they 
liavo  at  first,)  is  one  of  equality;  or,  on  the  other  hand,  we 
may  suppose  i*Q  and /T  to  be   continually  diminished   by 
the  approach  of  TQ  to  P,  and  tlien  we  may  speak  of  tlieir 
vaniBhin-/  state  and  say,  that  their  ultimate   ratio  is  one  of  I 
equality.     Prime  and  ultimate  therefore  are.  iu  general,  ex- 
pressions for  the  same  thing,  contemplated  from  two  different   , 
points  of  view. 

6.      It  may  be  well  to  observe,  that  when  Newton  speaks  ] 
of  two  quantities  being  vltimatefy  equal,  he  does  not  mean   ' 
that  they  ever  are  really  equal,  but  that  tlicy  are  tending  to 
the   same   limit;    thus,    to    take   an   algebraical   illustration, 
according  to  Newton's  phrase,  a  +  x  and  a  +  2,r  are  ultimately 
equal  when  iT  is  indefinitely  diminished,  because  both  tend  to   i 
the  same  limit,  viz,  the  quantity  a. 

And,  in  like  manner,  in  the  example  adduced  in  the 
preceding  article,  Newton  would  spc»k  of  PT  and  PQ  being 
ultimately  equal ;  not  asserting  thereby  that  those  lines  are 
ever  really  equal,  but  only  that  they  const-antly  tend  to 
equality,  and  that  the  difference  between  their  ratio  and  ] 
unity  diminishes  indefinitely  as  the  line  TQ  approaches  P.         | 

In   the   Scholium   at  the  conclusion  of  the   first  section 
Newton  himself  considers  some  of  the  objections  which  may  J 
be  raised  against  his  method. 


Note,  In  the  following  version  of  the  three  sections, 
some  demonstrations  and  propositions  liave  been  introduced 
■which  are  not  found  in  the  Principia :  all  such  interpolatiouB 

murkcd  by  being  inclosed  in  piireutheses. 


SECTION  r. 

ON  THE   METHOD   OP  PRIME  AND   ULTIMATE  RATIQ 


Lemma  I. 

Quantities  and  the  ratios  of  quantities  which  tend  constant 
to  eqtialitij.  and  may  be  made  to  approximate  to  each  otlutr  hi/ 
less  than  any  assignable  difference,  become  uUimatety  eqiiaL 

For  if  not,  let  them  become  ultimately  unequal,  and  their 
difference  be  ultimately  D.  Therefore  they  cannot  approxi- 
mate to  each  other  by  Ics3  thau  the  difference  J),  and  this  is 
contrary  to  the  hypothesis,  which  is,  that  they  may  approxi- 
mate by  less  than  any  assignable  difference.  Wherefore  they 
do  not  become  ultimately  unequal,  that  is,  they  become  ulti- 
mately equal,     q.e.d. 

Lemma  IL  I 

Jf  in  any  Jigure  AaE,  bounded  by  the  straight  lines  Aa,'" 
AE  and  the  curve  acE,  tfiere  be  inscribed  an'/  number  of  parol' 

lelograma  Ab,  Be,  Cd on  equal  basfs   AH,  BC,  CD 

and  sides  Bb,  Co parallel  to  t/ie  side  of  tlie  figure  Aa.  and 

the  parallelograms   aKbl,    bLcm,   cMdii be   eompteted : 

tlten,  \f  tits  breadth  of  tliese  paralleh^rams  be  diminished  and 
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their  number  increased   inde/tnitely,   t/ie.  ultimate  ratios  of  the 

inscribed  fitjure  AKbLcM ,  (Ae  circumscribed  figura 

AalbmcndoE,  and  the  ciirvilimar  figure  AabcdE,  will  be 
ratios  of  eqxtality. 

For  the  difTercnce   of  the   inscribed  and   circumscribed 

figures  is  the  sum  of  the  parHllelograms  Kl,  Lm,  Mn,Do 

that  is,  (since  the  bases  are  all  equal)  the  parallelogram  AalB. 
But  this  parallelogram,  by  diminishing  its  breadth  indefi- 
nitely, may  be  made  leas  than  any  assignable  quantity. 
Therefore,  by  Lemma  I.,  the  inscribed  and  circumscribed 
figures,  and  a  fortiori  the  curvilinear  figure  which  is  inter- 
mediate to  the  two,  become  ultimately  equal.     q.b.d. 

Lemma  III. 

The  aame  ultimate  ratios  are  also  ratios  of  equality,  when  J 

tlie    breadt/is    of   the  parallelograms    AB,    liC,    CD, are 

unequal,  and  all  are  diminislied  hidefinitebj. 


For  let  AF  be  equal  to  the  greatest  breadth,  and  complete 
the  parallelogram  AafF.  Then  this  parallelogram  will 
greater  than  the  difference  between  the  insci-ibed  and  cip 
cumscribed  figures ;  but,  when  its  breadth  is  diuiinishef 
indefinitely,  it  will  become  less  than  any  aesignable  quantity, 
and  therefore  a  Jhrliori  the  difference  between  the  inscribed 
and  circumscribed  figures  will  be  less  tlian  any  assignable 
quantity.     Hence,  as  in  the  preceding  Lemma,  the  ultimate 


ratios  of  the  inscribed,  the  circumscribed,  and  the  curvilinear 
ligure,  will  be  ratios  of  equality,      q.e.d. 

Cor.  1.     Hence  the  ultimate  sum  of  the  evanescent  paral-_ 
lelograms  coincides  with  the  curvilinear  figure. 

CoH.  s.      And  a  fortiori   the  rectilinear   figure,  which  i 
included  by  the  chords  of  the  evanescent  area  ab,  be,  erf,  ' 
coincides  ultimately  with  the  curvilinear  figure- 

Cor.  3.     As  in  like  manner  does  the  circumscribed  figi 
which  is  included  by  the  tangents  of  the  same  arcs. 

Cor.  i.     And   the  perimeters  of  these   ultimate  i 
are  not  rectilinear,  but  the  curvilinear  limits  of  rectiliuei 
perimeters. 

Lehha  TV. 

If  in  two  fffures  AacE,  PprT,  are  inscribed  two  i 
(ff  paralUhgrama,  (as  in  the  precediw/  Lemmas,)  the  number  in 
the  tivo  series  beinif  the  same,  and  if  when  the  breadths  of  tht 
parallvlogramK  are  diminished  and  their  number  increased  tmrf^ 
nitefif,  the  ultimate  ratios  of  the  parallelograms  in  <me  fyw 
those  in  the  other  eaeh  to  each  are  alt  the  same;  then  an 
figures  AacE,  PprT  in  that  same  ratio. 


For  as  the  parallelograms  are  each  to  each,  so   {cwnpo~ 
nntdo)  is  the  sum  of  all  in  one  figure  to  the  sum  of  all  in  lb* J 
other,  and  therefore  the  figure  AacE  to  the   figure  PprT^k 
(or  by  the  preceding  Lemma,  the  ultimat*  ratio  of  t 
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figures  to  the  series  of  inscribed  parallclograma  is  a  ratio  ofM 
equality.* 

Cor.  Hence  if  two  quantities  of  any  kind  be  divided  i 
into  the  same  number  of  parts ;  and  those  parts,  when  the 
number  of  them  is  increased  and  their  magnitude  diminished 
indefinitely,  have  a  given  ratio,  namely,  the  first  to  the  first, 
tlie  second  to  the  second,  and  so  on,  the  whole  quantities  will 
be  to  each  other  in  that  same  given  ratio.  For  if  in  the 
figures  of  this  Lemma  the  parallelograms  be  taken  having  the 
same  ratio  to  each  other  as  the  pnrts,  the  sums  of  the  parts 
will  always  be  as  the  sums  of  the  parallelugrains ;  and  there- 
fore, when  the  number  of  the  parts  and  parallelograms  are 
increased  and  their  magnitude  diminished  indefinitely,  they 
will  be  in  the  ultimate  ratio  of  parallelogram  to  parallel- 
ogram, that  is,  (by  hypolhesLi)  in  the  ultimate  ratio  of  part 
to  part, 

[Def.      One  curvilinear  figure  is  said   to  be   similar   to 
another,  when  any  rectilinear  figure  being  inscribed  in  the  ^ 
first,  a  similar  rectilinear  figure  may  be  inscribed  in  the  other. 

In  other  words,  similar  curvilinear  figures  are  the  limits  \ 

I  of  similar  rectilinear  figures,  the  sides  of  which   have  been  J 
indefinitely  increased  in  number  and  diminished  in  length.] 
•[Bj 


einay  liod  ihe  irea  of  bd  ellipse. 


T^if  ^SobeihccUipu,  ADa  i 
of  ptnJIclograma  on  «qu»l  bases,  ai 
■re  W  wwh  other  u  I'N  -  Qlf.  or  u 

Therefute 

UM  of  ellipu 


be  DUiiliiry  uircle,  and  ireducribe  In  llicti 
ich  u  PFNJV,    QQ'X'ff,   thcM  puiUelognnn 
BC  I  AC,  (Cooiia,  Prop.  VI.  p.  IBl.) 


The  liomfiloijous  sides  of  similar  curvilinear  figvres  are  } 
portional,   and   their  areas   are   in  the    duplicate  ratio    of  1 


[Let  AED,  aed  be  two  similar  cunilinear  figures,  of  which 
the  BiUes  AE,  ED,  AD  are  homologous  to  ae,  erf,  ad,  respec- 
tively ;  then,  hy  definition,  if  ABCDE  be  a  polygon  inscribed-  ■ 
in  one,a  similar  polygon  abcde  maybe  inacrlbed in  the  otl 
Join  EB,  EC...  eh,  ec...,,  dividing  the  polygons  into  t 
same  number  of  similar  triangles ; 

.-.  AB  t  ab  ::  AE  :  ae, 
eimilarly  BC  :  6c  ::  BE  :  be  ::   AE  : 
CD  :  cd  ::  AE  :  ae. 


.'.  compmundo, 
AB  +  BC  +  CD  +  ...    :  ab  +  be  +  cd...  ::  AE  :  ae. 
Now  this,  being  always  true,  will  be  true  when  the  number 
of  sidea  i«  increased  and  their  lengths  diminished  indefinitely ; 
but.  in  this  case,  the  rcctihnear  figure  ABCD  ...  becomes  uUi- 
jnatcly  equal  to  the  curve  hue  AD,  and  abed  ...  to  ad; 
.-.  AD  :  ad  ::  AE  :  ae  ::  ED  i  ed. 

■  (NcwMQ  give*  thii  Lemna  viihoui  uij  dcnUHwUBtlim  i  ihaigifca  In  ibcMiihlf] 
bet  mncly  an  cipinniun  at  (li<  HMrtian  IhH  ttmiUr  rurtilincw  palcKOUt  u«  th*  timlit 
offimiUt  rnlilintai  polirgoiu,  and  iht  niinil  ahlch  bufTupnl  <bc  principle  tliM  bIui  ti 
mw  at  loa  paljKOO*  U  nccewuilf  true  of  llic  liiniM  of  ibou  pnljFgant,  aill  ■!  «k>  ned** 
mm».  m  Kamua  hut  airm  it,  wUhoul  fonml  dtmoimnmoa.] 
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Again, 

polygon  EABCD  :  polygon  eabcd  ::   AE'  :  ae*. 
and  thia  being  always  true  will  be  true  in  the  limit  as  before ; 
therefore,  (Lemma  III.  Cor.  2.) 

curvil'.  figure  AED  :  curvil'.  figure  aed  :;  AE'  :  ae^  I 
::  ^D'  :  ad'  I 
::  ED' :  etf 


CoH.  If  JED,  aed,  are  similar  figures,  and  EC,  ec  equally 
inclined  to  ED,  ed,  then  EC  :  ec  ;;  ED  :  erf.] 

[A  curve  may  be  conceived  as  being  traced  by  a  moving 
point,  the  direction  of  the  motion  of  which  is  continually 
changing. 

The  tangent  at  any  point  of  a  curve,  thus  considered, 
the  straight  line,  in  which  the  generating  point  would  move,  I 
if  instead  of  changing  the  direction  of  its  motion  it  moved  oa  J 
in  the  direction  which  it  had  at  the  given  point. 

A  curve  is  said  to  be  one  of  continued  curvature,  when  the  | 
change  of  direction  is  not  abrupt,  but  gradual;  that  is,  if 
ACB  (fig.  Lemma  VI,)  be  an  arc  of  continued  curvature,  JD 
a  tangent  at  A,  and  BT  a.  tangent  at  B,  then  as  the  point  B 
moves  to  A  the  angle  BTD  which  determines  the  direction 
of  its  motion  diminishes,  not  abruptly,  but  gradually,  and 
ultimately  vanishes.] 

Lbhma  VL 

If  any  arc  of  continued  curvature  ACB  be  mbtended  by  llta 
chord  AB,  and  have  llie  tamjent  ATD  at  A;  then  if  itie  poira  B 
move  up  to  A,  the  angle  BAD  wili  diminish  indefinitely  and 
ultimately  vanish*. 

[Draw  the  tangent  BT  ai  S;  then,  since  the  curvature  is  j 
continued,  the  angle  BTD  continually  diminishes  as  S  ap-  | 

•  III  will  be  ™»ily  iBtn,  thHi  ilie  mode  of  <iewing  the  unt;cm  lo  ■  curie,  which  liu 
htm  ktn  .dopted,  eolntidn  wilh  lli»i  »«ording  »  which  ihe  ungeni  b  con.idertd  u  tht 
InnitlDg  posilion  of  the  kchiii,  (tee  prngrUb):  tat.  wnce  ih«  wigU  BAD  ukinutely 
*Rnitbei,  the  Mc«m  AB  ultimBtdj  coinddem  *lth  lb*  mngtixt  AD.] 


proaches  J,  and  ultimately  vankhes;  therefore  a  Jortiori  the 
angle  BAT,  which  is  less  than  BTD,  contiDually  diminishea 
and  ultimately  vanishes*,     q.e.d. 

Cor.     Similar  conterminons  arcs,  which  have  their  cho 
coincideiit,  have  a  common  tAngent. 


Let  the  similar  conterminous  arcs  APB,  Apb,  have  1 
chorda  AB,  Ab  coincident,  aod  let  APp,  AQq  be  any  i 
coincident  chords;  then  since  the  curves  are  similar. 

Ail  :  Aq  :;  AB  :  Ah  ::  AP  :  Ap. 
Hence  the  arcs  AiiP,  Aqp  are  similar,  and  therefore,  if  . 
move  up  to  A,  the  area  AP,  Ap  being  always  similar  will 
vanish  together,  and  the  chord  APp  in  its  ultimate  poaitioa 
will  be  a  tangeat  to  both. 


of  ibU  Lmima  ta  u  fsllowii : 

inebil  >rcu*  ACB  cum  Uugi 
ta  id  punclum  A  Don  cril  a 


*  (NewlDn'k  denHmntTBll 
Nun  il  ui|;ului  Ills  noi 
Iddi  ncUlineu  niaaleiu,  r 

The  demMiilratlan  ftfi  in  tht  icxi  difttn  frtnn  ihc  kba*c  chlHIf  in  exhililUnf  mem 
•Intplf  and  deu]]i  ihi  idea  of  <wa(i nutfji  -■  If  ihe  curraiuic  of  a  curr*  M  toy  poini  ta 
fatklinnid,  thm  lh<  angle  bclvccn  llw  lanfOit*  ai  iwo  poinu  indetbilielf  ncM  loyrlbK  !• 
llwlr  liulefiniidjr  wiull  ^  bul  ir  In  iw  uluinatf  pcnltlon  the  li»f  AB,  Bhwh  vill  ll  ~  ^ 
reincidcnl  In  dirtctiun  ■ith  AD,  raakn  «ilb  the  an  ACBt  Hnlte  wi|;le,  ihoi  ll 
Mlo*  itiai  ihcre  !•■  Uolw  anjtlc  bnaecn  ibc  lanitenuat  twotwlaa  lBd«lisiM|f  DMrIi 
gtlba,  ih^l  U,  ibtre  li  a  rfitKntiwNU)'  of  ih*  «i 


ND   CLTMIATE   B 


Dkp.  The  aubteiise  of  an  arc  is  a  straight  line,  drawn 
from  one  extremity  of  tlie  arc  to  meet,  at  a  finite  angle,  the 
tangent  to  the  arc  at  its  other  extremity, 

Ous.  The  following  three  Lemmas  involve  a  common 
principle,  which  it  may  be  well  to  cndeavom-  to  explain.  The 
purpose  of  each  Lemma  is  to  discover  the  ultimate  value  of 
a  ratio,  both  terms  of  which  become  in  the  limit  evanescent, 
and  the  difficulty  consists  in  determining  this  value  geometri- 
cally. The  artifice  made  use  of  by  Newton,  is  this;  he 
substitutes  for  the  ratio,  the  ultimate  value  of  which  is  to  be 
determined,  another  ratio,  which  is  such,  that  it  is  alwaya 
equal  to  the  given  ratio,  but  yet  that  its  terms  become 
finite  and  not  evanescent  in  the  limit ;  the  difficulty  therefore, 
just  now  alluded  to,  does  not  enter  into  the  determination  of 
the  ultimate  value  of  this  subsidiary  ratio,  which  being  found, 
the  ultimate  value  of  the  given  ratio  is  also  known,  being 
equal  to  it.] 


Lemma  VII. 


y 


If  BD  be  a  subtense  qf  the  arc  ACB  of  contirH^l 
vature,  and  B  move  up  to  A,  then  will  the  ultimate  ratio  of 
the  arc  ACB,  l/te  chord  AB,  and  the  tangent  AD  be  a  ratio  of 
equalittf. 


Let  AD  be  produced  to  some  fixed*  point  d,  and  as  B  i 
moves  up  to  J,  suppose  db  always  drawn  through  d  parallel  I 
to  DB  to  meet  JB  produced  in  b.     Also  on  Ab  suppose  an 
arc  Acb  to  he  described  always  similar  to  the  arc  ACB,  and   | 
having  therefore  ADd  for  its  tangent. 

*  [ForiiiTi]iliclty'>  Mkc  the  poini  d  l»  tpokea  of  m  t  fijvd  palat,  bui  ihia  condiilon  i* 

DOI  nccourf  to  the  proofi  (he  aalj  tteceatuy  conilition  ■«,  lh*l  A  J  ihoald  alir»)ri  Im 

L.jMr«.    A  UDuUi  obimrKtimi  ■ppli«  to  the  neii  mo  LcmioM. ] 
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Tlien,  by  similar  figures,  we  shall  always  have, 
AB  :  ACB  :  AD   ::  Ab  :  Aeb  :  jld; 
and   since   this  proportion   is   always  true,  it  is  true  ia  1 
limit  when  B  has  moved  up  to  A. 

But,  in  this  ease,  the  angle  bAd  vanishes,  and  therefor 
the  point  6  coincides  with  d,  and  the  lines  Ab,  Ad,  and  there- 
fore Jcb  which  lies  between  thera,  are  equal. 

Henee  also  the  arc  A  CB,  the  chord  AB,  and  the  tangent 
AD,  which  ore  always  in  the  same  proportion  as  Acb,  Ab,  and 
Ad,  arc  ultimately  equal^.     Q.B.U. 

Cor.  1.  Whence  if  through 
B,  BF  be  drawn  parallel  to  the 
tjvngent,  cutting  any  btraight 
line  v4i^  always  passing  through 

A,  this  line  BF  will  ultimately  have  a  ratio  of  equality  to  t 
evanescent  arc  ^Cfl,  because  if  we  complete  the  parallelogi 
AFbD  it  has  always  a  ratio  of  equality  to  AD. 

Cor,  2.     And  if  through  B  and  A  any  Bumber  of  Btrsipm 
lines  BE,  BD,  AF,  AG,  be  drawn,   cutting   the   tangent  AD' 
and  the  line  BF  which  is  jiarallel  to  it ;  the  ultimate  ratio  of 
the  lines  AD.  AE,  BF.  BG,  and  the  chord  and  arc  AB  will  be 
a  ratio  of  equality. 

Cor.  S.  Hence  in  all  reasonings  concerning  ultimat* 
ratios,  the  are,  chord,  and  tangent  may  be  used  indifferently 
one  for  another. 

•  [Uenct  it  ni»yb«  contlucled,  thtiif  »e  uM  th»  rimi/or  nn-a«i  re  (»«  Trigonometry, 
p«g*  140,  Art.  04)  or  an  uiglc  6,  Uicn  the  Dumerlckl  mluoi  orit,  tin  0,  ua  6,  aod  chd  0 
■re  altituaMlr  the  muiic. 

For.  If  «econiidn^C0  tobean  arc  of  a  circle,  *■  have  M  mc^  ftom  the  !■-■»■— g^ 

chd  9~S  iillhnatelr  ; 

9      9 
.:  nn  7,  E  ^,  or  lin  6~l 


Uoic*,  ■hen  0  li  verf  M 
b«  uwd  tiuliKTlniin>i*l;.| 


-  ^  0,  ilnce  c»  0  =  I  ullhueldf . 
9,  eiii  e,  na  0,  and  cfad  O  majr,  fix  all  p 
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Lemma  VIII. 
If  two  straight  lines  AR,  BR.  make  ttnth  the  arc  ACB  the 
ehord  AB,  and  the  tangent  AD,  (fte  three  trianfjles  RAB,  RACB, 
I  BAD  i  then  when  the  point  B  mot'es  up  to  A,  the  three  trianglea 
I  will  be  ultimately  similar  and,  equal. 


Let  AD  be  produced  to  some  fixed  point  d,  and  as  B 
moves  up  to  A  suppose  dbr  always  drawn  through  d  parallel 
to  DSR  to  meet  AB  produced  in  b,  and  AR  produced  in  r. 
Also,  on  Alt  suppose  an  arc  Ach  to  be  described  always 
similar  to  the  arc  ACB,  and  having  therefore  ADd  for  its 
tangent. 

Then,  by  similar  figures,  we  shall  always  have, 
RAB  :  RACB  :  RAD  ::  rAb  :  rAcb  :  rAd. 
And  since  this  proportion  is  always  true,  it  is  true  in  the  limit 
when  B  has  moved  up  to  A. 

But,  in  this  case,  the  angle  bAd  vanishes,  and  therefore 
the  point  b  coincides  with  d,  and  Ab  with  Ad;  and  the  tri- 
angles rAb,  rAd,  and  therefore  rAcb  which  is  intermediate  to  | 
them,  are  similar  and  equal. 

Hence  also,  the  triangles  RAB,  RACR,  RAD  which  are 
always  similar  to,  and  in  the  same  proportion  as  rAb,  rAcb, 
rAd,  arc  ultimately  similar  and  equal.     q-E.D. 

Cor.     Hence  iu  all  reasonings  concerning  ultimate  ratios, 
the  three  triangles  aforesaid  may  be  used  indifferently  for  one  i 
another. 


Lemma  IX. 

If  the  straight  line  AE  and  curve  ABC,  given  in  position, 
cvt  each  other  in  a  finite  angle  at  A,  and  the  lines  BD,  CE  be 
drawn,  meetiny  the  line  AE  m  any  other  finite  angle,  and  the 
cunie  in  B  and  C;  then,  if  the  points  B  and  C  move  up  to  A, 
the  curvilinear  triangles  ABD,  ACE  will  be  ultimately  in  the 
duplicate  ratio  oft/ieir  sides. 

Let  AE  be  produced  to  some  fixed  point  e,  and  take  Ad 
such  that  ~ 

Ad  :  Ae  ::  AD  :  AE. 

Draw  db,  ec  parallel  to  DB.  EC.  to  meet  AB.   AC  pro-' 
duced  in  b  and  c.     On  A  c  describe  an  arc  of  a  curve  similar 
to  ABC,  which  will  pass  through  b,  because  by  similar  figures 
Ab  :   Ac  ::   AB  :  AC. 


Aa  the  points  B.  C  move  up  to  A.  suppose  the  curre  Abe  to 
change  its  form  so  as  to  be  always  similar  to  the  ciure  ABC; 
then  the  area  ABD  will  always  be  similar  to  Abd,  and  ACE 
to  ^  ce ;  hence 

area  ABD  :  area  Abd  ::  Atf  :  A^, 

and  area  ACE  :  area  Ace  ::  AE' :  A^\ 

huiAiy  :  AE"  ::  Ad^  :  Ae^; 

.:  Break  ABD  :  area  ACE  ::  area  Abd  :  area  Acs, 

and  this,  being  true  always.  Hill  be  true  ultimately  when  B 

and  C  have  moved  up  to  A. 

But,  in  this  ca»e,  if  AFO/g  be  the  coounon  tangent  to  tha 
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two  arcs  at  J,  the  angles  bAf,  cAg  will  vanish,  and  the 
areas  Abd,  Ace  will  be  ultimately  the  areas  Afd,  Age; 
but 

area  A/d  :  area  Age  ::  Ad'  :  Ae', 
::  AD'  :  AE*; 
.-.  also,  ultimately, 

area  AUD  :  area  ACE  ::  AC  :  AE'. 


The  spaces,  described  f>-om  rest  it/  a  body  under  the  actum 
of  any  finite  force,  are  in  the  beginning  of  the  motion  as  the 
tquarea  of  the  times  in  which  they  are  described. 


Let  time  be  represented  by  spaces  set  off  along  the  line 
AK,  and  velocity  generated  by  lines  perpendicular  to  AK. 
And  let  the  time  be  divided  into  a  number  of  equal  intervals 

AB.  BC,   CD. ;  let  Bb,   Cc,  Dd, be  the  velocities 

acquired  in  the  times  AB,  AC,  AD ;  and  complete  the 

parallelograms  ^  ft.  Be,  Cd 

Suppose  the  force  to  act  by  impul>4cs,  which  would  cause 
the  body  to  move  during  the  times  AB,  BC,  CD, uni- 
formly, with   the   velocities  Bb,   Cc,  Dd, respectively; 

then  the  spaces  described  during  the  1st,  Snd,  3rd inter- 
vals will  be  represented  by  the  parallelograms  Ab,  Be,  Cd, 

and  the  space  described  in  any  given  time  [AK)  by  the  sum 
of  such  parallelograms.  But,  if  we  suppose  the  intervals  of 
time  indefinitely  decreased  in  maguitude  and  increased  in 
number,  the  series  of  impulses  wilt  constitute  a  couUnuous 
20  ^ 
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force,  and  the  sum  of  the  parallelograms  will  (by  Lemma  ILJ^ 
be  equal  to  the  area  AKk. 

Hence,  if  a  finite  force  act  during  any  times  AD  and  AK, 
we  shall  liave, 

space  in  time  AD  ,-  space  in  time  AK ::  area  ADd  :  area  AKk. 
Also  the  angle  at  which  the  curve  A  h,  or  the  tangent  A  T, 
meets  the  line  AK  is  finite,  for  since  the  force  is  ^uite  the 
ratio  Kk  :  AK  is  always  finite,  and  therefore  the  ratio 
KT  :  AK  (to  which  the  ratio  Kk  :  AK  is  ultimately  equal) 
ia  finite.  J 

Hence,  (by  Lemma  IX.)  ultimately,  ^^| 

area  ADd  :  area  AKk  ::  AJD'  :  AK*; 
that  is,  in  the  beginning  of  the  motion,  the  spaces  described 
are  proportional  to  the  squares  of  the  times  of  describing 
them*     Q.E.D. 

[Cor.  1,  Hence  it  is  easily  concluded  that  the  errors  oT 
bodies  describing  similar  parts  of  similar  figures  in  propor- 
tionate times,  which  are  generated  by  forces  applied  in  a 
similar  manner  to  the  various  bodies,  and  wlilch  arc  measured 
by  the  distances  of  the  bodies  from  those  places  in  the  simi- 
lar figures  to  which  the  same  bodies  would  come  in  the  same 
proportionate  times  without  the  action  of  those  forces,  ore 
approximately  as  the  squares  of  the  times  in  which  they  are 
generated. 


■  [Tlic  ti 


mode  of  demonMiMion  li  ftpplicabli  M  lh«  propoiiaiw  ilMsdj  previd. 


(ptge  367,  An.  3U],  Duiiclf,  that  ii 

For,  le(  timebercpresraMd  bjr  ipK« 
Ht  off  along  ihe  line  AK,  uiA  Telocity 
gmctatcd  lijr  lines  p«pcoiUciil»[  to  ii,  u 
before.  Tlisi,  lince  ihe  vducitj  it  pro- 
punimiBl  10  ihe  liBie  in  which  il  i*  gcnc- 

Mtcd,  the  polnM  ft.  c,  d will  be  in  a 

■mtihtllne:  uid  thefpsrcdHrribedtit 
Ihe  time  AK  will  be  lepresentcd  by  iha 
trIuiKle  AKk,  or  by  hslf  the  reciwigle 
under  .fXcnd  fftij 
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i 


Cob.  2.     Also  the  errors  which  are  generated  by  propor- 
[  donate   forces,  similarly  applied   to  eimiJar  parts  of  similar 
figures,  arc  as  the  forces  aud  the  squares  of  the  times  coa- 
Jointly. 

Cor.  3.  The  same  thing  is  true  of  the  spaces  which 
bodies  describe  under  the  action  of  different  forces.  These 
are  in  the  be^nning  of  the  motion  conjointly  as  the  forces 
and  the  squares  of  the  times. 

Cor,  4.  And  therefore  in  the  beginning  of  the  motion 
the  forces  are  as  the  spaces  described  directly,  and  the 
squares  of  the  times  inversely. 

Cor,  5.  And  the  squares  of  the  times  are  as  the  spaces 
described  directly,  and  the  forces  inversely. 

[If  F  represent  the  force,  S  the  space,  and  T  the  time,  we 
may  deduce  the  three  preceding  corollaries  as  foUows. 

Accelerating  force  is  measured  by  the  velocity  which 
would  be  generated  in  a  given  time  divided  by  the  time,  the 
force  being  supposed  uniform  throughout  the  time,  (See 
Dynamics,  page  349,  Art.  14.)  Now,  if  the  force  were  to  be 
uniform  and  of  the  same  intensity  as  at  A,  the  curve  J  k  would 
coincide  with  the  tangent  AT; 

IKT      KT.AK     ^tn&vtg\eAKT 
I  ''  ak" 

I  And  the  effect  produced  by  F  upon  the  botly  is  inde- 
jiendent  of  any  motion  which  it  may  have  when  F  begins  to 
act  upon  it.  Hence,  if  S  be  the  space  through  which  a  force 
F  draws  a  body,  in  the  time  T,  from  the  position  which  it 

girould  have  occupied  if  F  had  not  acted,  F-=i  Utnit  ^, .] 


>  S  limit 


>  a  limit 


AK* 

area  AKk 

AK* 

S 


AK' 


SCHOLIUM, 
tf  quantities  of  different  kinds  be  compared  one  with 
Another,  and  any  one  of  them  be  said  to  be  directly  or  i 
versely  as  another;  the  meaning  is.  that  the  fonner  is  f 
creased  or  diminished  in  the  same  ratio  as  the  latter  or  aa  i 
reciprocal.  And  if  any  one  of  them  be  said  to  be  as  any  other  ' 
two  or  more  directly  or  inversely ;  the  meaning  is,  that  the 
first  is  increased  or  diminished  in  the  ratio  which  is  com- 
pounded of  the  ratios  in  which  the  others  or  their  reciprocals 
are  increased  or  diminished.  As  for  instance,  if  A  should  be 
said  to  be  as  S  directly  and  C  directly  and  D  inversely  ;  the 
meaning  is,  that  A  is  increased  or  diminished  in  the  same  ratio  ag 

B  X  C  X  —,  that  is,  that  A  and  -j-  are  to  each  other  in  the 
given  ratio. 


CDIGRESSION  CONCERNING  THE  CURVATURE  t 
CURVE  LINES. 


On   tlte  measure  of  the   curvature  of  a 


Let  PQ,  Pq  be  two  cu^^■es  having  the  game  t-nngont  at  P, 
then  the  curvatures  of  these  two  curves  at  the  point  P  will  bo 
compared,  by  comparing  the  rate  at  which  tlieir  deflection 
from  the  common  tangent  be^fina  to  take  place.  Draw  the 
eubtenae  TQq,  and  join  PQ,  Pij;  then  if  TQ'i  were  to  move 
parallel  to  itself  up  to  P,  PQ.  Pq  would  ultimately  become 
tangents  to  the  curves  PQ,  Pq  respectively,  and  the  ultimate 
value  of  the  ratio  of  the  angles  TPQ.  TPq  will  therefore 
asurc  the  ratio  of  the  cunatures  of  the  curvcit  at  P 


'   CURVE  LIXEI 


curvature  of  Pq  at  P 


qPT 
QT  . 

-r-—  Sin 


siu  QPT 
singPT 


Pi 


sin  PTq 


QT 
IT- 


2.  Another,  and  perhaps  a  simpler,  way  of  viewing  this 
proposition  is  to  consider,  that  if  from  any  point  T  in  the 
tangent  we  draw  a  perpendicular  to  meet  the  two  curves  in  Q 
and  q  respectively,  the  deflections  from  the  tangent  will  be 
measured  by  the  distances  of  Q  and  q  from  the  tangent,  that 
is,  by  QT  and  q  T,  Hence  the  ratio  of  the  deflections  of  the 
two  curves  from  the  tangent,  in  the  immediate  neighbourhood 
of  P,  will  be  measured  by  the  ultimate  value  of  the  ratio 
QT 


lT' 


We  have  supposed  here  that  QT  and  qT  are  drawn 


perpendicular  to  the  tangent,  but  the  ratio  will  be  the  same 
in  the  limit  at  whatever  ongle  they  are  drawn, 

3.  The  curvature  of  a  circle  is  the  same  throughout  and 
depends  only  on  the  radius,  as  we  shall  shew  immediately ; 
heace  it  is  convenient  to  speak  of  the  curvature  of  a  curve 
at  a  proposed  point,  as  being  the  same  as  that  of  a  circle  of 
given  radius. 


4.      TAe  ev,rvatwe»  of  two  circles  i 
inverse  ratio  of  their  diameters. 


re  to  each  other  in  th« 


Let  PQV,  Pqv  be  two  circles  having  diameters  PV,  Pv, 


and  a  common  tangent  PT;  from  any  point  T  in  the  tangent 
draw  TQq  parallel  to  PV,  and  draw  the  ordinates  QN,  qn. 

curvature  of  PQV 


curvatm-e  of  Pqv 


NQr 


6.  Hence,  if  at  any  point  of  a  curve  we  draw  a  cirolei 
having  the  same  tangent  and  curvature  as  the  curve  has  at^ 
that  point,  we  may  take  the  reciprocal  of  its  diameter  a»  the 
measure  of  the  curvature  of  the  cm-vc  at  that  point,  and  the 
curvature  is  said  to  be  finite  when  the  diameter  of  the  circle 
is  finite. 

This  circle  is  called  the  circle  of  curvature*,  and  the  radiu%« 

"  A  ctmTBnient  mode  of  viewing  ihe  circle  of  cunUure  !i  to  contidn  ll  m  «  cirda 
dmwu  ihrough  three  points  in  the  oicre  which  «rc  indelinliely  near  lugelhcr. 

ijuppone  PQR  to  be  three  point*  id  ■  eurve  iodeEnilely  near  logethet, 
then  nt  know,  by  Euclid,  iv.  A,  how  to  deaciibt  >  circle  kboul  the  ttiingle  p 
PQR.    BiBCCt  PQ,   QR  In  n,  fij    d-*  aO,  bO  pcrp*ndifiil»r  lo   PQ 
mnd  QR,  to  interaeci  io  O,  then  will  O  be  the  centre  of  ihc  circle  of  nil. 

It  ii  CUT  to  prove,  irnecesury,  Ihil  the  circle  here  defined  iircallj  ideniical 
with  the  circle  of  curvature  u  defined  in  the  text;  for  since  (he  circle  \» 
described  through  the  three  points  P,  U,  R  nf  the  ciUTe,  (he  sngie  contained  between  the 
line*  PQ,  QR  may  be  eonsiderrd  to  be  the  uif-Ie  between  the  arc  and  the  ungeni  either 
io  the  circle  or  the  curve,  thnt  is,  the  angle  between  Ihe  are  and  the  tutgeni  is  the  sjudc 
for  the  circle  and  the  curre,  in  other  word)  the  curvature  n  the  saiue. 

Also  It  is  eujr  from  this  detitiition  of  die  circle  of  curvature  to  deduce  th«  mpKuion 
for  its  iBdiun. 

It  msf  be  observed  concerning  the  circle  of  curvature,  that  it  gsneraDj  pasu*  ihraigh 
the  curve  at  the  point  of  contact.  For  it  li  nunlfcst  thai  in  leaving  the  point  a{  contact 
■he  curve  will  pus  within  the  circle  or  witlioul  it,  according  >•  in  curvature  becomes 
greawt  or  leu  than  that  of  the  circle ;  nosr  in  general  the  curvature  of  ■  curve  Is  con* 
tinuouslj  iacreasing  or  decreasing  in  puiing  fioni  point  to  point,  hence  since  at  (he  point 
of  cinilacl  the  curvature  of  the  curve  Is  ihe  ume  ■*  that  of  ilie  circle.  It  will  be  less  In 
passing  to  ■  point  on  onesidfofthepointof  coniact  and  greawr  on  (he  other,  that  Is,  ihe 
Cune  will  lie  without  the  circle  on  one  side,  and  within  on  ihe  niher.  At  points  of  ■ 
curve  at  which  the  curvature  afiei  increaiing  begins  lo  deciesse,  or  the  reverse,  the  eltcU 
will  be  wholly  within  n  wholly  without  Ihe  curie,  fur  eianiple,  ai  the  < 
m^jor  axis  of  an  ellipie,  the  circle  of  cuivatuie  lies  wUhin  the  ellipse,  at  I 
the  minor  aits  it  li»  wlihniit,  and  at  other  points  It  cniBes  the  curve, 
wUhla  aad  partly  wlibnu. 
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diameter,  and  chord  of  the  circle,  are  called  respectively  the 
radius,  diameter,  and  chord  of  curvature. 

We  shall  now  shew  how  to  calculate  the  chord  and  radius 
of  curvature  of  a  curve,  and  apply  the  method  to  the  Conic 
Sections. 

6.  If  PqV  be  the  circle  of  curvature  at  any  point  P  of 
a  curve  PQ,  and  PV  a  chord  of  the  circle  drawn  in  any  given 
direction,  then 


P V  -  Umit 


arc' 


subtense  parallel  to  the  chord* 


Let  RQq  be  the  subtense ;  join  Pq,  q  V.     Then  the  tri- 
angles PVq,  PRq  are  evidently  similar; 

...  PF-^«Umit$^-Umit4?, 
Rq  Rq  RQ 

since,  by  hypothesis,  limit  ,—-  «=  1. 

Rq 

CoR.     Hence, 
diameter  of  curvature  b  limit 


arc* 


subtense  perpendicular  to  tangent* 

7.  To  find  the  chord  of  curvature  through  the  focus,  and 
the  diameter  of  curvature^  at  any  point  of  a  parabola. 

Draw  the  tangent  PT,  QR  parallel  to  SP,  QVQ^  parallel 
to  PT,  and  PF  parallel  to  the  axis.  And  let  SP,  Q<^  inter- 
sect in  n,  then  Pn^PV.    (Conies,  Prop.  ii.  page  147.) 
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pn»  Off 

Chord  of  curvature  through  S  =  limit  -~^  «  limit  -^ 

=  limit  ^  -  4-yP. 

(Conies,  Prop.  ix.  page  153.) 
To  find  the  diameter  of  curvature,  draw  QJR',  SY,  per- 
pendicular to  the  tangent :  then, 

diameter  of  curvature  =  limit  — r-  «  limit  ^ — 

R'Q  RQ  eiaSPy 


^SP 


4 


SP^ 


sin  SPY        SY 

8.  To  find  the  chord  of  curvature  through  the  centre,  the 
diameter  of  curvature,  and  the  chord  of  curvature  through  the 
focus,  at  any  point  of  an  ellipse. 


Let  r  be  the  centre ;  draw  QR  parallel  to  CP,  QVto  the 
tangent  PT:  then,  chord  through  the  centre 


limit 


limit  ^.r<y 


-  ^''^''  -RQ 

■  2  V»o  9  since  VG  -  iCP  ultimately. 


PV  Cf 

(Conies,  Prop.  tiii.  page  163.) 
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Draw  PF  perpendicular  to  CD,  and  QJR'  to  PT;  then, 
diameter  of  curvature  =  limit  —ttt  —  limit 


R'Q  RQ  Bin  QRR' 

CJy  1_  OD* 

"^'CP   sin  PCD^  ^  PF' 

Again,  join  SP  cutting  the  conjugate  in  E,  and  draw  QR^' 
parallel  to  it ;  then, 

chord  of  curvature  through  the  focus 

-  limit  ^,  -  Umit  1^  sin  QS"B' 
Ciy  .    „„^        CD*        CD* 

(Conies,  Prop.  in.  Cor.  page  158.) 
9.      The  same  for  the  hyperbola. 


The  investigations  are  the  same  as  for  the  ellipse ;  we  shall 
however  subjoin  a  figure. 

Obs.  The  three  preceding  propositions  belong  properly 
to  the  treatise  on  Conic  Sections,  but  could  not  be  inbroduced 
until  the  student  was  familiar  with  the  principles  of  limits. 

10.  The  following  proposition  will  be  required  in  the 
succeeding  Lemma. 
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If  in  the  curve  AB,  AG,  BG  be  drawn 
perpendicular  to  the  tangent  AD  and 
chord  AD  respectively;  then,  when  B 
moves  up  to  A,  AG  wiU  be  ultimately  the 
diameter  of  curvature  at  A. 

Draw  BD  pnrallel  to  AG,  then  the 
triangles  GAB,  ABD are  similar; 

■■   '*^=BD- 

I-  •*  ..^  r  ■-  -^^^  1-  -Ai^rcAB)' 
.'.  limit  AG  =  hmit-^-^  =  limit  — 

=  diam.  of  curvature.] 


Lemma  XI. 
In  curves  of /nite  eurvature,  t/ie  subtenses  are  ultimatelu   i 
the  ratio  of  the  squares  of  the  conterminous  area. 

Let  AbB  be  the  curve,  having  the  cur- 
vature at  A  finite. 

Case  1.  Let  the  subtenses  bd,  BD.  be 
perpendicular  to  the  tangent.  Draw  hg, 
BG  perpendicular  to  the  chords  A  f>  AB,  and 
let  them  meet  the  normal  at  .i  in  ^  and  G 
respectively. 

Then,  when  b  and  B  move  up  to  A,  g 
and  G  will  ultimately  coincide  with  /  the 
extremity  of  the  diameter  of  curvature. 

By  similar  triangles,  BAD,  AGB,  and 
bAd.  Agb, 

„„      AB*     .,      Ab* 
BD-—--,  bd~—-; 
Ag 

Aff     Ab 

"  AG  '  Ag  ■ 

And,  ultimately,  BD  :  bd  ;:  -—  :   -   -  , 


AG' 


BD  : 
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Case  2.     Let  the  subtenses  be  inclined  at  any  given  angle 
I  to  the  tangent.    Draw  hd',  BD',  perpendicular  to  the  tangent ; 


the  lines  BD,  bd  pass  through  a  fixed  point,  or  let  B  and  b 
approach  A  according  to  any  other  fixed  law. 

Then,  since  the  angles  D  and  d  arc  formed  according  to  a 
coninioD  \avr,  they  will  continually  approximate  to  each  other 
aB  B  and  b  approach  At  and  will  be  ultimately  equal.  Hence 
this  case  is  reduced  to  the  preceding,  and  the  Lemma  is  there- 
,  fore  still  true. 

Cor.  1.     Hence  when    the  tangents  AD,  Ad,  the  arcs 
ABy   ./4&,aod  the   sines  BC,  be   become  ultimately  equal  to 
I  the  chords  AB.  Ah ;  their  squares  will  also  ultimately  be  as 
1  the  subtenses  BD,  hd. 

CoR.  2.     The  squares  of  the  same  lines  are  also  ultimately 
^  as  the  squares  of  the  sagittje*  of  the  arcs,  which  bisect  the 
I  chordH  and  converge  to  a  given  point.     For  those  sagittes  are 
s  tile  subtenses  BD,  hd. 

Cob.  3.     And  therefore   the   sagitta   is  in  the   duplicate 
ratio  of  the  time  in  which  a  body  describes  the  arc  with  a 
f  given  velocity. 

Cor.  *.  The  rectilinear  triangles  ADB,  Adb  are  ulti- 
mately in  the  triplicate  ratio  of  the  sides  AD,  Ad,  or  as 
Alf  :  Air,  and  in  the  sesquiplieate  ratio  of  the  sides  DB,  , 

*  [The  tagiiu  of  an  arc  ii  ■  line  dra<m  from  i  pcdnt  Id  the  chord  to  «  point  In 
iIm  ircj  ' 
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db,  or  as  DJJi  :  dbi;  they  being  m  tlie  ratio  compi 

the  ratio  of  AD  to  Jd,  and  J}B  to  db.     So  also  the  triangles 

ABC,  Abe  are  ultimately  in  the  triplicate  ratio  of  the  sides 

nc,  be. 

Cor.  5.  And  since  DB,  db,  are  ultimately  parallel  and  in 
the  duplicate  ratio  oi  AD  to  Ad\  the  curvilinear  areas  ADB, 
Adh  win  be  ultimately  (by  the  nature  of  the  parabola*)  equal 
to  two  thirds  of  the  rectilinear  areas  ADB,  Adb;  and  the 
segments  AB,  Ab  will  be  the  third  parts  of  the  same  triangles. 
And  hence  these  areas  and  these  segments  will  be  in  the 
triplicate  ratio  of  the  tangents  AD,  Ad,  or  of  the  chords  or 
arcs  AB,  Ab. 


SCHOLIUM. 
In  all  these  propositions  we  suppose  the  angle  of  con- 
tact to  be  neither  infinitely  greater  nor  infinitely  less  tlian 
the  angles  of  contact  which  circles  have  with  their  tangents ; 
that  is,  we  suppose  the  curvature  at  A  to  be  neither  infinitely 
small  nor  infinitely  great,  or  AI  to  be  finite.  For  DB  might  be 
taken  proportional  to  AU';  in  which  case  no  circle  could  be 
drawn  through  A  between  the  tangent  AD  and  the  curve  AB, 
and  the  angle  of  contact  will  therefore  be  infinitely  less  than 

"  [The  «e  AB  in  «11  curvcn  of  finiie  cuivulBre  msj  uilimitriy  be  tnkeii  at  ihe  •«  of 
>  panbdla,  hiring  A  For  iu  lerieit  und  Al  for  fis  >ii).  For  It  appean  from  Cot.  1,  ttiM 
ulliiDBidy  BC*  OS  AC,  which  i»  the  ptoperty  of  the  puaboU  Cooia,  Prop.  V, 
p«Be  160. 

And  ihe  pmpe«y  of  ihe  am  of  the  psmboU  which  Ntwlon  here  M*am«  m»y  be  thin 

Lei  A  be  Ihe  veMex  of  ihc  punbali.  SfH  the  directrix.  P,  Q  . 
iwo  contiguous  poind.  Dr»»  Pif.  QN  perpendiculai  to  the  di-  , 
nctrix  and  join  QM,  HP,  SQ. 

Then  since  the  tugenl  kl  P  hiaecu  the  Bnttle  MPS,  ud 
JUP  =  SP,  MPQ,  SPQ  kiU  be  ullimatelr  eqiuJ  tiuoglcs;  and 
MPQ  ultimaldy  =  JUQJVi  .-.  SPQ  nlt\mut\f  =  iMtfQPt 
and  luppoaiDg  the  wliale  arc  AP  be  cut  up  into  poclioai  such  a* 
PQ  we  hare,  cmipanenHo, 

area  APS  -  j  ana  ARMP 
c  I  area  MRSP. 


This  being  preiiiiied,  draw  AD  *  langeni  el  A,  then 
area  AP  t  APS  =  i  (MRAD  +  APS  +  ADP) 

"iiZAPS  +  ADP)    Euclid,i.< 


M  - 


which  ii  the  propoaiilon  aHt 


AP  =  i  ADP, 

by  New  ion.] 
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circle.  And,  in  like  manner,  if  DB  be  taken  succes- 
Bively  as  AD^,  AD'',  ALfi,  AD',  &c.,  a  series  of  angles  of  con- 
tact will  be  formed  which  may  be  continued  indefinitely,  and 
of  which  each  will   be  indefinitely  less  than  the  preceding. 

And  if  DB  be  taken  successively  as  AD'.  Al},  A&,  AI^,  &c., 
another  infinite  series  of  angles  of  contact  will  be  formed,  of 
which  the  first  will  be  of  the  same  kind  as  in  the  circle,  the 
second  infinitely  greater,  and  each  succesBive  angle  infinitely 
greater  than  the  preceding.  ALso  between  any  two  of  these 
angles  an  infinite  scries  of  other  angles  of  contact  may  be 
inserted,  of  which  each  is  either  infinitely  less  or  infinitely 
greater  than  the  next  to  it  in  order.  As  for  instance,  if 
between  the  terms  AD'  and  AIT  should  be  inserted, 

AD\  Aot  Jiy,  Aff,  AT^,  AI^,  AdK   AD\  AdK  &c. 
And  again,  between  any  two  angles  of  this  series  may  be 
inserted  a  new   series  of  intermediate  angles  difiering  infi- 
nitely each  from   another.     Nor   is  there  any  limit  to  this 
process. 

The  propositions  which  have  been  demonstrated  con- 
cerning curved  lines  and  the  included  areas,  may  easily 
be  applied  to  the  curve  surfaces  and  contents  of  solids. 
These  lemmas  have  been  premised  for  the  sake  of  avoiding 
the  tedious  methmls  of  the  old  geometers  by  the  reductio  ad 
afiifurdum.  The  demonstrations  are  rendered  more  brief  by 
the  method  ot  iiidii'iaibles ;  but  shice  there  is  some  difficulty 
about  the  hypothesis  of  indivisibles,  and  an  apparent  want 
of  mathematical  exactness,  it  seemed  better  to  reduce  the 
demonstration  of  the  propositions  which  follow  to  the  ultimate 
sums  and  ratios  of  evanescent  quantities,  that  is,  to  the 
limits  of  sums  and  ratios;  and  to  give  the  demonstrations  of 
those  limits  as  briefly  as  possible.  For  the  method  of  limits 
gives  the  same  results  as  that  of  indivisibka* ,  and  the  prin- 

*  [The  mrlhod  of  IniKTiiiblu  wbi  Introduced  b)>  Cikvslcrl,  in  lliSS,  in  bii  Cfometria 
Iniliviiihilium.  According  lo  this  methi>d  >  line  is  cprnidcted  to  he  made  up  o!  indivi- 
lible  clemeiiu  at  poitiu,  ao  ibal  l«o  line)  miij  lie  compared  bj  eumpurng  Ihe  nombei  of 
poinu  which  they  tetpecliTelj  contiln ;  ■  pluie  tigute  ii  cansidBrnl  in  be  made  up  of  | 
panllel  lines  and  a  aolld  of  lurfaco.  Tbiahf  poihtiii,  ihou^h  deficienl  in  philtnophtcal  | 
'  DcretlbeleM  convenient  a«  a  baf>ii  fur  eaUulalmnB,  uud  will  inanifadj  lead 
'ciDlia  ai  Newun'*  more  rigid  meUuKl  of  llniiu.J 
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piples  having  been  clearly  proved  we  sliall  be  able  fi> 
them  with  the  greater  confidence.  Wherefore,  in  what  follom, 
if  quantities  should  ever  be  spoken  of  as  consisting  of 
particles,  or  small  portionH  of  curves  be  taken  as  straight 
lines,  the  idea  to  be  entertained  is  not  that  of  inditrigiOle^,  bu( 
of  evanescent  divigible  quantities,  not  that  of  sums  and  ratios 
of  determinate  parts,  but  the  limits  of  sums  and  ratios ;  and 
the  force  of  the  demonstrations  will  depend  upon  their  being 
deduciblc  from  the  preceding  Lemmas. 

The  objection  may  be  made,  that  evanescent  quantities 
have  in  reality  no  ultimate  proportion ;  forasmuch  aa  before 
they  vanisli  the  proportion  cannot  be  said  to  be  ultimate, 
and  after  they  have  vanished  there  is  no  proportion  at  alL 
But  tlic  same  argument  would  prove  that  a  body  in  an'iving 
at  a  certaiu  place  had  no  ultimate  velocity ;  because  before  the 
body  arrives  the  velocity  cannot  be  said  to  be  ultimate,  and 
after  it  has  arrived  there  is  no  velocity  at  oil.  And  the 
answer  to  the  objection  is  simple ;  namely,  tliat  by  the  »/(»- 
mate  velocity  is  intended  that  velocity  with  which  the  body 
moves,  neither  before  the  body  reaches  ltd  ultimate  position, 
nor  after  it  has  reached  it,  but  at  the  moment  when  it  reaehca 
it;  that  is,  the  velocity  with  which  the  body  reaches  its 
ultimate  position,  and  with  which  the  motion  ceases.  And 
in  like  manner  by  the  ultimate  ratio  of  evanescent  quautitics 
is  to  be  understood  the  ratio  of  the  quantities,  not  befiire  ihgif, 
vanish,  nor  €0er  they  have  vanialied,  but  lo/tm  they  vanish. 
also  the  prime  ratio  of  nascent  quantities  is  the  ratio  which- 
they  have  at  their  Srst  origin.  And  the  prime  and  ultimate 
values  of  quantities  are  the  values  which  the  quantities  have 
at  the  commencement  or  termination  of  their  ir 
decrease,  as  the  case  may  be.  There  Li  a  limit  which  the 
velocity  can  attain  at  the  end  of  the  motion,  but  cannot 
exceed.  This  ia  the  ultiutate  velocity.  And  a  like  descrip- 
tion may  be  given  of  the  limit  of  all  quantities  or  proportions 
whether  nascent  or  ultimately  evanescent.  And  since  ihii' 
limit  is  something  certain  and  definite,  the  determination 
it  Lt  a  strictly  mathematical  problem.  And  in  new  mat' 
niatical  investigations  all  previously  established  matbematii 
methods  and  results  may  be  lawfully  used. 
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It  may  also  be  contended,  that  if  the  ultimate  ratios  of 
evanescent  quantities  be  giveu,  the  ultunate  magnitudes  of 
the  quantities  will  be  given ;  and  so  every  quantity  will 
consist  of  indivisible  elements,  contrary  to  that  which  Eu- 
clid has  proved  concerning  incommensurables  in  the  tcntil 
book  of  his  elements.  But  this  objection  is  based  on  a  false 
hypothesis.  Those  ultimate  ratios  with  which  the  quantities 
vanish  are  not  in  reality  the  ratio  of  the  ultimate  quantities, 
but  the  limits  to  which  the  ratios  of  the  quantities  continually 
approximate  when  the  quantities  are  indefinitely  diminished, 
and  to  which  they  may  be  made  to  approach  more  nearly 
than  by  any  assignable  difference,  but  which  they  never  pass, 
nor  reach  until  the  quantities  are  indefinitely  diminbhed. 
The  thing  niU  be  seen  more  clearly  by  reference  to  quantities 
indefinitely  great.  If  two  quantities  of  which  the  difference 
is  given  be  increased  indefinitely,  their  ultimate  ratio  will 
be  given,  namely  a  ratio  of  equality ;  yet  the  ultimate  or 
greatest  quantities  of  which  that  is  the  ratio  arc  not  given. 
In  what  follows  therefore,  if  at  any  time  for  simplicity  of  con- 
ception the  phrases  indefinitelij  small,  or  evanescent,  or  uUitnate 
gvantities,  should  be  used,  let  it  be  carefully  borne  in  mind 
that  it  is  not  intended  to  express  quantities  of  determinate 
magnitude,  but  quantities  to  be  diminished  n-ithout  Uniit. 
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Since  BSC,  BSc  are  triangles  on  the  same  base  and 
stween  the  same  parallels,   .■.  BSC  =  BSc  =  JSB. 

In  like  manner  if  impulses  tending  towards  the  centre  S 
"act  at  C,  i>,  £■... causing  the  body  to  describe  in  the  suc- 
cessive periods  of  time  the  straight  lines  CD,  DE,  ZT^.,. these 
will  all  lie  in  the  same  plane,  and  the  triangle  SCD  will  be 
equal  to  SBC,  SDE  to  SCD.  and  SEF  to  SDE. 

Therefore  equal  areas  are  described  in  the  same  plane  in 
equal  times;  and  componendo  the  sums  of  any  number  of 
areas  SADS,  SJFS,  are  to  each  other  as  the  times  of  de- 
scribing them. 

Now  let  the  number  of  the  triangles  be  indefinitely 
increased  and  their  breadth  indefinitely  diminished ;  the  peri- 
meter ADF  will  be  ultimately  a  curve  line,  and  the  impulses 
will  become  a  continuous  central  force ;  and  the  areas  SADS, 
SAFS  being  always  proportional  to  the  times  of  describing 
them  will  be  so  in  this  case.  Hence  the  areas  described, 
&c.     a  B.  D. 

Cor.  ].  The  velocity  of  a  body  in  a  central  orbit  varies 
inversely  aa  the  perpendicular  fi-om  the  centre  on  the  tangent. 

For  AB,  BC,  CD... .arc  ultimately  in  the  direction  of  the 
tangents,  and  proportional  to  the  velocities  at  Ihe  points 
-J,  fi,  C.  respectively  :  hence,  velocity  at  A -^  AB.  But,  if 
we  draw  a  perpendicular  p  upon  JB  from  S,  we  have 

i-  =  area  ASB,  which  is  eonstant ; 


or,  velocity  at  ^  «  -  . 
P 

may   express   this  otherwise ;    let  A  =  twice  the  area 
ascribed  in  a  unit  of  time,  and  let  AB  be  described  in  the 


.•.  area  ASB  =  —  ,  and  AB  ■ 


•2,  2 


■•■)' 


•  "  -I 

vp  =  A,  or  v  -  -  .1 
P 


M    ^-t 


^f 


o  arcs  desGiBlH 


Cob.*.     iramAB,BC,1^Amia<i£tMo 
txfmi  Tirn  ««  tiiMtiml  the  fraflriogMm  JBCV,  tbe 
fr«a.«ka  thews  ve 
if  proJwee^  p—  tfcwo«^  the  centre  of  force. 


Col  1.     Hie  ibIi Miiij  af  Oe  eeatnl  force  mX,  Bis  pro- 
portkraMl  to  the  Em  BTi  fiat  is,  if  AT  be  the  line 
;  to  Br  at  Boae  other  ptnC  f  of  the  orfai^ 


Sotceat  A  :  fivee  at  JT  =  AF  :  fiT. 
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Cos.  «. 


Tte  fivees  br  which  bo£es  aie  drawn  from 
1  m  esrrcd  pa^fl.  are  proportioiuU  to 
Ihase  "g}" "  of  ares  described  in  eqoal  times,  the  directions 
cf  vUeh  pan  thniag^  the  centra  of  force  and  tusect  tiie 
chotda  rtea  those  arcs  are  iadefiaitefy  ifimiinahed. 

For  if  we  join  ^C,  cuttiaf  5A  in  u.  ff  a  will  be  ultimate 
one  of  the  sagitts.  bat  jffa  -  ^  Br,  sod  heace.  bj  the  pre- 
eetfii^  eonOary.  in  the  same  or^it  the  fiiree  ohimatclT  a:  B\ 
Also,  m  SSenai  ofhiCs,  if  we  take  arcs  described  in  equal 
taDCi^  Uk  mffUm  nB  DMasure  the  effects  of  the  oeotral 
fixees  itt  eqod  tnoes.  Le.  the  forces  will  be  ]«opartioDal  to 
the  aagittv. 

CoK.  5.  And  therefore  these  same  forces  are  to  the  foroe 
of  graritf,  as  these  sa^ttK  are  to  the  Tatical  asgitt*  oC  Am 
pstvbolie  arcs,  which  a  prqjectile  describes  in  the  same  tlmei. 

Coil  6.     It  follows  firocn  the  second  Law  of  Motion  Hud 

the  prcccdiog  conclusioos  are  stiQ  Tslid,  when  the  plane  in 
which  a  bod;-  mores,  together  with  the  oeotre  of  force  whi<A 
is  eitnatcd  in  it,  instead  of  being  at  rest,  has  a  unifortn  i 
linear  motion. 
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J  bodf.  wUeh  I 


0  tUaeribed  iy  Jam  dnamfivm  U  le  a  pouit,'m 


I  vm^fijrmljf  i 


I  tlrai^  timtt  or«  j 
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Case  i.  With  the  same  figure  as  in  Inst  proposition,  let  S 
be  the  point ;  and  suppose  that  a  body  unattracted  by  any 
force  would  describe  the  epace  AB  in  a  given  interval  of  time. 

Produce  JB  to  c,  and  make  Be  =  JB;  then,  if  suffered 
to  proceed,  the  body  would,  in  a  second  equal  interval,  arrive 
at  c;  but  at  B  suppose  a  sudden  impulse  communicated, 
which  causes  it  to  move  to  C,  C  being  such  that  the  triangles 
SBC,  SAB  are  equal 

Join  Cc,  Sc;  then  the  triangle  SBC  •=:  SAB  -  SBc; 
therefore  Cc  is  parallel  to  SB,  and  therefore  the  impulse  at 
U  was  in  the  direction  of  SB,  or  tended  to  5.  Similarly,  if 
the  body  receives  at  equal  intervals  of  time  impulses  which 
make  it  describe  equal  triangles  in  equal  times,  or  a  polygonal 
area  proportional  to  the  time,  the  impulses  all  tend  to  S. 

The  same  vdW  be  true  if  we  suppose  the  number  of  tlio 
intervals  indefinitely  increased  and  their  length  diminished, 
in  which  case  the  system  of  impulses  becomes  a  continuous 
force,  and  the  polygonal  area  curvilinear.  Hence  the  propo- 
sition is  true  in  the  case  of  a  fixed  centre. 

Case  9.  The  proposition  will  also  be  true  in  the  case  of 
the  centre  being  a  point  which  moves  uniformly  in  a  straight 
line ;  for  it  is  manifest  from  the  second  Law  of  Motion,  tiiat 
the  result  will  be  the  same  whether  we  suppose  the  plane  in 
wliich  the  areas  are  described  to  be  fixed,  or  whether  we 
suppose  that  plane  together  with  the  revolving  body  and  the 
centre  S  to  have  a  uniform  rectilinear  motion. 

Hence  a  body,  &c.     aE.o. 

Cor.  1.  In  free  space,  or  in  non-resisting  media,  if  the 
'  areas  described  about  a  certain  point  are  not  proportional  to 
the  times,  the  force  does  not  act  along  the  line  joining  the 
body  with  that  point ;  but  it  deviates  from  tliat  line  towards 
the  direction  in  which  the  motion  takes  place,  if  the  descrip- 
tion of  areas  is  accelerated ;  and  towards  the  opposite  direc- 
tion, if  the  description  is  retarded. 

CoR.  2.  Also  in  the  cose  of  resisting  media,  if  the  de- 
scription of  areas  is  accelerated,  the  force  deviates  from  the 
line  joining  the  body  with  the  centre  towards  the  direction  fii 
which  the  motion  takes  place. 

21—2 


SCHOLIUM. 
A  body  may  be  acted  upon  by  a  centripetal  force  < 
posed  of  several  forces.  In  this  case  the  meaning  of  i 
preceding  proposition  is  that  the  resultant  of  all  the  forces 
tends  to  the  centre.  Also  if  any  force  act  continuaDy  in  a 
direction  perpendicular  to  the  area  described,  the  effect  of  it 
will  be  to  change  the  plane  of  the  body's  motion,  but  the 
amount  of  area  described  will  not  be  increased  or  diminished; 
and  therefore  such  a  force  may  be  neglected  in  the  eotnpcK 
eition  of  the  forcea  acting  on  the  body. 


Prop.  III.     Theob.  m. 

J  body  which  describes  areas  proportional  to  tlie  times  of 
describing  them  about  another  body  which  is  in  motion,  is  act«d 
upon  hy  a  force  comjtoundeil  of  a  centripetal  force  tending  to  that 
other  body,  and  of  the  acceleratinif  force  which  acts  upon  that 
other  hotly. 

Call  the  first  body  L  and  the  second  T;  and  suppose  each 
of  the  bodies  to  be  acted  upon  by  a  new  force,  which  shall  be 
equal  in  magnitude  and  opposite  in  direction  to  that  which 
acts  upon  T.  L  will  continue  (o  describe  about  T  the  some 
areas  as  before ;  but  the  force  which  acted  on  T  will  now  be 
destroyed  by  an  equal  and  opposite  force,  and  therefore  that 
body  will  now  eitlicr  be  at  rest  or  will  move  uniformly  in  a 
straight  line;  and  the  body  L,  under  the  influence  of  the 
resultant  of  the  two  forces  which  act  upon  it,  will  describe 
about  T  areas  proportional  to  the  times.  Therefore,  by  the 
preceding  proposition,  the  resultant  of  these  forces  tends  to 
y  as  a  centre,     q.  e.  d. 

Cor.  1.  Ilcncc  if  a  body  L  describes  about  T  areas  pro- 
portionol  to  the  times,  and  from  the  whole  force  which  acts 
upon  L  we  take  away  the  whole  accelerating  force  which  acts 
upon  T,  the  whole  remaining  force  acting  upon  L  tends  to  T 
as  a  centre. 

Cor.  2.  And  if  the  areas  are  very  nearly  proportional  to 
the  times,  the  said  force  tends  very  nearly  to  7*. 


METHOD   OF  FINDING  CENTRIMJTAL  FOHCE3. 

Cob.  3.     And  vice  versA,  if  the  force  tends  very  nearly  to  1 
T,  the  areas  are  very  nearly  proportional  to  the  times. 

Cor.  4.  If  the  body  L  describes  areas  about  T,  which 
are  very  far  from  being  proportional  to  the  times ;  and  if  T 
ia  either  at  rest  or  moinng  uniformly  in  a  straight  line  ;  then, 
either  there  is  no  force  upon  L  tending  to  T,  or  it  is  com- 
pounded with  other  much  more  powerful  forces,  and  the  whole 
resultant  force  is  directed  towards  some  other  centre.  The 
same  thing  holds  when  the  body  T  moves  in  any  manner 
whatever,  if  by  the  centripetal  force  upon  L  tending  towards 
T  we  understand  that  which  remains  after  subtracting  from 
it  the  force  acting  on  T. 


Since  the  equable  description  of  areas  points  out  the 
centre,  towards  which  that  force  tends  by  which  a  body  ia 
principally  affected,  and  by  which  it  is  retained  in  its  orbit, 
the  equability  of  description  of  areas  forma  a  eonvcnient 
method  of  detecting  the  centre  about  which  all  curvilinear 
motion  in  free  space  takea  place. 


Prop.  IV.     Theob.  IV. 

r/ifi  centripetal  forces  of  bodies,  which  describe  different  circlet 
with  uniform  velocity,  tend  to  the  centres  of  t/ie  circles,  and  are   ' 
to  each  other  as  the  squares  of  arcs,  described  in  the  savie  time,  \ 
divided  hy  the  radii. 

Sectors  of  circles  are  proportional  to  the  arcs  on  which 
they  stand,  and  therefore  the  sectors  described  by  the  bodies 
are  proportional  to  the  times  of  describing  them,  since  the 
bodies  move  uniformly.  Hence  the  forces  tend  to  the  centres 
of  the  circles. 

Again,  let  BAB',  bab'  be  indefinitely  small  arcs  described 
iqual  times;  join  BB,  bh',  and  draw  the  diameters  GSCA, 
\,  which  bisect  Bff,  bb'  in  C  and  c  respectively.     Then, 
f  Prop.  I.  Cor.  4)  ultimately. 
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force  at  A  :  force  at  a  ::  AC 


AC 

ae. 

BC 

b<* 

GC     ' 

ee 

BBT* 

hh"* 

GC 

1 

gc 

BAS* 

1 

baV 

* 

AG        ag   ' 

but  if  AP^  ap  be  any  two  arcs  described  in  equal 
the  bodies  move  uniformly,  we  hare 

AP  I  ap  «  ultimate  value  of  the  ratio  FAS'  : 

AP"     ap"" 
AS       as 


bab'  I 


.\  force  at  A  :  force  at  a 


Hence  the  centripetal  forces,  &c.    a.s.i>. 

Cob.  1.     Since  the  arcs  are  proportional  to  the  velocities, 

(velocity)* 
the  forces  are  proportional  to  ^^ — ~S'~^  ;  or  if  F  be   the 

velocity,  R  the  radius,  F  the  central  force,  then  F  ee  — . 


CoR.  2.     Let  P  be  the  periodic  time,  then  2 
(Dynamics,  Art.  4,  page  245); 


««  rp. 
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Cor,  3.  Hence  if  in  two  circular  orbits  the  periodic 
times  are  equal,  the  velocities  are  proportional  to  the  radii, 
and  the  central  forces  are  also  proportional  to  the  radii ;  or 
Fa  F  oc  It ;  and  vice  versa. 

Cob.  4.     If  P'oeB,   then  P  abo  ee  ^,  and  the'central 
forces  in  the  two  orbits  are  equal;  and  tnce  versd.  .'.  V  *;  2., 
Cob.  5.     1£  P  <K  S,  the  velocities  in  the  two  orbits  arc 
;  and  vim  versd. 


KMa.  5.  It  /-  «  «,  tne 

equal,  and  f  =  — ;  and  vim 

■ 

^1  Coa.  6.  Ifi«=fl^  F  = 

^H  Cor.  7>  And  generally, 

I  -^■. 

^^  Cor.  8.  All  these  prop 


,  and  F 


R' 


:  and  V 


ce  vp-s6. 


;  and  vice  versd. 

All  these  propositions  are  true  concerning  the 
periodic  times,  velocities,  and  forces,  with  which  bodies  de- 
scribe BimiJar  portions  of  similar  figures  having  centres  of 
force  similarly  situated  in  them.  But  in  applying  the  same 
method  of  demonstration  it  is  necessary  to  substitute  uniform 
description  of  areas  for  uniform  motion,  and  the  distances  of 
tite  bodies  from  the  centres  for  the  radii  <\f  tlte  circles. 

CoK.  g.  It  follows  also  from  this  proposition,  that  the 
arc,  which  a  body  moving  uniformly  in  a  circle  under  the 
action  of  a  given  central  force  describes  in  a  given  time,  ia 
a  mean  proportional  between  the  diameter  of  the  circle  and 
the  space  through  which  the  body  would  fall  under  the 
action  of  the  same  force  and  in  the  same  time. 

[For.  let  T  be  the  time,  S  the  space  through  which  the 
bod^  would  fall,  A  the  arc  described  in  tune  T; 
then  i.S-F.T'     (Art.  29,  page  S57). 
and  A-V.T; 


-  F.B.T*,  by  Cor.  : 
\  which  proves  what  was  required.] 


■'■■■  -4] 


Paop.  V.     Pkob.  L 

Given  the  v€locity  at  any  three*  points  of  an  orlnt  a 
a  body  under  the  action  of  a  central  force,  to  find  the  c 


Let  the  three  straight  lines  PT,  TQV.  VJt  touch  i 
orbit  in  Uic  points  P,  Q,  R,  respectively. 

Draw    the  lines   PA,    QB,    RC  perpendicular    to 
tnngents,  and  make  them  inversely  proportional  to  th 
locities  at  P,  Q,  R;  i. e.  if  Vi  P.  ^s  are  the  velocities  t 
three  points,  moke 


PA   :  QJB  :  RC  . 


K 


Through  A,  B.  C  draw  the  lines  AD,  DBE.  CE  \ 
dJcular  to  PA.   QB,  RC.    Join    TD,  VEi   these  I 
(lucctl  will  intersect  in  the  centre  S. 

For  the  perpendiculars  from  S  on  the  tangents  PT,  QT* 
are  inversely  proportional  to  the  velocities  at  P  and  Q, 
(Prop.  I.  Cor.  I.),  and  therefore,  by  construction,  directly 
proportional  to  PA  and  QB,  i.  e.  to  the  perpendiculars  front 
D  on  the  tangents;  hence  S,  D,  and  T  are  in  the  same 
straight  line 

Similarly,  it  may  be  shewn,  that  S,  E,  and  V  arc  in  the 
Mtrnc   straight  line,   and   therefore   £  is  the  pcMni  of  iah 
section  of  TD  and    VE  produced. 

*  [  NcwIod'i  wotilt  an,  rfatd  in  THi^wrunf  ii«  in  laeii  TthtUtttt  I  ibi 
(krM  poloM  li  tufficleni  (at  ibc  Mlntlun  (iT  ihc  probUin.] 
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Prop.  VI.  Thbor.  V. 
If  a  body  revolves  about  a  fixed  centre  of  force,  and  a  aaffitla 
is  drawn  to  any  very  small  arc,  bisecting  the  chord  of  the  are 
and  paeaing  through  tlie  centre  of  force,  then  tJte  force  at  the 
middle  point  of  Ifie  arc  ultimately  varies  directly  as  tfie  sagttta 
attd  inversely  as  the  square  of  the  time  of  describing  the  arc. 


Let  QPQ'  be  the  small  arc,  S  the  centre  of  force,  mP 
the  aagitta.  Draw  PR  a  tangent  to  the  curve  at  P,  and  BQ 
parallel  to  Pm. 

When  the  body  leaves  the  point  P,  it  would  if  not  acted 
upon  by  the  central  force  (F)  move  in  the  direction  PR ; 
and  if  y  be  the  time  in  which  the  body  moves  from  P  to 
Q,  then  the  space  through  which  it  has  been  drawn  by  F  is 
QR ;  hence,  by  Lemma  X,  Cor.  5, 


F  =  2  limit 


QR 


3  limit 


Pm 


limit  -— -  *. 
7" 


■  (Thif  pToponltioa  enables  ui  lo  obudii  ■  meuure  of  the  centrifugal  rorce,  the  ni 
of  which  was  npUined  genenUj  In  the  BeatiM  oii  Oynamica.  Art.  46,  page  27S. 

Pot  the  niea»ute  of  ihe  cemiiriigal  force  ■■  (he  farce  necDiar;  ai  each  iDDinent  to  draw 
ihe  body  fram  ihe  tiingeDI  into  the  Ciure,  and  Ibercfoie  If  we  take  QH  peipendiculM  M 
the  tangent,  ve  aliaU  have 
ccntrirugal  force  estimated  In  the  direclion  of  the  normal 


QR 


^  2  telodtyl*  ■i-  diameter  of  eurvtiure. 

(bj  An.  6.  Cor.  page  311.) 


T": 


830    r  NEWTON. 

'  CfoR.  1.     l>raw  QT  perpendicular  to  8P,  then  will 

^  ■  SP*  Q7^'  ultimately. 

SP.QT 
For  the  triangle  QiSP ^ ,  ultimately, 

A  SP.QT  ^hT,  by  Prop.  I.  Cor.  l ; 

.-.  ^  -  ^  QyS»  ultimately.      ^^ ^Zt^ 

Cor.  2.     If  5Fbe  drawn  perpendicidar  to  the  tangent  at 
P,  then 

2A*   QjB 
^  "  ^F  P^'  ultimately. 

For,  in  the  limit, 

QT  ^  SV 
PQ  "  SP' 

.-.  SP^.QT'mSr.PCf, 

^^  ^^'SY^  PQ*'  ultimately. 
Cor.  S.    If  PFbe  the  chord  of  curvature  at  P  through  5> 

Pr«  limit     ^ 


.%  P 


2A« 


51^. pr* 


Cor.  4.    If  F  be  the  velocity  at  P,   then  by  Prop.  I. 
Cor.  1. 

^      SV 

„      2P 

pr 

where  F  is  the  velodtj,  and  /»  the  ndins  of  curratuxe  it  the  given  point  of  the  body*! 
peth. 

Or  the  tune  thing  would  foHow  ftmn  Prop.  IV.  Cor.  1.  by  rappoiing  the  bod/  to  bo 
moTing  M  maj  moment  in  the  drde  of  carretuxe.] 
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Cor.  5.  Hence,  if  the  form  of  the  orbit  in  which  a  body 
moves  be  given,  we  shall  be  able  to  calculate  the  law  of  the 
central  force.  Examples  of  this  process  will  be  foimd  in  the 
following  problems. 

Prop.  VII.     Pros.  U, 

A  body  revolves  in  the  circumference  of  a  circle;  to  find 
the  law  of  force  tending  to  any  given  point. 


Let  VQPJ  be  the  circle,  S  the  given  point,  P  the  position 
of  the  body  at  any  given  time,  Q  a  point  in  the  orbit  very 
near  to  P. 

Through  S  draw  the  chord  PSV^  and  through  V  the 
diameter  VA  ;  join  PA  ;  through  Q  draw  ZQT  perpendicular 
to  PV,  and  meeting  PZ  the  tangent  at  P  in  Z;  through  Q 
draw  LQR  parallel  to  PF,  and  meeting  PZ  in  R;  and 
lastly  draw  Bn  parallel  to  QT. 

Then  ^-|^^,  ultimately; 

but,  (Euclid,  m.  86) 

QR.ELmBP*; 

'•  RL.SP*  QT*' 

.   Rf      RP*      VA*         .    „      _       , 
of*  "  5^  ■  PP  ^  similar  tnangles, 


also  RL  ultimately  =  PV, 
If  the  centre  of  force  \s  in  the  circumferenoi 


Cor.  S.  The  force,  under  the  action 
of  which  the  body  P  revolves  in  the 
circle  APTV roxm^  the  centre  of  force 
5",  is  to  the  force  under  the  action  of 
which  the  same  body  P  revolves  in 
the  same  circle  and  in  the  same  periodic 
time  round  any  other  centre  of  force  R, 
OS  SP .  RP"  to  SC^;  where  SG  is  a  line  drawn  from  5  to  t 
tangent  PG  and  parallel  to  RP. 

For   by  the   construction  in  the   preceding    propositiol 
force  tending  to  S  :  force  tending  to  R 


;:  RP'.PT'  :  SP'  .  PV^, 


::  SP .  RP*  :  SG*, 
by  similar  triangles  PSG,  TPV. 

Cor.  3.  The  force  under  the  action  of  which  the  body  P 
revolves  in  any  orbit  round  a  centre  of  force  S,  is  to  the  force, 
under  the  action  of  which  the  same  body  P  revolves  in  the 
same  orbit  and  in  the  same  periodic  time  round  any  other 
centre  of  force  R,  as  SP .  RP  to  SC ;  where  SG  is  the  line 
drawn  from  S  to  the  tangent  of  the  orbit,  and  parallel  to  RP 
the  distance  of  P  from  the  other  centre  R. 

This  follows  immediately  from  the  preceding  corollary ; 
because  we  may  suppose  the  body,  at  any  point  of  its  raotioa, 
to  be  moving  in  the  circle  of  curvature  to  the  orbit  at  that 
point. 
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Prop.  VIIL     Piiob.  III. 
A  body  deacribes  a  semicircle,  wider  the  action  of  a  firtst 
tending  to  a  centre  ao  distant  thai  the  force  may  be  supposed  to  . 
act  in  parallel  lines ;  to  find  the  law  of  force. 


^B  Let  P  be  tbe  position  of  the  body  at  a  given  time,  Q  a 

contiguous  positioQ,  PMS,  QNS,  the  directiona  of  the  force 
at  those  poiuts;  draw  the  6emi-diameter  JC  cutting  those 
lines  at  right  angles  in  M  and  N;  let  PRZ  be  the  tangent  at 
P;  through  Q  draw  ZQT  perpendicular  to  PM and  meeting 
PRZ  in  Z,  and  produce  NQ  to  meet  PRZ  in  R ;  join  CP, 
and  draw  Rn  perpendiculiu-  to  PM. 


Then  i^" « limit- 


QR  ,.    .    QR 

E   limit  :  , 

considered  constant, 

But,  by  Euclid,  m.  36, 

Qfi(QAr+  RN)^RP*, 
or,  in  the  limit,    iQR  .  PM  •=>  RP*. 
RP" 


since  SP  may  be 


c  limit  - 


^PM.QT*' 


R^      RF^      CP' 

qr*  ■  R^ 


by  similar  triangles ; 


'iPW' 


SCHOLIUM. 


By  somewhat  sunilar  reasoning  it  may  be  shewn  that  aJ 
body  may  move  in  an  ellipse,  or  a  parabola  or  hyperbola,! 
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under  the  action  of  a  force  tending  to  a  centre  inlinit^f^' 
distant  and  varying  inversely  as  the  cube  of  the  ordinate 
drawn  towards  the  centre  of  force. 

[That  is,  in  the  figiu-e  of  the  proposition,  if  AP  be  any 
conic  section,  A  its  vertex,  AC  its  axis,  then  a  body  may 
move  in  the  curve  under  the  action  of  a  force  aln'ays  per- 
pendicular to  AC  and  varying  as  PAPJ\ 


Prop.  IX.     Prob.  IV. 


A  body  revolves  in  an  equiangular  spiral;  to  find  the  law 
force  tending  to  the  centre  of  the  apiraL 

[Def.  An  equiangular  spiral  is  a  curve,  in  which  the 
tangent  at  every  point  makes  the  same  angle  with  the  line 
jtuning  the  point  of  contact  with  a  cerfain  fixed  point  called 
the  centre  or  pole  of  the  spiral:  t.«.  in  the  figure  of  this 
proposition,   SPR  is  a  constant  angle.] 

Let  S  be  the  centre  of  force,  P  the  position  of  the  body 
at  a  given  time,  Q  a  point  in  the  curve  very  near  to  P ;  PX. 


th^^ 


the  tangent  at  P,  QJt  parallel  to  SP,  and  QT  perpentlicalar 
to  SP. 

OR 
Then  F«Umit  ,  „   ^„,. 

Now,  since  the  angle  SPR  19  given,  if  we  take  PSQ  any 
given  small  angle,  we  shall  have  all  the  angles  in  Uic  figuro 
SPBQ  given ;  and  therefore,  at  whatever  point  of  the  orbit 
we  take  P,  the  figure  SPIiQ  nil!  he  similar,  and  the  lines  in 
it  will  be  proportional  to  any  one  of  the  homologous  liuea ; 
hence  QR  and  QT  will  each  bo  proportional  to  SP, 
QT' 
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Now  let  the  angle  PSQ  be  indefinitely  diminished,  then 

in  the  limit  QJ3  will  oe  PQ»  «  QT",  by  Lemma  XL   Therefore 

QT* 

— —  will  in  the  limit,  as  before,  be  proportional  to  SP ; 


.'.  F 


SP" 


Prop.  X.     Pros.  V. 

A  body  describes  an  ellipse;  to  find  the  law  o/Jorce  tending 
to  the  centre. 

Let  P  be  the  position  of  the  body  at  any  given  time,  Q  a 
point  contiguous  to  P,  PR  the  tangent  at  P,  QT  perp auri- 


cular to  the  diameter  PCG,  DCK  the  diameter  conjugate  to 
PCG,  PF  perpendicular  to  DCK,  Qv  an  ordinate  to  PCG. 

2A'   OR 
Then  P-  -— -^  ultimately. 

cp*  Qr*  "^ 

By  similar  triangles  QTv,  PFC, 


QT     PF 
Qv'CP 


;  /.  CP'.QT'mQv'.PF'; 


.-.  P  =  2A«limit — ^ ^. 

Q^.  PF* 


But  Qv»  -  t™  Pv.vG  (Conies,  Prop.  VIU.  page  l6^| 


Clf 


Cr^.PF'.vG 


=  2A'  Uniit^^   ffC.vG  ^^"^^^'  ^''**P'  ^-  P^fi*  '^ 

=.  -  ■-     .CP,  since  vG  =  iCP  ultimately, 

or  F  «  CP. 

Cob.  1.  Therefore  the  force  is  proportional  to  the  dis- 
tance of  the  body  from  the  centre  of  the  ellipse :  and 
conversely,  if  the  force  vary  as  the  distance,  the  body  will 
move  in  an  elhpse  having  its  centre  in  the  centre  of  force, 
or  it  may  be  in  a  circle,  which  is  a  particular  case  of  tlie 
ellipse. 

Cor.  fi.  And  the  periodic  times  in  oU  ellipses  described 
round  the  same  centre  of  force  will  be  the  same.  For  the 
times  will  be  equal  in  similar  ellipses  by  Prop.  IV.  Cons.  S 
and  8,  and  in  ellipses  having  a  common  miyor  axis  they 
are  proportional  to  the  areas  of  the  ellipses  directly,  and 
the  areas  described  in  equal  times  inversely ;  that  is,  as  the 
minor  axes  directly,  and  the  velocities  of  the  bodies  at  tbc 
extremity  of  the  mcyor  axes  inversely ;  that  is,  as  the  minor 
axes  directly,  and  as  ordinatcs  drawn  to  the  same  point  of 
the  common  axis  inversely ;  that  is,  since  these  ordinatcs  are 
proportional  to  the  minor  axes,  in  a  ratio  of  equally, 

[This  result  will  appear  more  simply  thus : 

Su]ipose   F  —  ti  CP.  where  *i  is  «  constant  quantity  rfd^ 
pending  upon  the  intensity  of  the  force  residing  in  the  centre, 
and  usually  called  tlie  absolute  force  of  the  centre  i  then,  by 
the  preceding  proposition,  A'  -  ji  JC  BC, 

I^et  P  be  the  periodic  time,  that  is,  the  time  em]>]oyed  in 
describing  the  complete  ellipse ;  then  since  the  area  dotcribvd 
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in  a  unit  of  Time  is  -,  and  the  whole  area  of  the  ellipse  is 

ttAC  .  BC,  we  shall  have 

27rJC.BC       Stt 


P  = 


\/m 


Hence  the  periodic  time  depends  solely  upon  the  intensity 
of  the  force  in  the  centre.] 

[Cor.  S.  Since  P  is  independent  of  both  axes  of  the 
ellipse,  its  value  will  be  the  same  if  we  suppose  the  minor 
axis  to  be  indefinitely  diminished,  in  which  case  the  motion 
will  approximate  to  that  of  a  body  oscillating  in  a  straight  line 
under  the  action  of  an  attractive  force  varying  directly  as  the 
distance :  hence  the  time  of  a  complete  oscillation  of  a  body 

moving  in  the  manner  described  will  be  —7=-] 

SCHOLIUM. 

If  the  centre  of  the  ellipse  move  to  an  infinite  distance, 
the  ellipse  will  become  a  parabola  and  the  body  will  move  in 
this  parabola;  and  the  force  now  tending  to  a  centre  infi- 
nitely distant  will  become  constant.  This  is  a  theorem  due 
to  Galileo.  And  if  the  parabola  be  changed  into  an  hyper- 
bola, the  body  will  move  in  this  hyperbola,  the  force  becoming 
repulsive  instead  of  attractive. 


22 


SECTION  III. 

ON  THE  MOTION  OF  A  BODY  IN  A  CONIC  SECTION, 
ABOUT  A  CENTRE  OF  FORCE  IN  THE  FOCUS. 


Prop.  XL     Pros.  VL 

A  body  revolves  in  an  ellipse;  to  find  the  law  of  force  tend- 
ing  to  one  of  the  foci. 

Let  8  be  the  focus  of  the  ellipse,  P  the  position  of  the 
body  at  any  given  time,  Q  a  contiguous  point  in  the  orbit, 


PCG,  KCD  coi\jugate  diameters,  PR  the  tangent  at  P,  QR 
parallel  to  SP,  Qwv  to  PR,  QT  perpendicular  to  SP,  PF  to 
CKf  and  E  the  point  of  intersection  of  SP  and  CD. 

Then.  i^.^^.  ultimately. 

By  similar  triangles  QTa,  PEF, 

QT*     PF*     PF* 

-Q^  "  p^  "  j^i  (Conies,  Prop.  lU.  Cor.  page  158.) 

and,  by  similar  triangles,  Pav,  PEC, 

Pm     PE     AC 
Pv"CP'  CP' 


■t- 


AJ    •  >       B 


I  '■•' 
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**  QR^P^c^Pr,"^^, 


•  • 


^     QR      „   JC      AC* 

and     —z=  «  Pv 


QT*  CP  Qa^.PF* 

Pv        AC 


Qv*  CP.PF* 


,  tiltimately. 


1   CP*     A(y 

"  ^  CD'  CP.PF^  (Conies,  Prop.  VIH.  page  l6s.) 

"  T  cWTpf'^  ultimately, 

=■  g^^a  p^  (Conies,  Prop.  X.  page  165.) 


AC 


iBC 


«» 


.    J,     h*AC     1  1 


BC'^SP'      SP"' 


[Cor.     If  /i  be  the  absolute  force  of  the  centre, 

where  L  is  the  latus  rectum  of  the  ellipse.     (Conies,  Prop. 
VI.  Cor.  1,  page  162.)] 

This  proposition  might  be  at  once  extended  as  in  the 
case  of  the  fifth  Problem  to  the  hyperbola  and  parabola ;  but 
on  account  of  the  importance  of  the  problem  it  will  be  worth 
while  to  give  the  demonstrations  in  full. 

Prop.  XII.     Prob.  VIL 

A  body  moves  in  an  hyperbola  ;  to  find  the  law  0/ force  tend- 
ing  to  one  of  the  foci. 

Let  S  be  the  focus  of  the  hyperbola,  P  the  position  of  the 
body  at  any  given  time,  Q  a  contiguous  point  in  the  orbit, 
PCG,  DCK  conjugate  diameters,  PR  the  tangent  at  P,  QR 
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{MtnUlel  to  SP,  Q^s  to  FR,  QT  pexpendicakr  *t^Sr,  PF  t< 


CD  prodnced,  and  E  the  point  of  intonection  of  SP  and  CL 
produced. 

Then,  F--^^,  ^,  nltinately. 

By  Bimihir  trianglea,  (J  2'*,  PEF, 

01*     PF*     PF^ 

Qii'  PE>'7^  (Conies,  Prop.  m.  Cor.  page  171.) 

And  hy  umiUr  triangles  Pwv,  PEC, 
Pa     PB     AC 
Pv'cP'  C?' 

'CP' 

QT"  CPQ^.PF* 

•  ^-  Cfli  CPTPpi  <'^°'"'  ^P-  ^- 1"*"  '"-J 


r 
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AC 


iAC.BC 
AC 


Prop.  XI,  Cor,  page  IBO.) 


h*AC     I 


BC    SF*      SP-' 

In  the  same  manner  it  appears,  that  if  the  force  be  repul- 
sive instead  of  af  tractive  the  body  may  describe  the  opposite 
branch  of  the  hyperbola. 

[Cor.     As  in  the  ca,8e  of  the  ellipse, 

sV 
|tt  -  —  (Conies,  Prop.  VI.  Cor.  page  17*.)] 


Prop.  XHX     Phob.  VIIX. 

A  body  moves  in  a  parabola ;  to  find  the  law  offurce  tending 
to  the  focus. 

Let  S  be  the  focus  of  tlie  parabola,  P  the  position  of  the 
body  at  auy  given  time,  Q  a  contiguous  point  in  the  orbit, 
PJty  the  tangent  at  P,  QR  parallel  to  SP.  Qxv  to  PR,  QT 
perpendicular  to  SP,  and  SV  to  PRY. 

Then    /--l^l^.  ultimately. 

But  QR-Px-Fv  (Conies,  Prop.  II.  ^^ 

page  1*7.)  ^^ 

-  -op  (Conies,  Prop.  IX.  page  153.) 

Q.R  _  JV_  Q** 
■     Wp*  ~  *SP  QT'  "  ii 
lar  triangles, 


,  by  simi- 


,  (Conies,  Prop.  VI.  Cor.  page  tSO.) 


sJS'SF'     SP' 

Cor.   1.     It  follows  from  the  last  three  propositions,  i 

if  a  body  P  be   projected  from  any  point  P  with  a  |  "  

velocity  in  a  given  direction  PS,  and  be  acted  upon  byT^ 
centripetal  force  varying  inversely  as  the  square  of  the  dis- 
tance from  the  centre,  the  body  will  move  in  a  conic  section 
having  the  centre  of  force  in  its  focus ;  and  conversely.  For 
the  focus,  the  point  of  contact,  and  the  position  of  the  tan- 
gent being  given,  a  conic  section  can  be  described,  which 
shall  have  a  given  curvature  at  that  point.  But  the  curva- 
ture is  given  because  the  force  and  the  velocity  of  the  body 
are  given ;  and  two  orbits  toueliing  each  other  cannot  be 
described  with  the  same  centripetal  force  and  the  same 
velocity. 

CoK.  2,  If  the  velocity,  with  which  the  body  leaves  P, 
be  that  with  which  the  sraidl  line  PR  can  be  described  in  « 
certain  very  short  space  of  time ;  and  if  the  force  be  alile 
during  the  same  time  to  move  the  body  through  the  space 
QR;  then  the  body  will  move  in  a  conic  section,  of  which 


the  kitus  rectum  will  be  the  ultimate  value  of  the  ratio 


Off" 


In  these  corollaries  the  circle  may  be  included  as  a  par- 
ticular case  of  the  ellipse,  and  the  case  in  which  the  body 
falls  directly  to  the  centre  is  excluded. 

[Cor.  S.    As  in  the  preceding  cases. 

H  —  -=-,  (Conies,  Prop.  I.  page  1-17.)] 


Prop.  XIV.    Thror.  VI. 

If  any  nvmher  of  bodies  revolve  ahaut  n  common  cftttre, 
tho  /oroc  vary  inversely  as  the  aiptart  <^  the  diatanea,  the  i 
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>ta  of  ths  orbits  described  xvill  be  as  the  sfpiarea  of  the  areas 
jcribed  in  equal  times. 

For  we  have  seen  in  each  of  tlie  three  preceding  propo- 
tions,  that 

here  fi.  depends  upon  the  absolute  intensity  of  the  central 
■oc  ;  if  therefore  this  be  given, 


sinee  h  ia  twice  the  area  described  in  a  unit  of  time, 
lich  may  be  any  given  time,  the  proposition  is  true, 
ence  if  any  number  of  bodies,   &c.     q.e.d. 

Con.  Hence  the  whole  area  of  the  ellipse,  or  the  rect- 
igle  under  the  axes  which  i8  proportional  to  it  (page  297, 
(te),  varies  in  a  ratio  compounded  of  the  eubduplicate  ratio 
'  the  latua  rectum,  and  the  ratio  of  the  periodic  time. 

That  is,  if  P  be  the  periodic  time,  the  area  ai  LiP;  for 
cr  /,i,  and  since  the  areas  described  are  proportional  to  the 

Ime,  the  area  of  the  ellipse  =  -  P,  and  .•.  =  Li  P. 


Prop.  XV.     Theob.  VII. 

On  the  same  hypothesis,   the  squares  of  the  periodic  tioies  in 
lUpses  are  proportional  to  tlte  cubes  of  the  major  axes. 

Let  P  be  the  periodic  time  in  one  of  the  ellipseB,  then 

fi  area  of  the  ellipse 


„BC      ■  '"^  ''^"^-  ^'-  '^"■' 


AC^AC. 


Cor.     Hence  the  periodic  time  in  an  ellipse  ia  the  I 
aa  in  a  circle,  the  diameter  of  which  is  the  miyor  axis  of  t 
ellipse. 

pbop.  XVI.   theoh.  vm. 

Oji  the  same  hypothesis,  the  velocity  in  any  of  the  < 
varies  inversely  as  the  perpendicular  from  the  focus  on 
tangeiu  and  directly  as  the  square  root  of  the  latus  rectum. 

For  if  V  be  the  velocity,  and^  the  perpendicular  from  \ 
focus  on  the  tangent,  we  have  seen  (Prop.  I.  Cor,  I)  that 

but  A  tt  •yZ; 

.".  V  « .    as.D. 

P 

Cor.  1.  The  latera  recta  of  the  orbits  are  in  the  ratio 
compounded  of  the  duplicate  ratio  of  the  perpendiculars  and 
the  duplicate  ratio  of  the  velocities. 

[In  other  words  L  a  i''p*.] 

Coa.  3.     The  velocities  of  the  bodies,  at  the  greatest  | 
least  distances  from  the  common  focus,  are  in  the  ratio  « 
pounded   of  the   ratio   of   the  distances   inversely,   and  1 
subdiiplicate  ratio   of  the  latera  recta  directly.     For   ■■ 
distances  are  the  perpendiculars  on  the  tangents. 

Cor.  3.     And  therefore  the  velocity  in  a  conic  sec) 
at  the  greatest  or  least  distance  from  the  focus,  is  to  1 
velocity  in  a  circle  at  the  same  distance  in  the  suhdu] 
ratio  of  the  tatus  rectum  to  twice  that  distance. 

[For  let  V  be  the  velocity  in  the  circle,  and  let  S^  j 

the  distance,  then  v  «  --—,    and    Fa  —^        ,    since   for  1 

circle  L  -  tSA  ; 

.:  V  :   V  ::  ii  :  (25^)*.] 

CoR.  4.  The  velocities  of  bodies  revolving  in  ellipBcs  f 
at  their  mean  distances  from  the  focus  the  same  aa  those  j 
bodies  revolving  in  oircleii  at  the  same  diatanccs,  that  ia,  j 
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Prop.  IV.  Cor.  6,  in  the  inverse  aubduplicate  ratio  of  the  dis- 
tances. For  in  this  case  the  perpendicular  is  the  semi-axis 
minor; 

»■«  ^i7i;«  TT^.    (Conies,  Prop.  VI.  Cor.  I,  page  162). 


BC 


AC 

Also, 


'  AC  " 
=  V. 


{^AC  is  the  mean  distance,  being  half  the  sum  of  the  greatest 
and  least  distances.] 

Cor.  5.  In  the  same  orbit,  or  in  different  orbits  haying 
their  latera  recta  equal,  the  velocity  varies  inversely  as  the 
perpendicular  from  the  focus  on  the  tangent. 

Cor.  6.  In  the  parabola,  the  velocity  varies  in  the  in- 
verse subduplicnte  ratio  of  the  distance  of  the  body  trom 
the  focus;  in  the  ellipse  it  varies  more  than  in  this  ratio; 
and  in  the  hyperbola  less.     For,  in  the  parabola, 

SV*  =:  SP.     (Conies,  Prop.  VI.  Cor.  page  151). 

In  the  ellipse, 

.  (Conies,  Prop.  IV.  Cor.  page  isg) ; 


SY*-, 


i,  Prop.  IV.  Cor.  page  172). 


iAC^SP' 
ftud  in  the  hyperbola, 

Now  in  this  expression,  as  the  numerator  increases  the 
\  denominator  also  increases,   therefore   SV  varies   less  thao 
SP;  and  in  like  manner  in  the  ellipse  it  varies  more. 
[This  result  may  be  conveniently  expressed  thus: 


in  the  parabola,  v*  =  -^^ , 
in  the  ellipse,  t^  =  ~—  j 
in  the  hyporljola,  w*  =a  - 
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Cor,  7.  In  the  parabola,  the  velocity  of  the  body  at 
any  distance  from  the  focus,  is  to  the  velocity  of  a  body 
revolving  in  a  circle  at  the  same  distance  as  the  square  root 
of  2  to  1 ;  in  the  ellipse  it  is  less,  and  in  the  hyperbola  it  Is 
greater  than  in  this  ratio.  For,  by  Cor.  2,  the  velocity  at 
the  vertex  of  a  parabola  is  in  this  proportion,  and  by  Cor.  6, 
and  Prop.  IV.  Cor.  6,  the  same  proportion  is  preserved  for  all 
distances.  Hence  also  in  the  parabola,  the  velocity  is  every 
where  equal  to  that  in  a  circle  at  half  the  distance,  in  the 
ellipse  less,  and  in  the  hyperbola  greater. 

[This  will  perhaps  appear  more  clearly  thus.  In  the 
expression  for  the  velocity  in  the  ellipse  put  AC^SP,  the 
velocity  then  becomes  that  in  a  circle,  which  call  V  as 
before ; 


• . 


F«  = 


SP' 

.*.  in  the  parabola  v  «  F  v2, 
in  the  ellipse  v<  F\/2, 
in  the  hyperbola  v>V v/s. 

Also  if  R  be  the  radius  of  a  circle  in  which  the  ve- 
locity would  be  the  same  as  at  the  point  P  of  the  parabola, 
we  must  have 

^M  _  ^ 

SP^  R' 

'r.         SP    ^ 

or  R  ^  —  .1 

2     "^ 

Cob.  8.  The  velocity  of  a  body  revolving  in  any  conic 
section  is  to  the  velocity  in  a  circle  at  the  distance  of  half 
the  latus  rectum,  as  that  distance  is  to  the  perpendicular 
from  the  focus  on  the  tangent. 

[For  1^  ■  — ,   and  if    F  be   the  velocity  in  the  circle 

2l> 

^        L' 
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y  :: 


■.p.] 


[For 


o'~'- 


2p'       2  SI" 


Cob.  9.  And  hence,  since  (by  Prop.  IV.  Cor.  fi)  the 
I  Telocitics  of  bodies  revolving^  in  circles  are  in  the  inverse 
I  iubduplicate  ratio  of  their  distances,  the  velocity  of  a  body 
'  in  a  conic  section  will  be  to  the  velocity  in  a  circle  at  the 
same  distance,  as  a  mean  proportional  between  that  common 
distance  and  the  Bcmi-Iatus  recttuu  to  the  pcrpendiciUar  on 
the  tangent. 

n 
re 


F'. 


SP' 


V^  :: 


/. 


SP  : 


Prop.  XVII.  Prod.  DC. 


Given  ihat  tlie  centripetal  force  ia  invergifli/  proportional  to 
the  square  of  the  distance  from  the  centre,  and  that  ttie  absolute 
foret  of  the  centre  is  known ;  it  is  required  to  find  the  curvf, 
tekich  mil  be  described  by  a  body  which  is  projected  from  a 
ffiven  point  with  a  given  velocity  in  a  given  direction. 

Let  the  force 
tending  to  S  be  that 
under  the  action  of  ^ 
which  a  body  p 
would  describe  any 
given  orbit  pq,  and 
let  the  velocity  of 
this  body  at  the 
point  p  be  known. 
Let  the  body  P 
start  from  the  point  P  with  the  given  velocity  in  the  direc- 
it  be  made  by  the  action  of  the  centripetal 
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force  to  move  in  the  conic  section  PQ.  Therefore  PR  • 
be  a  tangent  to  the  curve  at  P.  Let  pr  in  like  manner 
touch  the  orbit  pq  in  p,  and  if  from  S  perpendiculars  be 
supposed  to  be  drawn  to  these  tangents,  the  latus  rectum  of 
the  conic  section  (PQ)  will  be  to  the  latua  rectum  of  the  orbit 
pq  in  the  ratio  compounded  of  the  dupUeate  ratio  of  the 
perpendiculars  and  the  duplicate  ratio  of  the  velocities, 
(Prop.  XVI.  Cor.  I),  and  therefore  is  given.  Let  L  be  the 
latus  rectum  of  the  conic  section. 

Moreover    the    focus   S   of  the   conic  section   is   given. 

Take  RPH  equal  to  the  supplement  of  RPS\  and  the  other 

focus   H  manifestly  lies  on  the  line  PH  thus  determined  in 

position.      On  PH  let  fall  the  perpendicular  SK,  and  suppose 

the  eemiaxis  minor  BC  to  be  drawn,  then  we  shall  have 

.SP"  -  2  JTP .  PH  +  PW  =  SH-  =  \  CW 

~  iPH'  -  iBCr 

=  (SP  +  PHY  -  LiSP+  PH) 

(since 2B/f-2^C  =  SP+  PH,  andi.^C- 2flC*) 

_  ■=SP'  +  2SP.PH  +  PH'-LiSP+  PB) ; 

.•-  L  (SP  +  PH)  =  2SP .  PH  +  2KP .PH 

-isSP+sKP)PH 

T  SP+PH  :  PH  ::  2SP  +  2KP  i  L. 

Here  L,  SP,  and  KP  are  known,  therefore  PH  is  koown.  J 

Also,  if  the  velocity  of  the  body  at  P  be  such  that  L 

less  than  2  SP  +  i  KP,  PH  will  lie  on  the  same  side  of 

tangent  PR  as  the  line  SP;  and  therefore  the  figure  will 

an  ellipse,  and  the  foci  6',  H  having  been  found,  and  also  the 

miy'or  axis  SP  +  PH,  tlie  ellipse  will  be  entirely  determined. 

If  the  velocity  be  such  that  ^  •=  25/»  +  g  PK,  PB  will  bo 

infinite  ;  and  the  figure  will  be  a  parabola  having  its  oxia 

parallel  to  PK,  and  therefore  will  be  determined. 

I-astly,  if  the  velocity  be  still  greater  than  in  the 
ceding  case,  PH  must  be  taken  on  the  opposite  side  of  the 
tangent;  and  the  tiingeiit  thus  passing  between  the  foci,  the 
figure  will  be  an  hyperbola  having  its  nu^or  axis  equal 


led. 
1  ba     I 

the    ■ 


I 
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iSP  -  PH,  and  therefore  will  be  determined.  For  if  the  body 
in  theae  several  coses  were  to  revolve  in  the  conic  section 
BO  found,  it  has  been  shewn  in  Props.  XI.  XII.  and  XIIL  that 
the  centripetal  force  would  be  inversely  proportional  to  the 
square  of  the  distance  from  S ;  and  therefore  the  line  PQ  is 
rightly  determined,  which  the  body  under  the  action  of  such 
I  force  would  deacrihe  if  projected  from  the  given  point  P, 
with  a  given  velocity,  and  in  a  given  direction, 

Cor.  I .  Hence  in  every  conic  section,  if  the  vertex  D, 
the  latiis  rectum  L,  and  the  focus  S  be  g^ven,  the  other  focus 
H  is  given  by  taking 

DH  :  DS  ::  L  X  4DS  -  L. 
Tor  the  proportion 

SP+PH  :  PH  ::  SSP  +  SSP  :   L 
becomes,  in  the  ease  of  this  corollary, 

DS-^DH  :  DH  ::    iDS  :  L, 
and  .-.  DS  :  DH  ::  ^DS  -  L   :  L. 

Con.  2.  Wherefore  if  the  velocity  at  the  vertex  D  be 
pven,  the  orbit  may  be  immediately  fuuad  by  taking  the 
latus  rectum  L,  such  that 

L  :  "iDS  ::  square  of  given  velocity  ;  square  of  velocity 
in  circle  of  radius  DS,  (Prop.  XVI.  Coit.  3) 
and  then  taking 

DH  :  DS  ::  L   :  iDS  -  L. 

Con.  3.  Hence  also  if  the  body  move  in  any  conic 
section,  and  be  disturbed  from  its  orbit  by  any  extraneous 
'impube,  the  subsequent  orbit  may  be  determined.  For  by 
compounding  the  motion  of  the  body  with  that  motion  which 
the  impulse  above  would  generate,  we  shall  know  the  mag- 
nitude and  direction  of  the  motion  with  which  tlie  body  will 
leave  the  point  at  which  the  impulse  takes  place. 

Cor.  4.  And  if  the  body  be  disturbed  by  any  conti- 
nuous extraneous  force,  we  can  determine  its  course  approx- 
imately by  calculating  the  changes  which  the  force  produces 
at  certain  points,  and  concluding  from  analogy  the  change 
which  takes  place  in  the  intermediate  parts  of  the  orbit. 


APPENDIX  TO  SECTION  II. 


1.  The  investigations  of  this  section  will  enable  us  to 
solve  the  problem  of  finding  the  time  of  oscillation  of  a  heavy 
particle,  when  constrained  to  move  upon  the  arc  of  a  cycloid. 
But  before  giving  the  solution,  it  will  be  necessary  to  define 
the  cycloid,  and  to  investigate  some  of  its  properties. 

2.  Dbf.  a  cycloid  is  the  curve  traced  out  by  a  point  in 
the  circumference  of  a  circle^  which  rolls  upon  a  given  straight 
line. 

c 


Thus,  if  a  circle,  of  which  the  radius  is  OQ,  roll  on  the 
straight  line  ABA\  a  given  point  P  in  its  circumference  will 
trace  out  the  cycloid  ACA\  It  is  manifest  that  the  curve 
will  have  such  a  form  as  that  exhibited  in  the  figure ;  the  line 
AA'  will  be  equal  to  the  circumference  of  the  generating 
circle,  and  the  curve  will  be  symmetrical  about  the  line  BC, 
which  bisects  AA'  at  right  angles,  and  which  is  called  the 
axis  of  the  cycloid. 

3.      To  draw  a  tangent  to  a  cycloid. 

Join  PQ,  Q  being  the  point  of  the  generating  circle  in 
contact  with  A  A'  at  any  given  moment ;  then  the  generating 
circle  moves  into  its  next  position  by  turning  about  Q,  and 
therefore  the  motion  of  P  will  be  for  a  very  short  space  of 
time  the  same  as  if  it  were  describing  a  circle  about  Q,  that 
is,  its  motion  wiU  be  perpendicular  to  PQ. 


i'^ 
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Hence  the  tangent  at  P  will  be  perpendicular  to  PQ,  and 
will  therefore  pass  through  B  the  other  extremity  of  the 
diameter  QOR. 


To  find  the  lefigth  of  the  arc  of  a  cycloid. 


Let  P.  P  be  two  contiguous  points  in  a  cycloid ;  on  the 
axis  BC  describe  a  semicircle,  and  through  P,  P  draw  the 
lines  Pn.P'm  perpendicular  to  DC  a,nd  cutting  the  semicircle 
in  Q  and  Q'  respectively.  Join  C«,  CQ',  Bql,  Q'Q,  and  pro- 
duce the  last  to  meet  AB  lo.  S;  also  let  R,  p  be  the  inter- 
sections of  CQ,  P'm,  and  CQ,  (iB  respectively. 

Then,  when  P  approaches  indefinitely  near  to  P,  CQ. 
will  become  parallel  to  the  hingent  at  P,  and  Qff  will  be 
ultimately  equal  to  PP'.  Also  Q'fl  will  be  ultimately  per- 
^L  pendicular  to  CQ,  aad  therefore  Q,p  will  be  ultimately 

B  =c(i-  cq: 

^k  Now  SQ'  ultimately  -  SB; 

^B  .■-  angle  SQB  =.  SBQ'  -mf^B; 

^""  .*.  in  the  triangles  QQ'p,  SQ'p,  we  have 

angle   QQ'p  •=  RQ'p,   and   (i'p(i=Q'pR,  (each  being  a  right 

angle,)  aud  the  side  Q'p  common ; 

».-.  Qp  -  Bp. 
and  .*.  QR~iQp. 
or  PP  ultimately  -  2  {CQ  -  CQ*). 
But  PP  is  the  increment  of  the  arc  of  the  cycloid  in 
passing  from  the  point  P  to  the  contiguous  point   P,  and 
CQ  ~  CQ'  is  the  corresponding  iucremcnt  of  the  chord  CQ', 
which  is  equal  to  the  chord  of  the  generating  circle  touching 
the  cycloid  at  P;  hence  the  arc  iff  the  cycloid  meamred  from 


the  vertex  to  any  point  equals  twice  the  chord  of  l?te  ffeneratiny 
circle  which  touches  the  curve  at  that  point.  In  the  figure  of 
Art.  2,  CP  -  2PIi. 

6.      To  make  a  pejuiubtm  oscillate  m  a  given  cycloid. 


Let  JPC  be  a  given  seraicycloid,  having  base  AB  and 
axis  BC ;  produce  CB  to  J',  making  BA'  =  SC,  and  complete 
the  rectangle  A'BJB':  with  A'^  aa  base,  and  AB'  an  axis, 
describe  the  seraicycloid  AP'A', 

Take  any  line  R'QR  equal  and  parallel  to  A'BC,  and  on 
RQ,  R'Q  describe  the  two  generating  semicircles  QPR,  QP'S'i 
join  QP,  PR,  QP,  FR. 

Then  the  circular  are  QP  ~  AQ,  as  is  manifest  from  the 
mode  in  which  the  cycloid  is  generated ;  and  in  like  t 
arc  QPR  -  AB  ; 


2  PR  ~BQ«  A'R  ' 


ip'b:. 


also,  QR  -  QA', 
and  angle  QPR  =  angle  QPK,  each  being  a  right  anglfi^ 
.•.  the  triangles  QPR,  QPR  are  equal  in  all  respccta,,' 
Hence  angle  PQR  -=  PQB' ;  .:  PQP^  is  a  straight  t 
Also  PP"  (which  is  a  tangent  to  A'P'A  at  F',) 
m  iPq  -  arc  PA. 


OSCILLATION  ON  A  CYCLOID. 


Hence  if  a  string  of  length  A  PA,  fixed  at  A,  and  wrapped 
5)on  the  aemicycloid  A'PA,  be  unwrapped,  beginning  at  A, 
;  particle  attached  to  its  extremity  will  trace  out  the  semi- 
cycloid  APC  And  by  means  of  another  semicycloid  A  a,  the 
particle  may  be  made  to  describe  the  other  half  of  the  cycloid 
AC  a. 


ly  particle  moving 


I 


Let  P  be  the  position  of  the  particle  at  any  time,  QPJt 
"the  corresponding  position  of  the  generating  circle,  PR  the 
tangent  at  P,  C  the  lowest  point  of  the  cycloid.  Then  the 
force,  which  accelerates  or  retards  the  motion  of  the  particle, 
is  the  resolved  part  of  the  force  of  gravity  in  the  direction  of 
the  tangent,  that  is,  in  the  direction  of  PH.  But  gravity  acts 
parallel  to  QR,  therefore  the  resolved  part  of  gravity  in  the 
direction  of  PB 


Qti 


g  PC 
2  QR' 


(by  the  property  of  the  cycloid). 


.PC, 


if  we  call  the  radius  of  the  generating  circle  a. 

Hence  the  particle  is  always  acted  upon  by  a  force  tend- 
ing to  draw  it  towards  C  and  proportional  to  PC,  and  will 
therefore  oscillate  in  the  same  manner  as  a  particle  under  the 
action  of  a  central  force  varying  directly  as  the  distance: 
therefore  by  Newton*.  (Prop,  X,  Cor,  3), 

"  Thii  tesull  may  be  obtained  without  lefereoci;  lo  ihc  prapoiitioD  cileJ  lii  the  itit. 

Lei  AC  A'  be  the  ejclold  having  iM  nil  BC  Tcitiul,  ff  »  point  from  which  ■heavy 

pinicle  ii  lUlowed  fo  descend ;  then  if  we  draw  tfoy  horiiontaU  ff'  win  be  the  poiat 

10  which  the  panicle  will  ucend.    On  BC  deicribe  the  lemicinle  BQC,  wad  on  DC  the 

I  >emiclrcle  Z>nChariDg  O  for  iu 
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'^ 


time  of  oscillation  =  Stt  \/  —  «  47r  \/  "  • 

g  e 

Let  P  be  the  place  of  the  particle  at  any  given  time,  P*  its  place  an  indefinitelj  ihoTt 
A' B  A 


time  after  it  haa  passed  P;  through  P,  P*  draw  the  horiiontal  lines  PQnmy  P'Qfn'^ 
cutting  the  circles  above  described  in  Q,  Q'  and  n,  n'  respectively.    And  join  On^  On'. 
Denote  the  angle  COn'  by  a,  and  n  On'  by  B,  the  radius  OC  by  r,  and  the  radiui  ol 
the  generating  circle  by  a. 

Then  the  velocity  of  the  particle  at  P=V2^.Z)m(Art.  45,  page  275). 

pp' 

.•.  time  of  describing  PP*«=— —  . 

\l2g,Um 

But  PP'=2(CQ-  CQ),  Art.  4, 
and  if  we  suppose  BQy  CQ  to  be  joined,  we  have  from  similar  triangles  BCQ,  QCm^ 

BC  I  CQ  ::  CQ  :  Cm; 

.'.  CQ'=BC,  Cm^ 

in  like  manner  Cn'  =  DC.  Cm; 

CQ'     BC     a 
'''  Cn^^DC'^r* 

and  CQ  =  V^Cn=V^chd(a  +  0)  =  2N/arsin^^i?-\ 


similarly  CQ' -  2 \/ar sin |, 

also  Z)m  =  r  +  rcos(a  +  0)  =  2rcos*' 


+  0 


^  ^ 


••.  time  of  describing  PP'  = 


\ 


4Vcir^sm— -sm-) 


cot 


(2^4)"°  4 


^ 


COS 


v/f 


(1*1) 


X  6,  since  0  is  indefinitely  imall. 


It  will  be  seen  that  all  the  small  angles  sudi  as  0,  corresponding  to  the  amall  arc 
PP*  between  N  and  N\  will  together  make  up  four  right  angles,  hence  the  time  c 
describing  the  arc  NCN* 

-2w\/i. 
9 


^ir. 


»  .  / 


^/" 


n 


^   -1    '-'■    ■ 


r 


.y 
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Cob.     If  we  have  a  particle  suspended  by  a  string  of 
length  I,  and  made  to  oscillate  in  a  cycloid  by  tbe  artifice  ex- 
plained in  a  preceding  proposition,  then  I  —  4-a,  and  the  time 
Lof  oscillation 


V^ 


It  is  to  be  observed,  that  by  the  time  of  oscillation  is  meant 
the  time  which  elapses  between  the  departure  of  the  particle 
from  the  highest  point  and  its  return  to  the  same. 

7.  ^\^^en  the  oscillations  of  a  pendulum  are  very  small, 
lire  may  consider  the  time  of  oscillation  to  be  the  same  as  if 
I  the  extremity  described  a  cycloidal  arc ;  henee  if  t  be  the 
I' length  of  a  pendulum  we  may  say  in  general,  that,  provided 
P  the  oscillation  be  small,  the  time* 


1 

I 


The  time  of  oscillation  of  a  pendulum  is  an  element  which  can 
be  observed  with  very  great  accuracy ;  hence  the  observation 
of  a  pendulum  affords  the  best  means  of  determining  the 
alue  of  the  quantity  g.  Suppose  we  find  by  experiment  the 
length  of  a  pendulum  which  will  make  a  semioscillation  in  l", 
and  let  L  be  its  length,  then  we  have 


VI 


'L-n^. 


Such  a  pendulum  is  called  a.  seconds  pendulum.  By  i 
means  it  is  ascertained  that  the  accelerating  force  of  gravity, 
though  nearly  the  same  over  the  earth's  surface,  is  not  accu- 
rately so.  The  length  of  the  seconds  pendulum,  siicalviug 
without  extreme  aecuracy,  may  be  said  to  vary  from  the  poles 
to  the  equator  between  the  limits  39^  and  39  inches.  In  the 
latitude  of  London  the  length  is  about  sy^  inches. 
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8.  A  pendulum  consisting  of  a  particle  suspended  by  an 
indefinitely  fine  string-,  such  as  that  which  wc  have  been  con- 
sidering, is  called  a  simple  pendulum.  But  in  practice,  no 
penduhim  can  be  made  so  nearly  to  fulfil  these  conditions  as 
to  be  regarded  as  a  simple  pendulum  ;  to  deduce  the  length  of 
the  theoretical  simple  pendulum  from  a  seconds  pendulum  of 
complicated  construction,  requires  much  ingenuity,  as  well  as 
the  application  of  more  complicated  mathematical  processes 
than  any  introduced  into  this  work.  It  must  suffice  here  to 
state,  that  the  problem  admits  of  solution  to  the  utmost  degree 
of  accuracy. 

9.  To  Jiiid  the  number  of  seconds  which  a  pendulum  will 
lose  in  a  day,  when  hngtiiened  by  a  given  amall  quantity,  »tip- 
posing  the  pendulum  to  be  previottsly  a  seconds  pendulum.    - 

Let  a  be  the  additional  length,  and  T  the  time  of  a  semi- 
oscillation,  X  the  number  of  seconds  lost  in  24  hours. 

Then  r  -  TT  v'-^i^  =.  ,r  \/5  ("  +  -^1  .  nearly. 

=  1  +  —  ,  since  -n-  \/  —  =  l  by  hj-pothesifl.  | 

24  X  b'O  x  60 
.-.   *  =  24.  X  60  X  60 — — , 


Suppose  for  instance  that  - 


-  ,  nearly. 

— ,  then  the  number  c 


seconds  lost  =  - 


10.  Observation  of  the  number  of  beats  lost  by  a  seconds 
pendulum  at  the  summit  of  a  mountain  enables  us  to  determine 
the  height  of  the  mountain.  For  let  x  he  the  height  of  the 
mountain  in  feet,  n  the  number  of  beats  lost  in  24  hours  by  a 
pendulum  which  vibrates  seconds  nn  the  earth's  surface,  ^JT 
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value  of  the  accelerating  force  of  the  earth's  attraction  at  the 
summit,  then,  taking  the  earth's  radius  as  4000  miles, 

,        /    4000  X  1760  x  S    \« 

*  "  *  \4000  X  1760  X  3  +  a?/  ' 

(since  the  force  of  gravity  varies  inversely  as  the  square  of 
the  distance  from  the  earth's  centre,) 

«  «P    1 j  nearly ; 

®  \       4000  X  1760  X  s/  ^  * 

.*.  the  time  of  oscillation  at  the  summit 

X  ^  /L 

«  1  + ,  since  TT  \/  —  -  1. 

4000  X  1760  X  3  g 

But  since  the  pendulum  loses  n  beats  in  24  hours,  the  time  of 
oscillation 

24  )c  60  X  60  n  , 

1  + —  nearly ; 


24x60x60-n  24)c60x60 

4000  X  1760  X  3 

•  •     OC  ^^  fm  '  _  _  • 

24  X  60  X  60 

a  n  X  245  nearly. 

Suppose  for  example  n  ■  10,  then  the  height  of  the  mountain 
would  be  2450  feet. 

The  same  method  is  applicable  to  the  determination  of 
the  depth  of  a  mine,  but  in  this  case  we  must  consider  that 
the  force  of  gpravity  is  directly  proportional  to  the  distance 
from  the  centre,  a  proposition  not  here  proved. 
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1.  A  FLUID  is  a  collection  of  material  particles,  which  can 
I  be  moved  among  each  other  by  an  indefinitely  small  force. 

There  is  no  fluid  in  nature  which  strictly  fulfils  the  defi- 
nition we  have  given ;  nevertheless  those  substances  which  we 
shall  consider  as  fluid,  fulfil  it  sufficiently  nearly  to  make  the 
eouclusions  founded  on  the  definition  practically  correct. 

2.  Fluids  are  distinguished  into  elastic  and  non-elastic. 
The  former  class  consists  of  those,  the  volume  of  which  can 
be  dimtnished  by  pressure,  and  which  have  an  internal  expan- 
sive force,  in  virtue  of  which  their  volume  increases  when  not 
constrained  by  external  pressure.  Of  this  kind  is  air,  and 
generally  all  gaseous  fluids.  The  latter  class  consists  of  those 
which  have  not  this  property,  and  the  volume  of  which  remains 
the  same  whatever  pressure  they  may  be  subjected  to.  Of  this 
kind  is  water,  and  generally  all  those  fluids  which  we  term 
liguid. 

These  two  classes  of  fluids  are  also  spoken  of  as  compres- 
sible and  incompressible.  Strictly  speaking  no  known  fluid  is 
incompressible,  but  all  ordinary  liquids  are  sufficiently  nearly 
BO  to  enable  us  to  regard  them  as  such  without  sensible  error. 

3.  As  the  science  of  Force,  considered  aa  acting  on  a 
material  particle,  or  a  system  of  material  particles  rigidly 
connected,  divided  itself  into  the  two  sciences  of  Statics  and 
Dynamics,  so  in  considering  the  action  of  force  on  a  fluid  the 
science  will  be  that  of  Hydrostatics  or  Ut/drodynamics,  accord- 
ing as  motion  is  or  is  not  produced.  The  mathematical 
difficulty  of  the  latter  science,  however,  will  confine  us  strictly 
to  the  ease  of  a  fluid  at  rest. 


4.     The  characteristic  property  of  fluids  is  that  of  trans- 
mittmg  equally  in  all  directions  pressures  applied  at  their  i 
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/iices.  Thus,  suppose  tlic  figure  to 
represent  a  horizontal  section  of  a 
vessel  containing  fluid,  and  suppose 
a  pressure  exerted  on  the  fluid  at 
some  part  of  the  side  AE  by  a  pts-  g/ 
ton  a ;  then  this  pressure  will  be 
transmitted  through   the  fluid,   not 

only  in  one  direction,  as  would  be  the  case  with  a  rigid  I>ody, 
but  in  all  directions  around  the  piston.  To  test  the  truth  of 
this,  suppose  a  pisttm  b,  of  the  same  size  as  a,  to  be  inserted 
ill  tlie  side  BC,  then  it  will  be  fouud  that  the  same  force  will 
have  to  be  applied  to  the  piston  b,  to  prevent  its  being  tbnuit 
outward,  as  has  been  applied  to  tlie  piston  a  in  order  to  pro- 
duce the  pressure  on  the  surface  of  the  fluid. 

The  same  property  may  be  proved  by  other  experiments, 
so  far  as  the  nature  of  the  case  allows  of  experimental  proof, 
aud  will  be  assumed  as  true  in  all  that  follows. 

5.  The  pressure  which  a  fluid  exerts  upon  a  smooth  plai» 
is  necessarily  perpendicular  to  the  plane,  because  the  prcssuK 
must  be  mutual,  and  a  smooth  pUne  is  incapable  of  exerting 
any  pressure  parallel  to  its  surface. 

G.  HaWng  spoken  of  the  pressure  on  a  plane,  we  mast 
explain  how  such  pressure  is  measured.  The  pressure  may  he 
either  uniform  or  variable,  that  is,  it  may  be  the  some  at  oDtt 
point  Ds  at  another,  or  it  may  vary  from  point  to  point  t  in 
the  former  case,  the  pressure  is  measured  by  the  pressure  pro- 
duced on  a  unit  of  area ;  in  the  latter,  the  pressure  at  any 
point  is  measured  by  the  pressure  which  would  be  produced 
on  a  unit  of  area,  if  the  pressure  at  every  point  of  it  vetc  tlio 
same  as  at  the  proposed  point.  The  unit  of  area  may  be  may 
whatever,  as,  for  instance,  l  square  inch.  The  pressure  tlitw 
measured  is  called  fA«  pressure  referred  to  a  vnit  of  ffttrfyc$, 
and  is  usually  denoted  by  the  letter  y>.  Sup}M>se,  for  instancot 
the  pressure  on  each  square  inch  of  the  bottom  of  a  pail  of 
water  were  the  Miine  as  would  be  produced  by  putting  upon  it 
a  weight  of  3lbs.,  then  p  =  .1,  Also  if  ^  be  the  whole  area 
pressed,  and  the  pressure  be  uniform,  the  whole  iiressurc  irill 
be  measured  by  pA  :  thus,  in  the  example  just  now  t  "         "'~~ 
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the  bottom  of  tlie  pail  contain  40  square  inches,  pA  =  3  x  +0 

=  I20lbs.,  which  is  the  whole  pressure  exerted  by  the  water. 
Conversely,  if  the  whole  pressure  on  an  area  be  given, 

and  the  pressure  be  uniforra,  then  the  pressure  referred  to  a 

unit  of  surface  will  be  found  by  dividing  the  whole  pressure 

by  the  quantity  expressing  the  area. 

When  we  speak  of  the  pressure  at  any  internal  point  of  a 

mass  of  fluid,  we  mean  the  pressure  which  would  be  exerted 
I  supposing  a  rigid  plane  were  made  to  pass  through  the  point 

'  1  question.  Or,  supposing  a  very  small  portion  of  fluid  at 
I  the  given  point  to  become  rigid,  then  we  shall  have  tlie  case 
I  of  a  small  rigid  body  kept  in  equilibrium  by  equal  preasurea 
I OD  all  sides  of  it.  and  the  intensity  of  these  pressures  measures 
I  the  pressure  of  the  fluid  at  the  proposed  point. 

7.  Some  very  remarkable  results  follow  from  the  law  of 
P  equal  transmission  of  fluid  pressure,  which  at  first,  perhaps, 
t  appear  somewhat  paradoxical.     For  since,  when  we  exert  a 

pressure  on  the  surface  of  a  fluid,  that  pressure  is  transmitted 

equally  in  all  directions,  it  is  evident 

that  the  whole  pressure  produced  on 

any  surface  will  be  proportional  to 
I  the  extent  of  the  surface,  and  there- 
r  fore  may  be  increased  indefinitely  by 

increasing  that  surface.     The  follow- 
ing experiment   exhibits   this    result 

from  a  very  striking  point  of  view. 

Suppose  AB,  CD  to  be  two  boards 
I  forming  the  ends  of  an  air-tight 
t  leather  bag,  and  through  the  lower 

board  CD  let  a  small   tube,  EF,  be 

introduced;    then  it   will   be   found. 

that,  by  making  the  board  AH  sufficiently  large,  a  person  Btand> 

ing  upon  it  and  blowing  into  the  tube  will  be  able  to  lift  his 
I  own  weight  with  ease. 

It  may  be  observed  that  the  principle  of  Virtual 
I  Velocities  is  applicable  to  the  case  of  equilibrium  of  an  in- 
I  compressible  fluid  under  the  action  o£  no  forces. 


I1TDB03TATICB. 


I 
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Fur  let  V  he  the  volume  of  a  veaad  < 
proimlblti  flukl,  and  let  ci,  a,ai...be  the  t 
cylindrical  jiiitco  opening  into  the  vessd:  abo  let  p  I 
prvuiiro  referred  to  a  unit  of  surface,  which  will  be  tbe  tmmm 
throughout  the  6uid.     Suppose  pistons  to  be  fitted  iiUo  the 
pipes,  and  let  'r,,v,^,,..be  tlic  ilistances  of  these  i 
j'roni  the  points  in  which  the  pipes  meet  the  i 

'J'hcn  the  volume  of  the  fluid 

■•  J'  +  «,  .T,  +  Bj  -r,  +  a,  T 

Now  HupjiOHc  the  pintonn  to  be  slightly  displaced,  eotne  beo^ 
moved  towardu  the  vessel,  others  drawn  from  it,  and  let  Aj  A, A.... 
bo  the  iHoplacements,  those  being  reckoned  positive  which 
toki!  place  from  the  vessel  and  those  negative  which  take 
pliu'o  towards  it;  then  nftcr  the  displacement,  the  volume  of 
the  fluid  will  bo 


V  +  fl,(.r,  t  /',)  +  ",(.",  +  A,)  +  fl3(«,  +  AO  +  ... 
uiiil  therefore,  by  the  condition  of  incompresaibility,  i 
buvo 

«,/»i  +  o,Aa  +  «>A,+  •••  =0: 
.■.  poihi  +  pa^li,  +pafh^  +  ...  —  o. 

But  ;"!,.  pa,,  pat,...tkTe  the  pressures  on  the  pistons,  which  if 
wo  denote  by  P,  P,l',,.. the  equation  beccnnes 

/',A,  + /".A,  + /-A  +  ."  -0, 

which  exprcHsea  the  condition  given  by  the  principle  of  Vir- 
tual Velocitlea.     (8oe  page  S35). 


ON  THE  EQUILIDKIUM  OP  NON-ELASTIC  FLUU>S  UNBEB 
THE  ACTION  OP  QRAVITy. 

9.  Tu  the  treatise  on  Dynamic»  (Art,  21,  pe^  ZAS),  we 
explained  what  ia  meant  by  the  mass  of  a  body,  and  wc  esta- 
hli«hod  the  formula 
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where  fV  13  the  weight  of  a  body,  M  its  mass,  and  g  the  acce- 
lerating force  of  gravity  (Art  2*.  page  255). 

By  the  deiisily  of  a  body  we  mean  the  quantity  of  matter 
contained  in,  i.  e.  the  mass  of,  a  unit  of  its  volume  ;  so  that  if 
V  be  the  volume  of  a  body  of  unifonn  density  p,  and  M  its 
maes,  then 

M^pV, 
and  .-.  W«pVg. 

It  ivill  be  obser\'ed  that  here,  as  in  the  case  of  mass,  (see 
Dynamics,  Art.  21,  page  253)  we  are  obliged  to  refer  to  the 
effect  of  gravity  upon  matter,  and  we  consider  two  bodies  of 
equal  volume  to  be  equally  dense  when  their  weights  are 
equal,  that  is,  when  the  effect  of  gravity  upon  them  is  the 
eame. 

The  gpecific  gravity  of  a  body  is  the  weight  of  a  unit  of 
its  volume ;  so  that  if  S  be  the  specific  gravity  of  a  body,  the 
volume  of  which  is  V  and  the  weight  W,  then  will 

IK=  VS. 

Comparing  this  with  the  formula  last  obtained,  we  see  that 

S  =  pg. 

The  specific  gravities  of  different  substances  may  be  con- 
veniently estimated  with  reference  to  some  standard  sub- 
stance ;  for  instance,  distilled  water  at  a  given  temperature ; 
if  we  call  the  specific  gravity  of  this  standard  substance  l, 
then  those  of  other  substances  will  be  expressed  by  numbers, 
which  give  the  ratios  of  the  specific  gravities  of  those  sub- 
stances to  that  of  the  standard.  Thus,  if  the  specific  gravity 
of  water  is  1,  that  of  lead  b  11.35,  of  copper  8.(),  and  so  of 
.    other  substances. 

10.  To  Jind  the  pressure  referred  to  a  unit  of  surface  at 
any  depth  below  tfte  surface  of  a  Jfuid  at  rest. 

Let  B  be  a  point  at  a  depth  z  below 
the  surface;  suppose  AB  lo  he  a  prism  of 
fluid  of  very  small  transverse  section  a,  and 
suppose  this  prism  to  become  solid,  which 
may  evidently  be  done  without  disturbing 
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fluid.    I 

'« 

I  fluid 

Ltsed  to 
all  Uu»    I 

aund  B 


the  equilibrium ;  then  the  pressure  on  the  base  of  the 
will  be  ila  weight  —  pya*,   if />  be  the  density   of  the  fluid. 
Again,  let  p  be  the  pressure  at  It  referred  to  a  unit  of 
face,  then  the  whole  pressure  on  the  base  of  the  prism 
hence  we  have 

pa  -  pgax. 
OP  /)  =  pgx. 

Hence  the  pressure  at  any  point  in  the  interior  of  a  fluid 
at  re»t,  is  proportional  to  tlie  deptli  below  the  surface. 

If  wc  suppose  the  surface  of  the  fluid  to  be  exposed  to 
some  pressure,  as  the  pressure  of  the  air,  aud  we  call  1 
pressure  Fl,  we  shall  have 

p  •=  pg£ + n. 

11.  Tlie  pressure  which  we  have  here  determined  I 
in  any  definite  direction,  but  exists  in  all  directions  around  1 
in  virtue  of  the  fundamental  property  of  fluids.  For  instance 
if  we  have  a  vessel  with  vertical  sides  containing  fluid,  then 
the  pressure  at  a  given  depth  on  the  sides  of  the  vessel  will 
be  that  which  we  have  determined,  but  its  direction  will  be 
horizontal. 

12,  The  surface  of  a  fluid  at  rtat  is  a  fwriiontal  pi 
Let  AB  be  the  surface  of  the   A_ 

fluid,  CD  a  horizontal  plane  below 
the   surface,  E.  F  any  two  points 
in  the  surface,  EC,  FD  perpendicu- 
lar to  CD,  p  the  density  of  the  fluid. 
Now,  suppose  a  small  canal  of  fluid  Joining  C  and  D, 
points  in  the  given  horizontal  plane,  to  become  a  solid  | 
then  since  this  prism  is  in  equilibrium,  the  liorizontol  f 
upon  its  two  ends  must  be  equal;  but  these  arc  the  1: 
Burcs  at  C  and  D ;  hence 

fluid  pressure  at  C  ■  fluid  preasiure  at  D, 
that  is,  pgEC  ~pgFD; 
.-.  EC  -  FD, 
and  therefore  the  surface  of  tlie  fluid  is  iiurallel  to  the  1 
zontal  plane  CD,  or  ij«  horizontal. 
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13,  To  find  the  pressure  on  a  plane  liorisontal  area  at  any 
plh  below  the  surface  of  a  fiuid  at  rest. 

Suppose  vertical  lines  be  drawn  from  all  points  of  the 
circumference  of  the  plane  area  to  the  surface  of  the  fluid, 
and  suppose  the  prism  of  fluid  thus  formed,  having  the  given 
area  for  its  base,  to  become  solid ;  then  the  pressure  on  the 
plane  area  will  be  the  same  as  before.  But  in  this  hypotheti- 
cal cose,  the  pressure  manifestly  equals  the  weight  of  the  solid 
prism.  Hence  the  pressure  on  the  plane  area  is  the  weight 
of  a  column  of  fluid,  the  base  of  which  is  the  area  pressed,  and 
height  the  depth  of  the  area  below  the  surface. 

The  proposition  will  be  true,  even  K V.. 

when  there  is  no  such  column  of  fluid 
actually  superincumbent  upon  the  plane. 
For,  suppose  we  have  a  vessel  of  the 
shape  ACDB,  full  of  fluid;  produce 
AB  and  draw  CE,  DF  perpeudicular 
to  it,  and  suppose  the  part  ECA  to  be   i 

L filled  with  fluid;  now  let  the  side  AC 
•  the  vessel  be  removed,  then  equilibrium  will  still  subsist 
ad  the  pressure  on  the  base  CD  will  be  the  same  as  before. 
But  in  this  case  the  pressure  is  the  weight  of  the  column 
"ECDF;  therefore  the  proposition  is  still  true. 

14.  Hcuce  it  appears  that  the  pressure  on  any  plane 
horizontal  area  depends  on  its  depth  below  the  highest  point 
of  the  fluid,  and  not  upon  the  magnitude  of  the  actual  super- 

A  B 


I 


incumbent  mass.  For  instance,  if  we  have  three  vessels,  such 
as  in  the  flgure,  having  their  bases  and  altitudes  equal,  the 
pressure  on  the  bases  when  they  are  flllcd  with  fluid  will  be 
^the  same. 

A  remarkable  illustration  of  the  proposition  is  supplied 
I90  by  this  experiment;    a  barrel  filled  with   water,   aad 
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having  a  long  vertical  pipe  of  small  transverse  section  iufro^ 
duced  into  it  also  filled  n-ith  water,  n-ill  be  burst  by  the  fluid 
pressure,  if  the  pipe  be  of  coosiderable  length. 

15.      Tlie  common  surface  of  two  fiuids  which  do  not  mix  u 
a  horizontal  plane. 

Let  ABCD  be  a  vessel  containing  the 
fluids,  and  AD  the  horizontal  surface  of  j 
the  upper  fluid.  If  possible,  let  EHF  be 
the  common  surface ;  draw  the  horizontal  j 
plane  EF.  Consider  the  equilibrium  of  a 
vertical  column  GHK,  composed  partly  of 
one  fluid  and  partly  of  the  other ;  tJie 
pressure  at  A'  =  the  weight  of  the  column  GHK,  but  the  pres- 
sure at  K  also  equals  the  pressure  at  E  which  is  in  the  same 
horizontal  plane  with  it,  and  therefore  equals  the  weight  of 
a  column  of  fluid  reaching  from  E  to  the  surface. 

Hence  the  w  eight  of  a  column  composed  of  the  two  fluids 
equals  that  of  a  column  of  the  same  height  composed  of  only 
one  of  them ;  which  is  absurd,  since  the  fluids  are  supposed 
to  be  of  diflerent  densities.  Therefore  the  common  t 
cannot  be  as  we  have  supposed,  and  must  he  horizontal. 


1  BlltfiM|^J 

taL   ^^1 
3r  if  W^ 


16.  Hence,  theoretically,  two  fluids  resting  the 
the  other  will  be  in  equilibrium,  provided  their  commoa  I 
face  is  horizontal ;  but  practically  equilibrium  will  not 

unless  the  lower  fluid  be  that  of  greater  density ;  for   _   

contrary  were  the  case,  the  smallest  disturbance  of  the  fluids 
would  cause  the  denser  fluid  to  descend,  and  the  equilibrium 
would  be  destroyed:  in  the  former  case  the  equilibrium  is 
said  to  be  stabU,  in  the  latter  wmtahU.  Thus  oil  eun  rest 
permanently  on  water,  but  not  vice  veraA. 

17.  Whm  two  fitude  mett  in  a  betU  tube,  the  attitude  of 
their  surfaces  abotii  tin  horizontal  plane  in  which  they  jn«et  or* 
iwerselt/  as  t/u-ir  dciuiliM. 

For  let  pp  be  the  densities,  and  six  the  altitudes  of  tha 
fluids  above  tlic  common  eurfacc;  then  the  pressure  reff 
to  a  unit  of  surface  of  the  two  fluids  at  the  common 
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I  must  be  equal  and  opposite,  because  there  ia  equilibrium ; 
I  isall  it  p ;  then,  cousidering  the  first  fluid,  we  have  {Art.  10) 

p  -  pgs- 
Considering  the  second,  we  have 

.-.  pz  =  pV, 


18.  The  whole  fluid  preasure  on  a  surface  immereed  in  a 
'  fivid  is  equal  to  the  w^r/ht  of  a  column  of  fluid,  having  for  its 
hose  tlie  area  of  the  surface  immersed,  and  for  its  height  the 
depth  of  the  centre  of  gravity  of  tlte  attrface  below  t/te  surface  of 
the  fluid. 

Suppose  the  surface  divided  into  a  number  of  very  small 
portions,  each  of  which  we  may  consider  to  be  ultimately 
plane,  and  to  have  all  its  points  at  the  same  distance  below 

the  surface  of  the  fluid.     Let  q,,  oj,  tc be  the  areas  of 

the  small  portions,  and  «,,  Zt,  x,, their  respective  depths 

below  the  surface,  then  the  pressure  on  a,  is  pga,x,,  on  a,  the 
pressure  is  pgaiZu  and  so  on;  hence  the  whole  pressure  on 
the  surface 

=  /'ffCoi«i+  a^Z^  +  aaKa+ ). 

I       Let  8  be  the  area  of  the  surface,  and  z  the  depth  of  its 
centre  of  gravity,  then  by  a  property  of  the  centre  of  gravity*, 
(eee  Statics,  Art.  *4,  page  237,)  we  have, 
ai»]  +  a,«,  +  a,,*,  + 


.*.  the  whole  pressure  on  the  surface  «  pgSz, 
"  the  weight  of  a  column  of  fluid  of  base  5  and  height  z. 


'  The  properly  tcfetred  lo  ■«»  prored  foi  «  number  of  heavy  pirticlei ;  when  Be 
•pply  ihe  ume  lo  the  Mime  of  e^vity  of  »  surface,  we  niml  luppoie  it  to  be  ■ 
phyajcft)  Burfftco  of  an  indefinilely  biti»11  ihickncfi  uiA  h»«ing  weight;  it  may  then 
be  caniidered  lo  be  made  up  of  ilie  compoDctii  puiiclei,  the  weighis  of  wbieh  are 
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Ex.  I.  An  isosceles  triangle  is  immersed  in  fluid,  hat^ 
iiig  its  vertex  in  tte  surface  of  the  fluid,  and  its  base  hori> 
zontal ;  find  the  whole  pressure  on  the  plane  of  the  triangle. 

Let  the  hase  of  the  triangle  =  a, 
the  perpendicular  from  the  vertex  on  the  base  ■ 
the  angle  at  which  the  plane  of  the  triangle  is  inclined  to  1 
horizon  =  0 ; 

,-.  the  depth  of  the  centre  of  gravity  =  —  sin  0. 

(Statics,  Art  46,  page  S98.) 

ab 
Also  the  area  of  the  triangle  =  —  ; 


.■-  the  whole  pressure  =  -pgab' ^n0. 

'Ex.  s.  A  cylindrical  vessel,  having  its  axis  vertical^  | 
full  of  fluid ;  find  the  whole  pressure  on  the  sides. 

Let  A  be  the  height  of  the  vessel,  r  the  radius  of  the  h 
then  the  surface  pressed  =  2irrh,  and  the  depth  of  the  t 

of  gravity  =  - ;  .'.  the  whole  pressure  ■■  ■jrpgh'r. 

19.  The  pressure  on  a  surface,  which  we  have  been  ( 
sidering,  is  not  a  single  pressure  in  a  certain  direction,  i 
does  it  admit,  in  general,  of  a  single  resultant,  because  the 
direction  of  the  pressure  on  any  one  of  the  small  areua  into 
which  we  have  supposed  the  surface  to  be  divided  is  perpen- 
dicular  to  that  small  area,  and  therefore  varies  from  point  to 
point  of  the  surface,  except  in  tfie  case  of  a  plane  area.  If^ 
however,  we  consider  only  that  portion  of  the  fluid  pressure 
which  acts  in  any  given  direction,  we  may  determine  tlio 
single  force  in  that  direction,  to  which  all  the  fluid  pressures 
at  dificrent  points  of  the  surface  are  equivalent. 

20,  When  a  Itody  is  immersed  in  a  hemi/  Jluid,  the  rtauU- 
ant  of  the  horizontal  pressures  at  all  points  of  the  mr/acr  of  th« 
hotly  ia  zero- 

The  pressure  on  the  surface  of  the  body  will  be  the  same 
in  every  respect  as  on  a  gimiliu-  and  e^iial  portion  of  the  fluid 
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supposed  to  be  substituted  for  the  body,  and  then  made  solid. 
And  this  hypotheticul  solid  will  be  in  equilibrium  under  the 
action  of  its  own  weight,  and  the  pressure  of  the  fluid;  but 
no  part  of  its  own  weight  acts  horizontally,  flierefore  the 
horizontal  part  of  the  fluid  pressure  must  be  zero. 

Under  the  same  circumstances,  the  resultant  of  the  vertical 
pressure  on  the  body  is  equal  to  the  weight,  and  acta  throtigh  the 
centre  of  gravity,  of  i/ie  fiuid  displaced. 

Making  use  of  the  same  artifice  as  before,  the  portion  of 
fluid  supposed  to  become  solid  is  kept  in  equilibrium  by  its 
own  weight  and  the  vertical  pressure  of  the  fluid,  and  these 
must  be  equal  and  opposite  forces ;  but  the  former  may  be 
supposed  to  act  at  the  centre  of  gravity  of  the  solidified 
portion,  i.  e.  of  the  fluid  displaced ;  therefore  also  the  vertical 
pressure  of  the  fluid  is  equa]  to  the  weight  of  that  solidified 
portion,  and  acts  through  its  centre  of  gravity. 

21.  To  determine  (/«  conditions  of  equilibrium  of  a  floating 
body. 

The  floating  body  is  kept  in  equilibrium  by  its  own  weight 
acting  downwards  through  its  centre  of  gravity,  and  the  pres- 
sure of  the  fluid  acting  upwards,  which,  as  we  have  shewn,  is 
equal  to  the  weight,  and  acts  through  the  centre  of  gravity,  of 
the  fluid  displaced.  Hence,  when  a  body  floats  in  equilibrium, 
the  weight  of  the  body  is  equal  to  that  of  the  fluid  displaced, 
and  the  centres  of  gravity  of  the  body  and  of  the  fluid  dis- 
placed are  in  the  same  vertical  line". 

CoH.  If  a  body  is  wholly  immersed  in  a  fluid  of  greater 
specific  gravity  than  itself,  and  is  prevented  from  rising  by  a 
string  or  otherwise,  then  the  force  tending  to  raise  the  body 
is  the  difl'ereuce  between  its  own  weight  and  that  of  the  fluid 
displaced. 

Let  V  be  the  volume  of  the  body,  S  its  specific  gravity, 
S  that  of  the  fluid ; 

■  To  find  [he  poiitlnnii  in  which  ■  given  lolid  will  float  in  a  fluid  U  taj  difficult 
■1  a  mmivr  of  mmthematicil  MlcuUtloD,  even  in  cue*  appannllf  tiniple.  The  problem 
in  nidentlf  menly  geomemnl,  and  may  be  enunciated  thnt.  To  divide  a  wlid  by 
a  pLuie  into  two  puU,  «ach  that  their  tolumet  shall  be  in  a  given  caiio  and  ibe  line 

jnining  their  centrct  of  gravity  prrpendicuUr  to  the  cutting  pliine. 

24—8 


then  the  premun  of  AefvA^aa 
wdgbt  of  the  body  aetias  downn 

•'•  force  tendng  ujihuv  ^  f  (a  —  &^ 

Henoe  we  we  the  reMOo  oftbe  aaecHE  ef  a  fad 
M«f«il  with  ft  gm  ^>edficamj  li^der  tkia  eaniMM 

32.      To  tUtermttu  whether  tU   tymTni  i^    ^  •  j 

Aw/^  /#  #<«/>£«  or  xtnstabU. 

Htip)inii<i  ()in  ilfmting  IhkIv  to  lie  t^^tff  d 
lU  fUMJllon  'tf  (-(inilDmum  bj^  being  made 
H  v«ry  Niiiiill  initio  in  a  vertical  plane,  thea  • 
lifONMiii'i'  t¥lll  III;  called  into  action,  whicli  win  io  gtaci-al  sat 
lli'('  <  liri'iiHli  (liu  c(?nlrc  of  ^raril;  of  the  soHd;  if  the  iriiiliiiij 
\t\'  lilt)  lliiUl  jiruMUre  be  to  hring  the  bodj-  back  ^hb  to  ib 
vi|llllllirliiin  iHinitloii  tlic  ciiiiilibrium  is  stable:,  if  otberaiK, 
(iiintiililn.  It:  In  oviilviiU;  ncccHsary  for  tbe  absalate  stabffitr 
111'  Mm*  iii|iillllirliim  that  Die  equilibrium  ftboold  be 4'  "  ~ 
II  •llii|iliii<i.<iiti<nt  In  any  vertical  plane;  or  if  we  c 
h'ddi  uKtinnil  t)(in«iilerutionH,  in  any  particular  caae^| 
dir  wlil'ilt  lliii  (('lulcncj'  nftcr  displacement  to  i 
|iiimI||iiii  III'  ixjullilirhim  in  least,  and  can 
lliiit  dm  KijiiltllfHiim  In  ftliitilc  for  that  plane,  then  ^ 

1niIi<   tliiil  till)  ('(|ijilibriiiin  in  absolutely  stable.      PorC 

iiiii|ili>,  il'  lli«  (<i|iilllbriuin  of  a  uliip  be-  stable  for  disturbances 
Ik  iIik  |iliiht<  [tcipciidii'ulftr  to  its  length  tbe  equilibrium  will 
bii  MlloitKllii'r  Nlnble. 

'I'ltn  di'li'rmfniidon  of  tbe  mnthematical  condition  of 
ntahltllj'  I'ciitilruN  a  higher  cnleuluH  than  is  introduced  into 
thin  tviirk,  but  tha  nature  of  the  process  may  be  caalj 
ii«|ilniiii<il.  Fur  Hini|>Iietl,v'M  eutke  wc  shall  sup[>o<>c  tho  body 
Ui  bi'  HyinnirtHunl  about  tho  plane  in  which  tbe  displacement 
Ittkfii  |iliictt,  which  we  wliall  suppose  to  be  the  plane  of  the 
pnpor;  idoi)  wc  nIioII  mippoitc  the  diHphieement  to  take  place 
oubjuet  to  the  condition,  that  the  qunntity  of  fluid  disptnced 
beluro  and  nllcr  the  diiiturbancc  \*  the  Manic. 

I^t  C/J  he  tho  Nurlaoe  of  the  fluid.  AB  the  ecction  of  i 
body  which  in  tho  position  of  equilibrium  coincitled  with  f 
surface  of  the  fluid,  that  is,  tbe  plane  of  floatation^  EOF 


I 
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line  which  was  vertical  and  which  con- 
tained the  centres  of  gravity  of  the 
body  (fi)  and  that  of  the  fluid  dis-  , 
placed.  Then  after  the  disturbance 
the  body  will  be  acted  upon  by  two 
forces,  namely,  its  own  weight  ver- 
tically downwards  through  G,  and  an 
equal  force  acting  vertically  upwards 
through  the  centre  of  gravity  of  the  fluid  displaced ;  and  on 
account  of  the  supposed  symmetry  of  the  body  about  the 
plane  of  disturbance  the  direction  of  this  latter  force  will 
lie  in  that  plane  and  will  therefore  intersect  EGF  in  some 
point,  as  M.  M  is  called  the  Metacentre  of  the  body,  and 
its  position  may  be  calciUated  mathematically ;  if  M  be  above 
G  as  in  the  figure,  it  is  evident  that  the  forces  tend  to  bring 
back  the  body  to  its  position  of  equilibrium  ;  if,  on  the  other 
baud,  M  be  lower  than  G,  the  reverse  is  the  case ;  conse- 
quently we  may  say,  that  the  equilibrium  is  stable  or  unstable 
according  aa  the  centre  of  gravity  of  the  body  is  lower  or 
higher  than  the  metacentre. 

23.  It  may  be  observed  that  if  the  body  be  made  to 
revolve,  subject  to  the  condition  of  the  quantity  of  fluid 
displaced  being  always  the  same,  it  will  assume  successively 
positions  of  stable  and  unatable  equilibrium. 

For  let  CP  be  a  fixed  line  in  the 
body,  and  suppose  that  when  CP  coin- 
cides with  the  fixed  hue  CA  the  body 
is  in  a  position  of  stable  equilibrium, 
and  that  when  the  same  line  CP  coin- 
cides with  another  fixed  line  CB  the 
body  is  also  in  a  position  of  stable 
equihbrium ;  and  suppose  that  there 
is  no  position  of  stable  equilibrium 
corresponding  to  any  position  of  CP 
between  CA  and  CB.  Then  if  CP 
be  brought  near  to  CA  it  tends  to  coincide  with  CA,  by  the 
nature  of  stable  equilibrium ;  and  if  it  be  brought  near  CB  it 
tends  to  coincide  with  CB;  consequently  there  must  be  a 
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specific  gravity  of  solid 
'   fluid  " 


Sffi 


w,  -  w,'- 


If  the  body  be  composed  of  a  substance  soluble  in  the  fluid, 
we  must  inclose  it  in  wax  and  proceed  as  before. 

In  rough  experiments,  founded  on  the  preceding  investi- 
gation, it  will  be  suflficient  to  weigh  the  bodies  in  air  instead 
of  in  vacuum ;  but  in  all  delicate  experiments,  the  weight  of 
the  air  displaced  by  the  body  must  be  added  to  its  apparent 
weight  in  air. 

25.      To  determine  the  specijtc  gravitij  of  air. 

Let  a  large  flask  be  fllled  with  air,  and  weighed,  and  let 
the  weight  be  W\  again,  let  the  air  be  exhausted,  aud  the 
flask  weighed,  and  its  weight  be  "W  \  lastly,  let  the  flask  be 
filled  with  water,  and  weighed,  and  its  weight  be  W".  Then 
the  weight  of  air  contained  is  IK-  W,  and  of  water  con- 
_tained    W-  W, 


specific  gravity  of  air 
water 


W 

W-  w 


^V,     26.    The  apparent  weight  of  a  body,  resulting  from  an 
^^Vkperiment  made  in  common  air,  is  always  deceitful,  except  in 
the  case  of  the  substance  weighed  being  of  the  name  material 
as  the  weights  used  in  the  opposite  scale  of  the  balance. 

tLet 
V  be  the  volume  of  a  body  weighed,  S  its  spedfic  gravity, 
r   the  weight,  S'    

a  the  specific  gravity  of  air. 
Then  we  must  have. 


S' 
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Hence  the  apparent  wciglit  of  a  body  must  be  multiplied  1 

■-f 

the  factor  ^—^—  in  order  to  get  the  true  weight. 

27.     Given  volumes  of  substances  of  known  specific  graviHm 
are  compounded ;  to  find  the  specific  ijravity  of  tke  compound. 

Let   F  r*  be  the  volumes, 

S  y  the  specific  gravities, 
<r  the  specific  gravity  of  the  compound. 
Then,  since  the  weight  of  the  compound  equals  the  sum  3 
the  weights  of  the  constituents,  we  have 

VS+  rsr 


Obs.  It  is  here  assumed  that  the  volume  of  the  ( 
poand  is  equal  to  the  sum  of  the  volumes  of  the  constitl 
fluids ;  an  assumption  not  always  strictly  true. 

28.  To  compare  the  specific  gravities  of  two  fluids  by  t 
ing  t/te  same  aolbl  in  each. 

Let 
W  be  the  weight  of  the  solid  in  the  vacuum, 
W,  its  apparent  weight  when  suspended  in  the  first  flui 

TT, second     ... 

Then, 

weight  of  the  quantity  of  the  first  fluid  displaced  =  ft"  _  1 

second  ■ 

.'.  the  ratio  of  the  specific  gravities  « 

29.  7^  specific  graintits  of  two  fluids  may  be  eonva 
oompartd  ly  means  of  the  common  hydrometer. 
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This  instrument  consists  of  two  hoUow  spheres,  B  and  C, 
having  their  centres  in  the  axis  of  the  graduated  stem  JB; 
the  sphere  C  is  loaded  with  lead,  so  that  the  instrument  will 
fioat  in  a  fluid  with  the  stem  vertical. 

Let  S  S'  be  the  specific  gravities  of  two  A 

fluids  which  are  to  be  compared. 

V  the  volume  of  the  instrument, 

W  its  weight, 

k  the  area  of  the  transverse  seetion  of  the 
Btem; 

and  suppose  that  when  the  instrument  is  made 
to  float  in  the  two  fluids,  the  level  of  the 
fluid  in  the  first  case  is  P,  and  in  the  second 
Q;  then 

W=S(V-k.AP), 


also  W 


■■S'(V-k.JQ); 
V-k.JQ 


Hcnec  by  measuring  AP,  JQ,  the  ratio  -=;  is  known. 

30.     Nicholson's  Hydrometer. 

This  is  a  convenient  instrument  for  comparing  either  the 
specific  gravities  of  a  solid  and  a  fluid,  or  the  specific  gravi- 
ties of  two  fluids. 

AB  is  a  hollow  cylinder;  C  a  dish  supported  by  a  wire 
AC  coinciding  with  the  axis  of  AU;  D  another  dish  suspend- 
ed from  the  lower  extremity  of  AB. 

(l)  To  compare  the  specific  gravities  of  a  solid  and 
a  fluid. 

Let  Wx  be  the  weight,  which  placed  in  C  causes  the 
instrument  to  sink  in  the  fluid  till  the  surface  of  the  fluid 
meets  AC  in  a  given  point  E.  Place  the  solid  in  C  and  let 
Wt  be  the  weight  which  must  be  added  to  make  the  instru- 
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ment  sink  'as  deep  as  before.  Place  the  solid  in 
D,  and  let  W^  be  the  weiglit  nliieh  must  then 
be  placed  in  C  in  order  to  sink  the  instrument 
to  the  same  depth. 

Then  the  weight  of  the  fiolid  =  TT,  -  TT,. 

Again,  the  apparent  weight  of  tlie  solid  when 
weighed  in  the  fluid  =  W,-  W;,; 

,-,  the  weight  of  the  fluid  displaced 

~(W,~  ff-,)  -  (IF,  -  W,)  -  IF,  -  TF,: 

specific  gravity  of  soUd       IF,  -  TF, 

»"*  ••■ fluid  -  wrnv,- 

(S)     To  compare  the  epeeific  gravities  of  two  fluids. 

Let   W  be  the  weight  of  the  hydrometer  ;  and  let  W, 
be  tlie  weighta  which  must  be  placed  in  C  in  order  to  siaj 
the  instrument  down  to  the  point  E,   when  floating  in  l 
two  fluids  respectively. 

The  weight  of  the  fluid  displaced  in  the  two  cases  will  I 
TF  +  TF,   and     IF  +  TF, ;   but    the   volume    displaced  is 


IF+  TF,' 


ON  THE  PRESSURE  OF  AIR  AND  OTHER  ELASTIC 
FLUIDS. 

31.  The  atmosphere  or  air,  which  surroimda  the  ^ 
proiluees  a  pressure  upon  all  bodies  immersed  in   it. 
pressure,  though  very  great,  is  not  in  general  felt  by  us, 
cause  by  the  nature  of  fluid  pressure  it  acts  equally  on  i 
sides  of  a  body  submitted  to  it ;  for  instance,  when  a  i 
raises  his  hand,  the  downward  pressure  of  the  air  above  L. 
hand  is  equal  to  the  upward  pressure  below  it,  and  the  tw 
therefore  neutralize  each  other. 

32.  To  nutuun  the  prtasure  of  the  air.    (Tlie  Baromet< 


I 


bent  glass  tube  ABC  be  closed  at  the  end 
J.  and  let  JB  be  Blled  with  mercury.  Then  if  the 
tube  be  placed  bo  that  JB  is  vertical,  the  mercury 
will  descend  in  JB  and  rise  in  BC,  leaving  a  vacnum 
'  above  the  level  of  the  mercury  in  AB.  Let,  D,  E 
I  be  the  levels  of  the  mercury  in  the  two  branches, 
and  draw  FE  horizontal  through  E.  Then  the 
column  of  mercury  FD  is  supported  by  the  pres- 
snre  of  the  air  on  the  surface  at  E,  and  therefore 
if  n  be  the  atmospheric  pressure  referred  to  a  unit 
of  surface,  u  the  specific  gravity  of  mercury,  and 
FD  =  A,  we  shall  have 

n  =  hff. 


yj) 


33,     The  barometer  in  common  use  differs  slightly  from 
the  instrument  just  described. 

The  common  barometer  consists  of  a  vertical 
closed  tube  AB  opening  into  a  vessel  BC',  a  scale 
of  inches  is  attached  to  AB.  TTie  height  of  the 
mercurial  column,  as  shewn  by  such  an  instrument 
as  this,  is  the  height  above  a  fixed  horizontal  plane, 
not  above  the  level  of  the  mercury  in  BC  which  is 
variable;  hence  the  height  will  be  in  error,  but 
since  the  area  of  the  vessel  BC  is  much  greater 
than  that  of  the  tube  AB  the  error  will  not  be 
very  great. 

The  actual  error  may  easily  be  calculated,  thus: 
let  O  be  the  zero  point  of  graduation,  and  when 
the  mercury  in  BC  stands  at  that  level,  let  N  be 
the  level  of  the  mercury  in  AB ;  and  when  the  mercury  in 
AB  has  risen  to  P,  let  that  in  BC  have  fallen  to  M,  then 
OM  is   the  error  required.     Let  k  K  be  the  areas  of  the 
transverse  sections  of  AB  and  BC  respectively ; 
.-.  k.PN  ~  K.OM; 


anil  the  true  height  of  the  barometer  "  OP  \ 
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The  hcigbt  of  the  barometer  varies  &om  abt 
inches. 

34.  We  remarked  in  the  commencement  of  this  treatise, 
that  some  fluids  were  elastic  and  some  non-clastic ;  in  the 
latter,  of  which  we  have  hitherto  principallj-  treated,  the  den- 
sity  is  the  same  to  whatever  pressure  the  fluid  may  be  sub- 
jected ;  but  in  elastic  fluids  the  volume  is  diminished  by 
pressure,  and  consequently  the  density  increased.  There  will 
be,  therefore,  some  relation  between  the  volume  occupied  by 
an  elastic  fluid,  and  the  pressure  exerted  by  it  in  consequence 
of  its  elasticity. 

T/ie  pressure  of  air  at  a  given  temperature  varies  inferaeig 
at  the  apace  it  occupies. 

We  shall  shew  how  this  is  proved  experimentally,  (l) 
when  the  air  is  compressed  for  the  experiment,  (2)  when  it  is 
rarefied. 

(1)  Let  ABC,  a  bent  g^lass  tube  closed  at  J,  and  having 
its  branches  parallel,  be  placed  so  that  the  axes  of  the  tube 
are  vertical 

Pour  mercury  into  the  tube  and  by  withdrawing  some  erf 
the  air  in  AB,  or  by  other  means,  moke  it  stand  at  the  same 
height  in  the  two  branches,  at  the  level  DE  suppose. 

Now  pour  in  more  mercury,  until  the  level  in      c 
the  two  branches  is  F  and  G  respectively. 

Then  if  the  ratio  of  the  spaces  AE,  AG,  occu- 
pied by  the  air  in  the  two  cases,  be  ascertained  by 
weighing  the  mercury  they  will  contain,  and  if  A  be 
the  height  of  the  barometer  at  the  time  of  the 
experiment,  it  will  be  found  that 
A  +  FG  volume  AE 
h  volume  AG' 

But  if  n,  n'  be  the  pressure  of  the  air  when    . 
occupying  the  spaces  AE,  AG  respectively,  and  o- 
the  Biwcific  gravity  of  mercury, 
then  n  -  ff  A, 

n'  -  o  (A  -t-  FG)  i 
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A 


£ 


a 


n'      volume  AE 

•   ____  ^^  __^^__^^^^.^_^_^^.^__ 

n      volume  J  G ' 

(2)     Let  a  glass  tube  ABC,  closed  at  A,  and 
having  the  branches  AB,  BC  parallel  and  nearly- 
equal,  be  placed  so  that  the  axes  of  the  branches   c 
are  vertical. 

Pour  mercury  into  the  tube,  and  make  the  sur-  d 
faces  in  the  two  branches  stand  at  the  same  height 
DE,  as  before. 

Withdraw  a  portion  of  the  mercury,  and  let 
the  surface  in  the  two  branches  then  stand  at  F 
and  6  in  the  branches  BC,  AB  respectively. 

Then  it  is  found,  as  in  the  former  case,  that 

h'-FG     volume  AE 
h  volume  AG ' 

But  if  n,  n'  be  the  pressure  of  the  air  when 
occupying  the  spaces  AE,  AG  respectively,  we  shall 
have 

n  =  (tA, 

n'^aih-FG); 

n'      volume  AE 
n      volume  AG' 

Cor.     If  p  be  the  pressure  of  air  referred  to  a  unit  of 
surface,  when  the  density  is  p,  we  have 


volume  ' 

but  p  oc  — ; 

'       volume 

.'.  />  oc  p  =  kp,  suppose, 
where  k  is  some  constant. 

The  best  observations  give 

y/k  =  916.2724  feet. 

The  same  law  is  found  to  hold  good  in  the  case  of  all 
elastic  fluids. 
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36.     /j^  {/m  atnwtphere  be  ntppottd  to  ht  dirided  mH 
nitdy  thin  ttrata  of  equal  tkietnen,  tA«  dauiHea  of  t 
thote  ttrata  will  be  in  geometrical  prOffrestion. 

Suppose  the  strata  to  be  so  thin  that  the  densitr  maj  be 
Buppofted  the  same  throughout  each;  and  let  p.,  ;t.  be  the 
density  and  pressure  in  the  n"*  stratum  measured  froax  the 
earth's  surface ;  t  the  thickness  of  the  sbuta. 

Then  the  difference  of  pressure  in  passing  from  the  n^ 
to  the  n  +  i]""  stratum  is  the  weight  of  a  o^unin  i 
height  T ; 

■•■  p.-p,*\=p.g-r    (Art,  10); 
but    p,  =  *p.    {Art.  S4), 
and 


*/».•.! 


P-  -  P-* 


^'". 


P- 

t  ' 

^^H 

in  like 

manner 

p.-i-p. 

p.-i 
p.  -  p.o 

P« 
p.-,p.t 

_«T 

k  ' 

/>.-.  -  p. 
p.-i 
-p'.- 

^ 

Hence  the  densitiea  pi ,  />, 

,  f)j and  thercfore  also  the  pkP 

8UreB,  p, 

P.,  P. 

..,  form  a 

geometrical 

arogresSKHL 

Ona. 

The 

preceding  proposition 

is  not  expcrimentAlIy 

true,  for  two  reosotin ;  firit,  we  have  considered  the  tempera- 
ture to  be  the  same  at  all  heights  above  the  earth's  surface, 
which  is  not  the  catic ;  and,  secoiulhj,  wc  have  neglected  U 
take  account  of  the  diminution  of  the  force  of  gravity  a 
recede  from  the  centre  of  the  earth.  For  small  beigbta,  h 
ever,  the  proposition  may  be  taken  tt*  approximately  t 


method 
of  two  Mtations  above  the  earth's  turface  by  ■ 


36.      To   eJtplain    the  i 


'  findiitg    the  differ\ 


allitwU 
barometer. 

Let  r  be  height  in  feet  of  one  station  above  the  earth's  s 
*'      the  other  . 
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We  may  suppose  the  atmosphere  to  consist  of  strata  of  one 
foot  thick,  throughout  each  of  which  the  pressure  is  the  same, 
but  that  in  passiug  from  one  to  another  of  them  the  pressure 
diminishes  in  a  geometrical  progression.  Let  r  be  the  ratio 
of  this  progression  then  (making  t  =  l  in  the  last  article). 


Again,  let  the  height  of  the  barometer  at  the  two  stations 
be  A  A',  which  will  be  proportional  to  the  atmospheric  pres- 
siu-es  at  the  two  stations ; 


*■       t'       \         k) 


logT 


or  m  -  X  =- 


'-(■-!) 


which  formula,  by  the  aid  of  a  table  of  logarithms,  will  give 
us  the  difference  of  height  of  the  two  stations,  measured  in 
feet". 


*  The  tluilent  who  is 
rablcm  more  completeljr, 

Let  the  Ihicknos  of  Ihe  iiraiB  be  t,  anil  let 
■tatiuoa,  uid  i  the  iliSereace  of  thcil  faelghu,  m 


iqualnted  wiih  the  CKponenilal  tbeoKm  mtj   boIve  (hi* 
follawi. 

IT  be  tho  heighu  of  the  two 


-.«  +  ? 

T  =  0,    I. 


-c-f.)'- 

e,  tuppne  the  RtnU  b 


.  br  ihu  hinuiiiinl  Iheo: 


be  indefiaitHr  <hin 


.(■0"- 
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Obs.     The  preceding  investigation  explains  the   prinj  

of  finding  heights  by  barometrical  observations,  but  roqanv 
many  corrections  in  practice  to  enable  us  to  obtain  acctmte 
results.  The  decrease  of  the  earth's  attraction,  and  the 
change  of  temperature,  in  ascending  above  the  earth's  surftee^ 
give  rise  to  the  two  most  important  corrections.  It  will  aba 
be  necessary  to  have  regard  to  the  pressure  of  the  vapour 
which  is  held  in  solution  by  the  air,  and  which  will  cause  the 
observed  height  of  the  barometer  to  be  an  erroneous  iodicft- 
tion  of  the  pressiue  of  the  atmosphere. 

THE   AIR-PUMP. 

In  many  scientific  experiments  it  is  necessary  to  exfaai 
the  air  from  vessels  made  use  of.  This  is  done  by  means  e 
the  air-pump  ;  there  are  several  varieties,  some  of  which  effect 
a  more  complete  exhaustion  than  others,  but  none  are  capable- 
of  producing  a  perfect  vacuum.  We  shall  describe  two  con- 
structions. 


37.     Ifawhbee's,  or  the  commo7i  Air-pump. 

AB,  AB  are  two  hollow  cylinders, 
communicating  at  their  lower  extremities  by 
a  pipe  with  a  strong  vessel  or  receiver,  from 
which  it  is  required  to  exhaust  the  air; 
B,  D'  arc  valves  opening  upwards;  C,  C 
pistons  fitted  to  rods  which  are  worked  by 
means  of  a  toothed  wheel  E,  and  contain- 
ing valves  also  opening  upwards. 

Suppose  the  piston  C  to  be  in  its  highest  position,  aod 
therefore  C  in  its  lowest,  and  suppose  the  dcn^ty  of  the  air 
in  the  receiver  to  be  that  of  atmospheric  air ;  then  when  C 
descends  and  C  rises,  the  valve  B  closes,  nod  C  opens  bccauae 
the  pressure  below  becomes  greater  than  that  of  atmottpherio 


-I 


[nhere  «'2-7133nlE |  b;  ihe  cxponcniml  tl 

,.4.. -.?,.„. 
,  ft" 


air  ;  olao  K  opens  and  C  is  closed,  and  the  air  which  before 
occupied  the  receiver  now  occupies  the  receiver  and  the  in- 
terior of  the  cylinder  A'  li',  and  is  therefore  rarefied.  At 
each  stroke  a  similar  rarefication  takes  place ;  and  thus  the 
air  in  the  receiver  is  gradually  exhausted. 

38.  To  find  the  density  of  the  air  in  tlie  receiver  after  n 
turns  of  the  wheel. 

Let  J,  B  \}B  the  capacities  of  the  receiver  and  of  each 
of  the  cylinders  respectively,  p.  the  density  of  the  air  after 
n  turns,  p  the  density  of  atmospheric  air.  Then  after  one 
turn  the  air  which  occupied  previously  the  space  A  occupies 
the  space  A  -^  B; 

.:  p,  (A  +  B)  •=  pA,  oTp^  =/>- 


'^A  +  I 


umilarly,  p^  {A  +  B)  = 
and  BO  generally,  p,"  p 


{A-vBf 


{A  +  ay 


I 


39.  In  air-pumps,  which,  as  in  the  above  construction, 
have  the  pistons  open  to  the  atmosphere,  it  is  quite  necessary 
to  have  two  pistons ;  for  if  there  were  only  one,  the  pressure 
of  the  air  upon  it  would  make  it  almost  impossible  to  work 
the  pump :  by  having  two,  as  described,  the  pressure  of  the 
air  on  the  pistons  is  in  equilibrium,  and  the  only  resistance 
to  be  overcome  is  that  arising  from  friction. 

40.  Sineaton'8  Air 


r-pump. 
AB  in  a  hollow  cylinder  communicating   with 
the  receiver  by  a  pipe  BC;   B  ie  a  valve  opening 
upwards ;  a  piston  works  in  AB,  having  the  valve  r^  — 
D  opening  upwards ;  and  the  cylinder  is  closed  by 

I  a  plate,  having  a  valve  A  also  opening  upwards. 
Suppose  the  piston  in  its  lowest  position ; 
when  it  rises  the  valve  B  opens,  D  shuts,  and  the 
air  which  occupied  the  cylinder  is  expelled  through 
A ;  when  the  piston  descends,  J  closes,  D  opens, 
B  closes,  and  by  raising  it  again  the  air  occupying 
the  cylinder  is  again  expelled,  and  so  on. 
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41.      To  find  the  densitif  of  the  air  in  the^ 
ascents  of  the  piston. 

Let  A,  B  be  the  capacities  of  the  receiver  and  cylinder 
respectively ;  p  the  density  of  atmospheric  air,  p.  the  density 
afler  n  asceuta  of  the  piston.  Then  after  one  ascent,  the 
ftir  which  occupied  the  space  A  occupies  the  space  A  +  B; 

A 

.:  p,(A-i-  B)  =  pA.  or  p,=p~^—^. 

similarly, 

p^(A  +  B)  •=  p,A,  o 
and  so  generally, 


(J  +  B)'' 


•■■    •■  (J  +  B,- 

42.  In    this  pump  only  one    cylinder  is    required^ 
upper  surface  of  the  piston  not  being  exposed  to  the  afi 
spheric  pressure.     Also  the  exhaustion   producible 
greater  than  by  Hawksbee's  construction,  because  the  ' 
D  not  being  open  to  tlie  air  will  open   for  a  much  1oil[_ 
time  than  the  valves  C,  C'  in  the  former  cose,  which  nrttj| 
exposed. 

43.  The  valves  in  these  pumps  are  usually  formed  i 
small  triangular  piece  of  oil  silk,  fastened  by  the  comet*  ovi 
an  aperture  in  a  Itrass  plate.  The  receivers  are  glans  vessels 
of  o  bell  form,  which  stand  upon  a  brass  plate,  through  whidi 
the  pipe  enters  which  communicates  with  the  cylinder  or  cy- 
linders ;  the  junction  of  the  receiver  with  the  brass  plate  U 
made  air-tight  with  some  greasy  substance,  or  sometimes  » 
disk  of  leather  is  interposed.  This  form  of  the  receiver  b 
necessary  for  strength,  since  after  a  few  ascents  of  the  piHton 
the  preBsure  of  the  atmosplicrc  becomes  very  coDftidorablc. 

ON  THE  ri]EHMOMETi:R. 

44.  The  thermometer  is  not,  properly  speakioff.  n  hy<_-v 

fitatical  instrument;  nevertheless,  as  we  have  had  frequently 
to  spvak  of  the  temperature  of  fluids,  it  will  be  well  Ut  describe 
the  instrument  by  means  of  which  tcniperatui 


I 
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ect  of  heat  is  to  expand  bodies  under  its  iofluence; 
this  property  of  bodies  is  takea  advantage  of  to  measure  the 
degree  of  heat  to  which  they  are  exposed. 

45.  The  common  thermometer  consists  of  a  gloss  tube, 
of  small  uniform  bore,  closed  at  one  end  and  terminating  in  a 
bulb  at  the  other,  which  together  with  part  of  the  tube  is 
filled  with  mercury ;  the  part  of  the  tube  not  occupied  by 
mercury  is  a  vacuum,  A  graduated  scale  is  attached  to  the 
tube :  when  the  thermometer  is  exposed  to  heat  the  mercury 
expands  and  rises  in  the  tube ;  the  degree  of  its  expansion  is 
known  by  the  graduated  scale. 

46.  The  scale  is  graduated  as  follows.  The  thermo- 
meter being  immersed  in  melting  snow,  a  mark  is  made  op- 
posite to  the  surface  of  the  mercury :  this  is  the  freeing 
point.  The  thermometer  is  next  exposed  to  the  steam  of 
water  boiling  under  a  given  atmospheric  pressure,  and  a  mark 
is  mode  opposite  to  the  surface  of  the  mercury  in  this  case; 
this  is  the  boiling  point.  The  interval  between  these  two 
points  is  divided  into  a  number  of  equal  parts  colled  degrees: 
in  the  centigrade  thermometer  the  freezing  point  is  called  0" 
and  the  boiling  100":  in  Fahrenheit's,  the  scale  commonly 
used  in  this  country,  the  former  is  marked  as  33*  and  the 
latter  212". 

47.  To  compare  the  tcaUs  of  two  differently  graduated 
thermometerB. 

Let  (y  and  F'  denote  the  number  of  degrees  indicated 
under  the  same  circumstances  by  a  centigrade  and  a  Fah- 
renheit's scale.  Then  /*  -  38"  is  the  number  of  degrees  Fali- 
renheit  above  the  freezing  point.  Now  a  degree  centigrade 
measures  one  hundredth  part  of  the  distance  from  the  freez- 
ing to  the  boiling  point,  and  a  degree  Fahrenheit  measures 
one  hundred  and  eightieth  part  of  the  distance ; 

.-.    Cx—  -(F-32)  — . 


or  C=-{F-Si); 


HYDROSTATICS. 


a  formula  by  means  of  which  ne  can  deduce  the  r 
one  scale  from  that  of  the  other. 

The  same  method  ia  applicable  to  the  comparison  of  any 
two  scales. 

48.     We   can  now   reduce  any  question    involving   ■ 
sidcrations  of  temperature  to  numbers ;  for  if  we  speak  < 
t  degrees  of  temperature,  we  mean  that  the  mercury   in  a 
thermometer   exposed    to   the  degree   of  heat    in    question 
would  stand  at  t  degrees  above  the  zero  point. 

For  instance,  in  the  case  of  clastic  fluids  wc  have  found 
(Art,  34.  Cor.)  that  p  »  kp,  provided  the  temperature  is  < 
stant ;    when    the   temperature   varies,    the   following  is   i 
formula  given  by  experiment, 

where  (  is  the  temperature  of  the  fluid,  and  a  a  small  i 
tity,  the  value  of  which  is  found  by  experiment. 


ON  THE  SIPHON. 

49.  The  siphon  is  a  bent  tube 
ABC  open  at  both  ends.  Let  the 
tube  be  filled  with  fluid,  and  the 
shorter  leg  inserted  into  a  vessel  of 
fluid  which  it  is  required  to  empty, 
and  the  extremity  of  the  other  leg 
closed.  Let  the  level  of  the  surface 
of  the  fluid  meet  the  two  legs  of  the 

biphon  in  A  and  D  respectively,  then  there  will  be  eq 
librium,  provided  the  height  of  B  above  AD  is  not  greater 
tlian  that  of  a  column  of  water  the  weight  of  which  ia  equal 
to  the  atmospheric  pressure,  and  the  pressure  at  A  will  bo 
equal  to  that  at  D ;  consequently  the  pressure  on  the  end  C. 
which  we  have  supposed  to  be  closed,  is  greater  than  the  at- 
mospheric pressure,  and  therefore  if  the  tube  be  opened  t 
fluid  will  descend:  the  atmospheric  pressure  on  the  i 
of  the  fluid  will  cause  it  to  rise  in  the  shorter  leg,  and  thnl 
continuous  stream  will  be  i>roduccd,  which  will  only  i 
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when  tlic  surface  of  the  fluid  has  descended  to  the  extremity 
of  the  shorter  leg  of  the  siphon. 

The  limit  of  the  height  of  B  above  the  level  of  the  sur- 
face of  the  fluid  is  about  32  feet. 


ON  PUMPS. 

50.  The  pressure  of  the  atmosphere  on  the  surface  of 
water  is  taken  advantage  of,  for  the  purpose  of  raising  it 
above  its  level.  The  machine  by  means  of  which  this  is 
effected,  is  called  a  pump;  we  shall  describe  two  principal 
kinds. 

77ie  Common  Pump. 

51.  AB  la  a.  cylinder,  having  its 
lower  end  closed  with  a  valve  B  opening 
upward,  and  connected  by  means  of  a 
pipe  BC  with  the  water  which  is  to  be 
raised.  A  piston,  containing  a  valve  D  ' 
opening  upwards,  is  worked  in  the  cyho- 
der  by  means  of  a  vertical  rod  and  a 
handle. 

Suppose  tlie  piston  to  he  in  its  lowest 
position ;  then,  when  it  is  raised,  the 
valve  B  opens  and  a  partial  vacuum  is 
produced  in  the  cylinder  and  pipe,  and 
the  pressure  of  the  atmosphere  without 
being  greater  than  the  pressure  within 
the  i>ipe,  the  water  rises,  and  it  continues 
to  rise  until  the  pressure  within  and  with- 
out become  equal.  When  the  piston 
descends,  the  valve  D  opens,  and  the  air 
within  the  cylinder  escapes;  when  it  is 
raised,  the  former  process  is  repeated,  and 
so  on  until  the  water  rises  to  the  level  of  the  pipe  E,  from 
which  it  escapes. 

It  is  obvious  that  the  length  of  BC  must  not  be  greater  I 
than  the  height  of  a  column  of  water,  the  weight  of  which  1 
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is  equal  to  the  atmospheric  pressure,  that  is,  than  i 
feet. 

52.  The  common  pump  la  limited  is  respect  of  the 
height  to  which  it  can  raise  water ;  but  we  can  raise  water 
to  any  height  by  means  of  the  forcing  pump ;  it  is  bjr  tliis 
means  that  cisterns  at  the  higher  parts  of  bouses  are  suppliadr 


Tke  Forcing  Pump. 


53.  AB  is  a  cylinder,  having  at  its 
lower  end  a  valve  B  opening  upwards, 
and  connected  by  a  pipe  BC  with  the 
water  to  be  raised.  From  the  lower  part 
of  AB  a  pipe  EF  communicates  with  the 
cistern  to  be  filled,  and  this  pipe  is  fur- 
nished with  a  valve  E  opening  upwards, 
Z>  is  a  solid  piston  which  works  in  the 
cylinder  by  means  of  a  vertical  rod  and 
handle. 

Suppose  the  piston  to  be  in  its  lowest 
position ;  then,  when  it  is  raised,  the 
valve  B  opens  and  the  valve  E  is  closed, 
and  consequently  a  partial  vacuum  is  pro- 
duced within  the  cylinder  and  pipe ;  and 
the  pressure  of  the  atmosphere  without 
being  thus  greater  than  that  within  the 
pipe,  the  water  within  rises,  and  continues 
to  rbc  until  the  pressures  within  and  with- 
out are  equal.  Let  the  piston  be  now 
made  to  descend  and  the  process  repeated, 
until  the  water  has  risen  above  the  top  of 
the  pipe;  thou  when  D  descends,  the  water  in  the  cylinder, 
not  being  able  to  return  on  account  of  the  valve  B,  is  foi 
up  the  pipe  EF,  in  which  it  is  retained  by  the  valve  E. 

This  process  may  he  continued,  and  by  tliis  means  i 
may  he  raised  to  any  elevation. 

As  ill  the  case  of  the  common  pump,  the  height  of  ■ 
valve  B  above  the  level  of  the  water  must  not  exeeed  M  S 
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The  Fire-Engine. 

54.  The  iire  -  engine  consists  of 
two  forcing  pumps,  by  means  of  whicb 
the  water  is  forced  into  an  air-vessel 
ABC,  from  which  the  water  can  escape 
by  the  pipe  ED.  The  air  in  the 
vessel  being  compressed  by  the  water, 
which  is  forced  in  by  the  pumps,  exerts 
a  continuous  pressure  on  the  surface  of 
the  water  BC,  by  which  it  is  driven 
violently  and  in  a  continuous  stream 
through  the  pipe  ED.  A  flexible  tube  ' 
is  attached  to  the  mouth  of  the  pipe  ED,  by  means  of  which 
the  stream  of  water  can  be  made  to  play  in  any  direction. 


ON  THE  DIVING  BELL. 

65.  The  diving  bell  is  a  heavy  chest,  which  is  suspended 
by  a  rope,  and  which  has  ife*  lower  side  open.  If  the  bell  be 
lowered  into  the  water,  the  air  within  the  bell  will  prevent  the 
water  from  filling  it,  and  consequently  persons  sitting  on  a 
seat  inside  will  he  enabled  to  breathe  at  considerable  depths 
below  the  surface  of  the  water. 

In  practice  the  diving  bell  is  furnished  with  a  flexible  pipe 
communicating  through  the  top  of  the  bell  with  the  interior, 
by  means  of  which  fresh  air  can  be  pumped  in,  and  the  i 
terior  thus  kept  as  free  from  water  as  we  please,  while  at 
the  same  time  fresh  air  is  furnished  for  the  respiration  of 
the  divers. 

Let  B  bie  the  volume  of  air  contained  by  the  bell,  B,  the   i 
volume  it  contains  when  at  the  depth  ;  below  the  surface,  h 
the  height  of  a  column  of  water  the  weight  of  which  equals 
the  atmospheric  pressure,  then  (by  Arts,  to  and  34) 
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ON  BRAMAH'S  PHESS. 

56.  The  principle  of  the  equal  transmission  of  fluid 
pressure  in  all  directions,  and  the  consequent  possibility  of 
increasing  the  total  pressure  on  a  surface  to  any  extent  by 
increasing  the  surface,  supply  ua  with  the  means  of  obtaining 
one  of  the  most  powerful  machines  in  use,  the  application 
of  which  to  the  purpose  of  producing  enormous  pressure  or 
tension  ia  extremely  valuable.  Its  moat  recent  and  interest- 
ing application  lins  been  to  the  raising  of  the  tubular  bri 
across  the  Menai  Straits. 

A  solid  cylinder  E  works 
through  a  water-tight  collar  in  tlie 
end  of  the  strong  hollow  cylinder 
AB;  the  latter  is  connected  by 
u  pipe,  having  a  val\c  B  open- 
ing inwardst  with  another  strong 
cylinder  CD,  which  with  the  solid 
cylinder  FG  acting  as  a  piston 
forms  a  forcing  pump.  Suppose 
the  machine  to  be  used  for  com- 
pressing a  bale  of  gowla  L ;  then 
the  bale  is  placed  upon  E,  and 
is  pressed  by  it  against  the  very 
strong  framework  UK. 

When  the  pump  is  worked 
the  water  ia  forced  through  B, 
which  pressing  on  the  lower  sur- 
face of  E  causes  it  to  rise,  and  to  compress  L ;  and  the 
pressure  may  be  increased  by  continuing  to  work  the 
pump,  the  force  with  which  the  piston  FG  descends  at 
each  stroke  being  multiplied  in  its  efiect  upon  I.  by  the 
ratio  of  the  area  of  the  base  of  the  piston  E  to  that  of  the 
piston  FG. 

The  pressure  may  be  immediately  relieved,  by  allowing 
the  water  in  AB  to  escape  by  a  cock  provided  for  the  pur- 
pose. 

Let  r  and  B  be  the  radii  of  the  cylinders  FG  and 
respectively,  p  the  pressure  referred  to  a  unit  of  surface] 
ibo  fluid  within  the  press,  P  the  force  applied  at  the  < 
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iremity  of  tlic  pump-handle,  J  and  a  the  distances  of  the 
fulcrum  of  the  pump-handle  from  the  extremity  at  which  P 
acts  and  the  other  extremity  respectively,  FT  the  pressure  on 
the  cylinder  E ;  then 

and  PJ  =j)Trr''a,  

"  w"  Wa' 

This  formula  gives  us  the  measure  of  the  mechanicaT  b 
vantage  of  the  machine ;  and  we  may  obscr\'e  that  the  result 
is  in  accordance  with  the  principle  of  Virtual  Velocities. 

ON  THE  STEAM-ENGINE. 

57.  The  account  which  we  shall  here  give  of  the  steam- 
engine  will  be  exceedingly  brief;  we  shall  in  fact  consider  it 
principally  as  a  hydrostatical  machine,  whereas  the  complete 
view  of  it  would  represent  it  as  involving  the  principles  of 
dynamics,  and  would  require  a  description  of  a  variety  of 
ingenious  contrivances  which  would  here  be  out  of  place- 
It  has  only  been  by  degrees  that 
the  steam-engine  has  attained  to 
its  present  perfection  ;  we  shall  de- 
scribe it  as  it  was  completed  by 
James  Watt,  to  whose  genius  the 
most  important  of  the  contriv- 
ances are  due. 

C  is  a  piston  working  in  a 
cylinder  AB,  the  rod  CD  which 
communicates  the  motion  of  the 
piston  to  the  machinery  passing 
through  a  steam-tight  collar  at  A. 
At  E  and  F  two  pipes,  which 
communicate  with  the  boiler,  enter 
the  cylinder;  suppose  one  of  those 
to  be  open  to  the  boiler  and  not 
the  other,  (in  the  figure  the  lower 
pipe  is  open  to  the  boiler,  the 
upper   not,)    then    the  steam  rush- 
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ing  in  through  F  below  the  piston  will  drive  it  Up 
thu  piston  is  at  the  highest  point  of  its  stroke,  suppose  this 
nrrangement  reversed,  that  is,  E  to  be  opened  to  the  boiler 
and  Fnot;  then  the  ateam  rushing  in  above  the  piston  will 
drive  it  downward,  and  the  steam  which  is  below  the  piston 
will  escape  through  F  either  into  the  outer  air  or  into  a  ves&el 
provided  for  the  purpose,  it  being  so  contrived  that  the 
arrangement  which  opens  E  to  the  boUer  cuts  off  the  com- 
munication of  F.  If  this  alternate  opening  of  the  pipes  be 
effected  by  some  contrivance,  it  is  manifest  that  we  shall  obtnia 
a  continuous  oscillating  motion  of  the  piston  C. 

The  contrivances  for  the  alternate  opening  of  the  pipes 
are  various ;  in  the  figure  we  have  represented  a  simple  and 
common  one.  (>  is  a  steam-tight  box  which  is  made  to  slide 
up  and  down  by  means  of  the  rod  GH;  the  magnitude  of 
this  box  or  slide  is  such  that  when  one  pipe  is  just  covered 
the  other  is  just  uncovered,  and  while  one  of  the  steam-pipes, 
as  F  in  the  figure,  is  uncovered  by  it,  the  other  {£}  communi- 
cates through  it  with  the  vent  pipe  K.  If  then  the  rod  HG 
has  exactly  the  reverse  motion  of  the  rod  CD,  bo  that  one 
shall  rise  when  the  other  falls,  it  is  evident  that  what  was 
required  will  be  done. 

It  is  clear  that  the  pressure  on  the  piston  throughout  the 
stroke  will  not  be  uniform,  because  while  one  of  the  pipes 
K.  F,  is  being  shut  and  the  other  opened,  they  will  both 
bo  partially  open,  and  consequently  there  will  be  an  influx 
of  steam  botli  above  and  below  the  piston ;  in  fact,  at  ttie 
middle  of  the  stroke  there  will  be  as  much  steam  pressure  on 
one  side  of  the  piston  as  on  the  other.  This  dtfSculty  is 
obviated  by  the  use  of  a  ftitwlwel,  which  is  a  lat^e  heavy 
wheel  turned  by  the  rod  CD,  and  which  by  its  momentum 
carries  the  machine  past  the  half  stroke  and  also  tends  to 
equalize  tlie  motion  throughout. 

(The   manner  in   which   CD  is   connected   with  the  H^m 
wheel,  and  the  motion  of  the  rod  HG  produced  by  an  < 
centric  crank  on  the  axis  of  the  flywheel,  we  shall  not  1 
describe.) 

The  steam,  when  allowed   to  escape  from    the  cylindi 
through  the  pipe  A'  may  be  permitted  either  to  escape  i 
the  outer  air,  or  ebc  to  flow  into  a  closed  vessel  in  which  ill 
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condensed,  and  the  water  formed  by  it  pumped  up  again  into 
the  boiler  to  be  reconverted  into  steam. 

In  the  former  case  the  pressure  of  the  atmosphere  i 
allowed  to  act  on  the  piston,  and  must  be  overcome  by  the  ' 
greater  pressure  of  the  steam  on  the  opposite  side :  hence,  in 
order  to  produce  a  given  effect,  the  elastic  force  of  the  steam, 
and  consequently  the  quantity  of  fuel  employed,  must  be 
much  greater  in  this  case,  than  when  the  steam  is  allowed  to 
escape  into  a  condenser ;  engines  on  the  former  construction 
are  called  High  Pressure,  on  the  latter  Low  Pressure  engines. 

The  high  pressure  engine  has  also  this  disadvantage,  that 
the  interior  of  the  cylinder  is  cooled  by  being  open  to  the 
atmosphere,  and  consequently  when  the  steam  is  again  ad- 
mitted some  portion  is  condensed  and  rendered  ineffective. 

It  is  usual  to  cut  off  the  steam  before  the  piston  has 
attained  to  the  end  of  its  stroke,  and  to  allow  the  stroke  to 
be  completed  by  the  elastic  force  of  the  steam  already  injected ; 
by  this  arrangement  not  only  is  leas  steam  required,  but  also 
the  motion  is  more  uniform, 

58.  An  earlier  and  imperfect  form  of  the  steam-engine 
was  the  atmospheric  engine,  in  which  the  piston  was  driven  up 
by  steam,  and  a  vacuum  having  been  produced  below  it  by  an 
injection  of  cold  water  the  piston  was  driven  down  by  the 
atmospheric  pressure  above.  The  capital  defect  of  this  con- 
struction is,  that  the  cylinder  must  be  cooled  down  at  every 
stroke,  and  consequently  when  the  steam  is  again  admitted 
a  very  large  quantity  is  condensed,  and  there  is  an  immense 
waste  of  fuel.  This  construction  has  consequently  almost 
entirely  disappeared. 
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1.  The  science  of  which  we  are  now  about  to  expS 
the  priaciples  is  known  as  that  of  common  or  geometrical 
optica,  in  contradistinction  from  physical  optics ;  in  this  latter 
science,  we  endeavour  by  means  of  a  simple  hypothesis  con- 
eeruing  the  constitution  of  light,  to  connect  and  account  for 
the  various  phasnoniena  presented  to  us  ;  in  the  former,  we  are 
principally  employed  in  tracing,  by  mathematical  calculation, 
the  results  of  certain  esperimental  laws.  Hence,  the  conclu- 
sions arrived  at  in  the  following  pages,  will  be  equally  sound, 
whatever  physical  theory  be  adopted,  and  the  subject  will  be, 
for  the  most  part,  one  of  pure  geometry. 

2.  From  a  bright  object  light  emanates  in  all  directions 
and  this  light  we  may  conceive  to  be  made  up  of  rays,  intend- 
ing by  the  terra  ray  to  express  the  smallest  quantity  of  light 
which  can  proceed  in  any  direction ;  and  we  reason  concern- 
ing rays,  as  though  they  were  geometrical  lines.  In  like 
manner,  an  object  to  be  a  source  of  light  must  be  of  finite, 
though  it  may  be  of  very  small  dimensions ;  but  we  shall  con- 
sider a  bright  point  which  is  a  source  of  light  as  a  geometri- 
cal point. 

3.  Any  substance  which  allows  the  transmission  of  light 
through  it  is  called  a  medium.  Light  may  proceed  either 
through  a  medium  or  in  vacuum. 

4.  An  assemblage  of  rays  proceeding  from  a  luminous 
point  is  called  a  pencil  of  rays.  The  pencils  which  we  shall 
consider  will  be  conical,  and  the  a^tis  of  the  cone  will  be  called 
the  axis  of  the  pencil. 

A  conical  pencil  may  consist  either  of  divergent  or  con- 
vergent rays:  if  the  rays  are  proceeding  from  a  luminous 
point,  the  pencil  is  divergent ;  if  the  rays  are  proceeding  from 
some  source  of  light  towards  a  point,  it  is  convergent;  if  the 


rays  are  parallel,  tbe  pencil  is 
vort^cnt. 

r>.  When  a  ray  of  light  h  proceedit^  in  a  imifbm  ntfr- 
(liuni  or  in  vftciium,  its  dtrection  is  rectiltnear,  but  wben  H  is 
incitlent  upon  the  surface  of  a  tnedtum.  it  is  to  general  drrided 
into  three  partti, 

(1)  One  portion  is  reflected  according  to  a  r^ular  law. 
and  forms  the  reflected  ray ; 

(2)  Anotht^r  portion  enters  the  ocdiom  according  to  a 
regular  law,  and  forms  the  tranemitted  or  rtfracied  ray  ; 

(.s)  A  third  part  in  tcattertd,  that  is,  reflected  in  aQ 
dircctiona  without  any  regular  law. 

The  fimt  two  portions  mentioned  are  those  with  which  we 
hIiuII  be  hiTeaftcr  concerned,  the  third  part  is  that  whi^ 
rendcrtt  the  nurfaccs  of  bodies  ordinarily  I'isible. 

Buppose,  for  example,  we  are  looking  at  the  surface  of  a 
well  puliithed  mirror,  then  the  effect  of  the  nurror  is  only  to 
reflect  rayn  of  light  which  fall  upon  it  from  various  objecta. 
and  we  hIiuII  not  be  sensible  of  the  existence  of  the  mirror 
itself,  but  if  there  be  any  speck  upon  the  surface  of  the  mirror 
this  speck  will  scatter  the  light  which  falls  upon  it,  and  be- 
come visible  exactly  as  if  it  were  itaelf  a  luminous  object. 
In  fact  when  rays  of  light  nre  reflected,  or  refracted,  their 
directions  only  are  changed;  but  when  a  pencil  of  light  i» 
scattered,  the  object  which  scatters  it  becomes  virtually  a  new 
source  of  light. 

Itcsidcs  the  reflected,  refracted,  and  scattered  light,  there 
is  also  a  certain  portion  absorbed  by  the  medium. 

In  the  ease  of  polished  metallic  surfaces  and  some  t 
the  reflected  ray  is  the  only  one  which  sensibly  exists; 
in  general,   the  relative  intensities  of  the  reflected  and  1 
fracted  rays,  will  vary  with  the  circumstances  of  the  inoidi 
and  also  with  the  nature  of  the  medium, 

6.  When  a  ray  of  light  is  incident  upon  a  plane  i 
the  angle  which  its  direction  makes  with  the  line  perpeDdiea> 
lar  to  the  surface,  or  the  normal  to  the  siu^oce,  is  called  the 
angU  of  tncid«M-e,  and   the  angles  which  the  rellecled  \ 
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refracted  ray  respectively  make  with  the  some  line  are  called 
the  atujks  of  reflexion  and  refraction.  'When  a  ray  is  incident 
on  a  curve  surface,  the  ray  will  be  reflected  or  refracted  io 
the  same  manner  as  if  it  fell  upon  the  plane  which  touches 
the  surface  at  the  point  of  incidence,  and  the  angles  of  in- 
cidence, reflexion,  and  refraction  are  those  which  the  incident, 
reflected,  and  refracted  ray  respectively  make  with  the  normal 
to  this  plane. 

7.  The  laiTS  of  reflexion  are  the  following : 

(1)  The  incident  and  reflected  raij  lie  in  tlie  same  plane 
with  the  normal  at  the  point  of  incidence,  and  on  opposite  sides 
of  it. 

(2)  Tfie  angles  of  incidence  and  reflexion  are  equal. 
And  the  following  are  the  laws  of  refraction : 

(1)  The  incident  and  refracted  ray  lie  in  the  same  plane 
I  with  the  normal  at  tlie  point  of  incidence,  aTul  on  opposite  sides 

of  it. 

(2)  The  sine  of  the  angle  of  incidence  bears  to  the  sine  of 
the  angle  of  refraction  a  ratio  dependent  onlg  on  the  nature  of  the 
media  between  whicfi  the  refraction  takes  place,  and  on  the  nature 
of  the  light. 

According  to  this  last  law,  if  we  call  the  angle  of  incidence 
^,  and  that  of  refraction  <p',  we  shall  have  sin  ip  ^  n  sin  ^', 
where  f*  is  a  quantity  independent  of  the  angle  of  incidence, 
and  depending  only  upon  the  nature  of  the  media  and  of  the 
light ;  it  will  have  for  instance  a  certain  value  for  refraction 
from  vacuum  into  glass,  another  from  glass  into  water,  and 
so  on ;  also  it  will  have  one  value  for  red  light,  another  for 
green,  and  so  on.  The  quantity  /i  is  called  the  refractive 
index,  and  is  greater  than  l  when  refraction  takes  place  from 
vacuum  into  a  medium,  and  in  general  is  greater  than  1  when 
I  the  refraction  is  from  a  rarer  to  a  denser  medium,  and  less 
than  1  when  the  opposite  is  the  case. 

8.  These  laws  may  be  considered  as  depending  for  their 
truth  upon  experiment  j  in  a  treatise  on  Physical  Optica  they 
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would  be  deductionij  from  an  hypothesis  respecting  I 
Btitution  of  light,  but  in  a  treatise  like  the  present  they  may 
be  regarded  as  experimental  truths. 

The  following  experiment  will  serve  to  deduce  the  laws 
from  actual  observation,  and  by  proper  precautions  m«.y  b^ 
made  susceptible  of  considerable  accuracy. 


Take  a  rectangular  card,  the  opposite  eides  of  v 
bisected  by  the  lines  AOB,  COD,  imraerse  it  perpendicularly 
in  water  as  far  as  the  line  AB,  and  place  it  in  such  a  position 
that  a  very  small  beam  of  sunlight,  admitted  through  an  orifice 
in  a  shutter  of  a  darkened  room,  may  be  incident  along  the 
line  QO  on  the  surface  of  the  water  at  0. 

Then  a  portion  of  this  ray  will  be  observed  to  be  reflected 
in  such  a  direction  as  OQ',  and  oti  measuring  CQ,  CQ*.  they 
will  be  found  to  be  equal :  hence  it  will  be  seen  that  QOC 
«  QOC;  and  it  is  manifest  that  QO.  CO.  QO  are  in  the  same 
plane,  they  being  all  in  the  plane  of  the  card. 

Again,  a  ray  Oq  will  be  observed  to  be  transmitted  through 
the  water ;  this  is  the  refracted  ray,  and  is  manifestly  in  the 
same  plane  with  QO  and  OD ;  also  if  for  different  angles  of 
incidence  the  lines  CQ,  D<f  be  measured,  and  OQ,  0<j  com- 

OQ       Oq 

the  same,  wliatcver  be  the  direction  of  the  ray.     The  ratio 
however  will  not  he  the  same  if  another  tluid  be  subetiti 
for  water,  or  if  the  colour  of  the  light  be  varied. 

The  results  here  described  are  in  accordance  with  I 
laws  enunciated  in  the  preceding  article;  and  it  is  cvi(]< 
that  experiments  may  be  made,  uptm  principles ,  Hiinilar  to 
that  of  the  one  just  now  described,  sufficiently  numerous  and 
acournte  to  establish  the  laws  vnth   a  very  great  de^e«  4 


putcJ  from  them,  it  will  be  foimd  that  the  ratio  - 
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certiuDty.  But  besides  the  evidence  thus  arising  from  direct 
observation,  we  can  appeal  to  the  coincidence  with  fact  of 
the  results  of  calculations  founded  upon  these  laws;  ia  the 
case  of  reflexion,  for  instance,  a  method  of  ohserving  the 
heavenly  bodies  depends  for  its  accuracy  upon  the  law  of 
reflexion  which  has  been  enunciated,  and  the  slightest  de- 
viation from  tlie  truth  in  this  assumed  law  would  be  certain 
to  be  detected  in  a  long  course  of  observations.  So  that  on 
the  whole  we  are  entitled  to  look  upon  the  laws  which  we 
have  enunciated  as  accurate  physical  laws. 

9.  Prop.  If  the  refractive  index  for  a  medium  (A)  when 
light  is  incident  upon  it  from  vacuum  be  u,  and  the  index  for 
another  medium  (B)  under  t/ie  aajne  circumstances  be  fjf,  then 
wlten   light  proceeds  from   (B)   into   (A)    tJie   refractive   index 


The  proof  of  this  proposition  depends  upon  the  two 
following  experimental  laws : 

(I)  If  a  ray  of  light  proecGd  from  a  point  P  to  another 
Q,  suffering  any  reflexions  or  refractions  in  its  course,  then  if 

tit  be  incident  in  the  reverse  direction  &om  Q  it  will  follow 
the  exactly  reverse  course  to  P. 
(2)  If  a  ray  pass  from  vacuum,  through  any  number  of 
media  having  their  surfaces  plane  and  parallel,  wlicn  the  ray 
emerges  into  vacuum  its  direction  will  be  parallel  to  that 
^-      which  it  had  before  incidence. 

^L  Now  let  (p  be  the  angle  of  incidence  from  vacuum  upon 

^H     the  medium  li,  <ft'  the  angle  of  refraction,  which  will  aJso  be 


the  angle  of  incidence  upon  the  medium  A.     Also  let  ^"  bo 

26—3 
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the  angle  of  refraction  into  A.  which  will  also  be  the  ■ 
incidence  upon  the  second  bounding  surface  of  A ;  and  hy  the 
second  of  the  preceding  laws  the  angle  of  emergence  tnti* 
Tacuum  will  be  <p.     Hence  we  shall  have 

sin  (^  =  yu'  sin  ^', 
and  by  the  first  of  the  above  laws, 

sin  tp  =  n  sin  <p"; 

sin  (pi'  =  — ,  an  ip"  i 
which  proves  the  proposition. 

Cob.     If  the  refractive  indes  from  vacuum  into  a  m^ 
dium  be  /*,  that  from  the  medium  into  vacuum  will  be  - . 


ON  THE  CRITICAL   ANGLE. 

10.  Let  ^  be  the  angle  of  incidence  of  a  ray  within  a 
medium,  the  refractive  index  of  which  i^  n,  and  <p'  the  angle 
of  refraction  into  vacuum  ;  then 

sin  0  =  -sin  0'. 
From  this  formula  if  (p  be  given  0'  may  be  found,  ; 
real  value  will  be  given  so  long  as  sin  ^  is  less  than  ~  ;  1 
when  (^has  a  value  greater  than  that  determined  by  the  equa- 
tion sin  An-,  the  formula  fiiila  to  give  us  a  value  of  ift',  it 

becomes  in  fact  impossible,  because  the  sine  of  an  angle  can- 
not be  greater  than  unity.  In  consequence  of  this  failure  of 
our  formula  we  have  recourse  to  experiment,  and  we  find  that 
ill  reality  there  is  no  refracted  ray  when  the  angle  of  incidence 
is  greater  than  that  above  assigned,  the  ray  being  wholly  re- 
flected within  the  medium.     The  angle  of  which  the  aina  m 

--  ia  called  the  critical  antjle.     The  critical  angle  for  gla 

about  ■il"**',  for  water  about  48''30'. 
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This  internal  reQexion  at  the  surfaces  of  media  is  tlie 
most  complete  kind  of  reflexion,  that  is  to  say,  the  reflected 
light  ia  more  nearly  equal  in  intensity  to  the  incident  than  in 
any  other  case. 

The  critical  angle  is  sometimes  called  the  angle  of  total 
reflexion. 

Refraction  from  vacuum  into  a  medium,  or  from  a  rarer 
into  a  denser  medium,  is  always  possible. 

11.  We  shall  now  proceed  to  investigate  the  effect  pro- 
duced upon  the  form  of  a  small  pencil  of  rays,  when  reflected 
and  refracted  under  various  conditions :  the  breadth  of  the 
pencil  will,  in  general,  be  considered  indefinitely  small,  for  the 
sake  of  mathematical  convenience,  and  our  results  must  there- 
fore be  regarded  as  an  approximation  to  the  actual  case,  in 
which  the  breadth  of  pencils,  though  generally  very  small,  is 
of  course  not  indefinitely  small ;  for  many  purposes  the  results 
we  shall  obtain  will  be  as  useful  as  if  the  approximation  had 
not  been  made.  We  shall  first  consider  some  cases  of  re- 
flexion, aod  then  some  of  refraction. 


ON  REFLEXION   AT  A   SINGLE  SURFACE. 


I.     A  Plane  Surface. 

12.     A  conical  pencil  of  rays  ia  incident  vpon  a  plane  re- 
flecting surface ;  to  determine  the  form  of  the  reflected  pencil. 

Let  JB  be  a  section  of  the 
surface  made  by  a  plane  per- 
pendicular to  it,  and  passing 
through  the  luminous  point  Q, 
or  focus  of  incidence.  Draw 
QN  perpendicular  to  the  sur- 
face, produce  it,  and  take 
Nq  =  NQ.  Let  QP  be  any  in- 
cident ray,  join  q  P  and  produce 
it  to  fi ;  PR  will  be  the  reflected  ray. 
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Draw  PM  perpendicular  to  the  surface.  Then  m  tbe  tri- 
angles P(i\,  PqN,  we  have  NQ  =  Nq,  PN  common,  and  tbe 
angles  QNP,  qNP  equal,  being  right  angles;  hence  the  angle 
QPN  =  qPN  =  APR:  therefore  also  angle  QPif  ^ 
or  PR  is  the  reflected  ray. 

Hence  the  ray  QP  pro- 
ceeds after  reflexion  at  P,  as 
if  it  came  from  q ;  and  the 
same  may  be  said  of  each 
other  ray,  therefore  all  the 
rays  after  reflexion  proceed  a^ 
if  they  came  from  q,  and  if 
the  incident  pencil  be  a  cone 
having    Q  for  its  vertex,  the 

reflected  will  also  be  a  cone  having  q  for  its  vertex. 
incident  and  reflected  conical  pencil  are  reja-esented  in  I 
accompanying  figure. 

We  may  call  the  point  7  tlie  focus  of  reflexion ;  but  i 
to  be  observed  that  it  is  a  t-irtnal  not  a  real  focus,  that  ia  to 
say,  the  reflected  rays  proceed  not  actually,  but  only  <u  if 
they  came,  from  it.  So  also  the  line  q  P,  which  is  the  dirco* 
tion  of  the  reflected  ray  PR,  may  be  called  a  virtual  roy. 

Since  the  rays  after  reflexion  proceed  from  q  as  before 
reflexion  from  Q,  q  ie  sometimes  called  the  imai^e  of  Q. 


13.     Parallel  rays,  reflected  at  a  plane  tvr/act, 


parallel. 

(1)  Let  the  angles  of  incidence  be 
in  the  same  plane. 

Let  Gl/he  the  reflecting  surface; 
An,  CD  two  incident  rays,  BE,  DF 
the  corresponding  reflected  raya.  i 

Then  AUG  =  KDH  and  CDG  -  FDH.  by  (])C  law  of 
reflexion.  And  ABG  -  CDG,  taace  the  incident  rays  are 
parallel ;  therefore  EBJt «  FDH,  or  the  reflected  mys  aro 
parolleL 


tvr/ae^,  ctrntium        \ 
D     B  n  ■ 
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(s)   Let  the  angles  of  incidence  be  in  different  planes. 

Let  AE,  CD  be  two  incident  rays  ; 
BG,  i)ff  perpendiculars  to  the  reflect- 
ing surface  at  B  and  D ;  join  BD;  and 
let  BE  be  the  reflected  ray  correspond- 
ing to  An.  AJso  let  DF  be  the  inter-  . 
section  of  the  planes  £BD,  CDH. 

ThenBG.DH  being  perpendicular 
to  the  same  plane  are  parallel ;  (Eue.  xi.  6)  and  AB  la  parallel 
to  CD  by  hypothesis;  therefore  the  angles  ABG,  CDH  are 
equal,  and  therefore  the  angles  of  reflexion  are  equal. 

Again,  since  AB,  BG  arc  respectively  parallel  to  CD,  DH, 
the  planes  ABG,  CDH  are  parallel,  (Euc.  xi.  15);  and  they 
are  intersected  by  the  plane  EBDF,  therefore  BE  is  parallel 
to  DF:  therefore  the  angles  GBE,  RDF  are  equal;  but 
GBE  is  the  angle  of  reflexion  for  the  ray  AB,  therefore 
HDF  is  equal  to  the  angle  of  reflexion  for  the  ray  CD. 
And  HDF  is  in  the  same  plane  with  the  angle  of  incidence 
CDH;  therefore  the  reflected  ray  corresponding  to  CD  ia 
DF.  which  has  before  been  shewn  to  be  parallel  to  BE. 

II.     A  Splierical  Surface. 

14.  We  have  seen  that  however  large  a  cone  of  rays  is 
incident  upon  a  plane  surface,  the  reflected  pencil  is  accu- 
rately conical ;  but  this,  it  is  easy  to  see,  will  not  be  the  case 
when  rays  are  incident  on  a  spherical  8^u^ace.  If,  however, 
we  consider  the  vertical  angle  of  the  incident  conical  pencil 
to  be  indefinitely  small,  the  reflected  pencil  will  also  be 
conical,  and  it  will  be  our  business  now  to  investigate  the 
position  of  the  vertex  of  the  reflected  cone,  that  of  the  inci- 
dent being  given.  This  vertex  is  called  the  geometrical  focus, 
and  if  the  incident  rays  ore  parallel,  it  is  called  the  principal 
Jbcus  of  tlte  mirror.  Alao  if  Q  be  the  focus  of  incident  rays, 
g  the  geometrical  focus  of  the  reflected  rays,  it  is  manifest 
from  the  first  of  the  two  general  laws  quoted  in  Art.  9,  that 
if  q  be  made  the  focus  of  incident  rays,  Q  will  be  the  focus 
of  reflected  rays;  hence  Q  and  g  are  called  with  reference  to 
each  other  e 
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In  those  cases  of  incidence  which  we  are  now  abooflo 
consider,  the  axis  of  the  small  incident  conical  pencil  will  be 
supposed  to  be  normal  to  the  surface,  and  therefore  coinci- 
dent with  the  line  joining  the  point  of  incidence  and  the 
centre  of  the  sphere.  TIiis  line  is  called  the  axia  of  tite  sur- 
face, and  incidence  of  this  kind  is  called  direct  incidence  ;  90 
that  we  may  say.  that  incidence  la  direct  when  the  axis  of  the 
incident  pencil  and  that  of  the  surface  coincide.  Or  we  may 
say,  that  incidence  is  direct  when  the  axis  of  the  incident 
pencil  passes  through  the  centre  of  the  sphere. 

If  the  axis  of  the  incident  pencil  is  inclined  to  that  ( 
the  reflector,  the  incidence  is  said  to  be  oblique. 

The  calculations  which  folloiv  will  all  refer  to  the  case  Q 
direct  incidence. 


15.     Divertfinff  rays  are  tiicidetU  upon  a  concave  gpheriooi^.-m 
reflector;  to  find  the  geometrical  focua. 

Let  BAff  be  a  section  of  the  refiector,  made  by  a  pla 
passing  through  the  centre  O  of  the  sphere,  and  tlie  focua 
of  incidence  Q.  Let  QP  be  any  incident  ray,  QOA  the  axis 
of  the  conical  pencil ;  join  OP,  and  moke  OPq  =  OPQ,  then 


Pq  is  the  reflected  ray ;  and  the  ultimate  position  of  q,  wb 
P  moves  up  to  ^,  will  be  the  geometrical  focus. 

We  have,  by  Euclid,  vi.  s,  since  QPq  is  bisected  by  j 

qO"  QO* 
but  ultimately,  Pq  =  Aq,  and  PQ  »  AQ; 
,    Aq      AJi 
qO~  tiO' 
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If  we  denote  AQ  by  ti,  Aq  by  v,  and  AO  by  r,  we  have 


V 


u 


r  —  v      u  —  r 

r  r 

or  --1  =  1 , 

V  u 

112 
or  -+-  =  -. 

V      u      r 


This  equation  determines  v  when  t«  is  given. 
16.      The  same  proposition  for  a  convex  surface. 


In  this  case  we  must  draw  PR,  to  make  •  with  OP  pro- 
duced to  N  the  angle  RPN^  QPN,  and  produce  RP  to  cut 
the  axis  in  q. 

Then  since  the  external  angle  RPQ  of  the  triangle  QPq 
is  bisected  by  OPN9  therefore  by  Euclid,  vi.  A, 

Pq      PQ 
qO"  QO* 

Aq      AQ 
*'   ^"  QO* 

and  using  the  same  notation  as  before,  we  shall  have, 


V 


u 


r  -  V      t«  +  r 

r  r 

or  --1  =  1+-, 

V  u 
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1         1         2 

or =  - . 

V      u      r 


In  this  case  the  focus  q  is  virtual. 

17.  In  like  manner  we  might  investigate  the  cases  of 
incidence  of  converging  rays.  We  shall  find,  however,  that 
all  four  cases  may  be  brought  under  one  formula,  by  adopt- 
ing a  convention  respecting  the  sign  -,  as  indicating  direc- 
tion, similar  to  that  which  we  have  already  found  so  conve- 
nient in  other  subjects. 

It  will  be  found,  that,  if  we  suppose  light  to  proceed 
from  right  to  left  across  the  paper,  so  that  Q  is  on  the  right 
of  the  mirror  for  diverging  rays,  and  on  the  left  foi*  converg- 
ing, the  following  formulaB  will  result : 

(1)  Concave  mirror,  diverging  rays: 

112 
-  +  -  =  -. 

V  u      r 

(2)  Concave  mirror,  converging  rays: 

I  £     2 

V  u      r 

(3)  Convex  mirror,  diverging  rays: 

II  2 

V  u         r* 

(4)  Convex  mirror,  converging  rays: 

1      1  2 

V  u  r' 

Now  let  us  adopt  this  convention,  that  lines  shall  be 
positive  or  negative,  according  as  they  are  measured  towards 
the  source  of  light,  or  in  the  opposite  direction ;  so  that  u 
will  be  positive  or  negative,  according  as  the  incident  pencil 
is  divergent  or  convergent,  v  will  be  positive  or  negative, 
according  as  the  reflected  rays  are  convergent  or  divergent, 
and  r  will  be  positive  or  negative,  according  as  the  mirror  is 
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concave  or  convex.  Then  it  will  be  seen  that  the  four  pre- 
ceding formnlaB  will  all  be  embraced  in  the  following, 

1      1      2 

-  +  ---. 

V  u      r 

18.     By  making  u  »  go,  in  the  formula 

1      1       2 

-  +  -«-, 

V  u      r 

T 

we  find  that  v  =  - ,  which  shews  that  the  principal  focus  of 

a  mirror  is  half-way  between  the  mirror  and  the  centre  of  the 
spherical  surface  of  which  it  is  formed.  This,  however,  is  a 
sufficiently  important  proposition  to  deserve  a  separate  in- 
vestigation. 

To  find  the  principal  focus  of  a  concave  mirror. 

Let  QP  be  a  ray  of  light  parallel  to  AO,  the  axis  of 
the  mirror.     Join  PO,  O  being  the  centre  of  the  sphere,  and 


make  qPO  ■■  OPQy  then  Pq  is  the  reflected  ray  correspond- 
ing to  QPy  and  F^  the  ultimate  position  of  q  when  P  moves 
up  to  Ay  is  the  principal  focus. 

Then  the  angle  qPO  -  OPQ  =  q  OPy  since  Oq,  PQ  are 
parallel ; 

and  this  being  always  true,  AF  «  FO ; 

ATP      ^^ 
•*•  AF  ^ • 

2 
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amikr  desaac^anakm  is  appBaiit  to  ike  cmat  of  a 


AF  is  calkd  cbe  «.£»/  imoA  of  tiie  nmror,  and  is  fire- 


qaeoth-  dezkcced  bj  ibe  ieaerfz  so  tSus/ae  -. 
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V?.     TIjc  Ibncda  -  -a-  -  =  -  mix  be  pot  m 

T      m      r 


bj   messxrio^  t^  ift«ffa?>fpg  of  Q  aad  q  from    tlie 


QF-»-j,     }F«r--. 


.«Q/^-^»dr«jF^^. 


beoce  the  fdcicsJa  >  4-  — 

r      « 


or  ^(QF^jF^r).    j/^-^r^V^^) 

•"    jF.  QF«--  OF*. 

TTbe  prcipasxuoQ  expressed  bj  die  preoedii^  Ibnniila  we 
siimll  enimdjae  in  vwds^  aod  demoostnte  as  foDows,  withoat 
re£»>»ice  to  the  fcmmls  sfarvdMh-  estabfidwd. 


it  tariilM^  dirtrth  ipi^  «  jpJWr^  r^Utt^r^  tkt  ^Kwtamee  iff  the 
<vamr  Kf  At  tfAtn  /r>?m  At  primcif»Ml  J^€m$  j#  a  m^eam  prepare 
tMNii  fcr€ifMi  tke  ai^jwy  ,^'  At  ftw'^flBftf  A(i  >ivm  fAe 
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Let  BAff  be  the  spherical  reflector,  O  its  centre,  Q  the 
focus  of  incidence,    QOA  the  axia  of  the  pencil,    QP  any 


\ 


incident  ray;  join  OP,  ami  make  OPg  =  OPQ,  then  the 
ultimate  position  of  q  when  P  approaches  indefinitely  near 
to  A  will  be  the  geometrical  focus. 

Draw  PC  parallel  to  AQ.   and  make  0P/~  OPC;  and 
bisect  AO  in  F. 

Then  in  the  triangles  QPf,   qPf,  we  have  the  angle/ 
common.     Also  the  angle  PQ/-  CPQ  =■  CPO  -  OPd 
=  fPO-OPq=fPq. 

Therefore  the  remiuning  angle  QP/=  angle /yi",  and  the 
triangles  are  umilar, 

.-.  0/ :   Ff  ::   Pf  :  qf; 
and  this  is  true  ultimately  when  P  coincides  with  A,  and 
/  with  F. 

.:   QF  :  AF  :;  AF  :  qF. 
The  preceding  figure  is  constructed  for  the  case  of  diver- 
gent rays  incident  on  a  concave  surface ;  the  same  demon- 
Btration   is  applicable,   mutatis  mutandU,  when   the  incident 
rays  converge,  as  is  represented  in  the  annexed  figure. 


If  the    lines    CP,   QP,  OP,  q  P,  fP  be  produced, 
figures  will  serve  for  those  cases  in  which  the  rays  are  in- 
cident upon  the  convex  surface.] 


21,     If  in  the  formula  -  +  - 


,  wo  give  u  any  vaJ 


we  obtain  the  corresponding  value  of  v,  which,  if  we  att 
to  its   algebraical   sign,   will   make   us   acquainted   with   the 
form  of  the  reflected  pencil.     Suppose,  for  instance,  r  -  4  in.. 

u  =  0 in.,  then  -  =  s^  —  §  =  —  ^t  or  f"  —  6;  hence  the   rays, 

which  diverge  upon  the  mirror  from  a  point  one  inch  and 
a  half  to  the  right,  diverge  after  reflexion  from  a  point  six 
inches  to  the  left  of  the  mirror.  And  more  generally,  if 
we  suppose  Q  to  assume  all  possible  positions,  we  shall  be 
able  to  find  the  corresponding  positions  of  q;  tbis  ^ 
ceed  to  do  in  the  following  proposition. 

22.    To  trace  tlie  correspondijtg  positions  of  the  conjugate  f 
Suppose  the  mirror  to  be  concave,  then  we  have 


Since  the  sum  of  -  and  -  is  constant,  as  one  of  t 

V  11 

increases  the  other  must  decrease,  and  tlie  same  will 
true  of  their  reciprocals  v  and  u ;  hence  Q  and  q  alw 
move  in  opposite  directions. 


(l)  Let  (i  be  at  an  infinite  distance  to  the  : 
the  mirror,  or  the  incident  rays  parallel ;  then  v  > 
9  is  at  /*. 


ight  i 


ItE FLEXION  A 


OLE  SURFACE. 


■  (S)  Let  Q  move  towards  O ;  then  q  moves  to  meet  it ; 
[  and  at  O  they  coincide,  because  when  w  o  r,  w  =  r. 

(3)  Let  Q  move  from  O  towards  F;  then  q  moves  to 
I  the  right  of  O ;  and  when  Q  has  reached  F,  q  ia  at  an  infinite 
i  distance,  or  the  reflected  rays  are  parallel,  because  when 


(4)  Let  Q  move  from  /''  towards  J  ;  then  <j  moves  from 
an  infinite  distance  on  the  left  of  A  to  meet  it ;  and  when  Q 
has  reached  A,  q  is  there  also,  because  when  w  =  o,  i'  =  0, 

(5)  Let  Q  move  to  the  left  of  A  ;  then  q  moves  to  the 
right ;  and  when  Q  haa  attained  to  an  infinite  distance,  q  is 

at  F,  becaiise  when  « -  c»,  v  =  -. 

2 

Q  and  q  are  now  in  the  same  positions  as  at  first,  and 
therefore  we  have  traced  all  tlieir  corresponding  positions. 
The  corresponding  positions    of   the   foci   for  a  convex 
rface  may  be  traced  in  a  similar  manner. 

CoR.     It  appears  from  the  preceding  investigation,  that  Q 
I'lUid  q  are  always  on  the  same  side  uf  F. 

23.     The  formulis  which  have  been  proved  for  a  spherical 

[  mirror  may  be  adapted  to  the  case  of  a  mirror  formed  by  the 

I  revolution  of  any  curve  about  its  axis,  by   putting  for   the 

f  radius  r  the  radius  of  curvature  of  the  mirror  at  the  point  of 

incidence.     Thus,  suppose  the  mirror  to  be  parabolical,  and 

the  latus  rectum  to  be  L,  then  for  r  we  must  write  —  *,  and 

L  the  formula  becomes 


The  truth  of  the  principle  upon  which  this  substitution  is 
[made  will  be  seen  at  once,  by  considering  that  in  the  imme- 


*  Tbe  tiprcuioD  for  Ihe  tkdiu*  of 
U  beeomo  2AS,  vhich  ii  equil  id  - 


(page  313)  Is  3  — p  ,  uid  at  the  vaux 
lune  will  be  Ituc  fat  ui  ellipH  or  hjrpci- 


diate  neighbourhood  of  the  point  of  incidence  the  curv^ 
the  circle  of  curvature  may  be  supposed  to  coincide. 

24.  It  has  been  observed  (Art.  !4)  that,  when  a  conit 
pencil  of  rays  ia  incident  on  a  spherical  mirror,  the  reflected 
rays  will  not  converge  to  or  diverge  from  a  point,  unless  we 
suppose  the  breadth  of  the  pencil  to  be  indefinitely  small. 
There  are  however  certain  surfaces,  on  which  if  a  pencil  of 
rays  of  any  magnitude  be  incident,  the  reflected  rays  will 
converge  to  or  diverge  from  a  point ;  auch  surfaces  are 
to  be  aplanatic. 


1 


25.  The  surface  Jbrmed  by  the  revolution  ^  a  pareAota 
about  ita  axis,  ie  aplanatia  for  rays  incident  paraUet  to  iU 
axis. 

By  a  property  of  the  parabola,  (Conies,  Prop.  11.  Cor.  8, 
page  1  *<)),  the  focal  distance  of  any  point  and  the  line  drawn 
through  that  point  parallel  to  the  axis  make  equal  angles 
with  the  normal.  Consequently,  any  ray  incident  parallel  to 
the  axis,  will,  after  reflexion,  pass  through  the  focus,  and 
therefore  a  pencil  of  rays,  incident  parallel  to  the  axis  of  the 
surface  formed  by  the  revolution  of  the  parabola  about  its 
axis,  will  have  the  focus  of  the  parabola  for  the  focus  of 
reflexion. 

26.  The  surface  formed  by  ilie  revolution  of  an  ellipse 
ahaut  its  major  axis,  is  aplanatic  for  rays  incident  from  on» 
of  itt  foci. 

By  a  property  of  the  ellipse  (Conicai  Prop.  IT.  page  1*7), 
the  focal  distances  of  any  point  make  equal  angles  witli  thtt 
normal  at  that  point.  Consequently  any  ray,  incident  from 
one  focus  will,  after  reflexion,  pass  through  the  other,  and 
therefore  a  pencil  of  rays,  incident  from  one  of  the  foci  of 
the  surface  formed  by  the  revolution  of  tlic  ellipse  about  its 
major  axis,  will  have  the  other  focus  for  the  focus  of  reflcxioa. 
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COMBINED   REFLEXIONS. 

27.  To  find  the  deviation  of  a  ray  of  liijht,  which  is  re- 
jected at  the  surface  of  two  plane  mirrors,  inclined  to  each  Other 
at  a  given  angle,  in  the  plane  perpendicular  to  the  line  of  inter- 
aection  of  the  planes. 

Through   any   poiut    O  draw    OM,  p 

'  ON  parallel  to  the  normals  to  the  two 
mirrors.      Let  PO   be   parallel  to  the 
incident  ray ;  then,  if  we  make  MOQ 
-=  MOP,    OQ    is    parallel    to    the    ray 
after  reflexion  at  the  first  surface ;  and 
^1    again,   if  we   make    NOR  =  NOQ,  OR  o^ 
^B  ■will  be  parallel  to  the  ray  after  reflexion 
^H  at  the  second  surface.     Let  a  be  the 
^H   angle  between  the  mirrors. 
^H         Then  the  deviation  of  the  ray  =  FOR 
H  -  POq  A-  QOR, 

^B  ^ZMOQ  +  ZNOQ 

^f  =2,\fON'-Sa. 

In  other  words,  the  deviation  is  twice  the  angle  between 
the  mirrors.  This  is  an  important  proposition  in  consequence 
of  its  application  to  the  construction  of  Hadley's  Sextant,  as 

>we  shall  see  hereafter. 
28.     J  luminous  point  is  placed  between  two  parallel  plane 
mirrors;  to  find  the  position  of  the  images,  which  will  be  formed 
by  the  aurcessive  reflexions  of  the  rays  at  the  surfaces  of  the  two 
mirrors. 


Let    Q  be   the  luminous  point;    through   it   draw  AQB 

pendicular  to  the  two  mirrors,  and  produce  it  both  ways.' 

27 
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Consider  the  ra;s  which  fall  fi-om  Q  on  the  minor  Z 
we  make  AQ,  ■=  JQ,  an  ima^e  of  Q  will  be  formed  at  Q,  (Art. 
1^);  again,  make  BQ,  "SQ^,  then  tbe  rays  falling  as  from  Qi 
on  the  mirror  B  will  form  a  second  image  Q,;  and  if  we 
make  AQ,  =  AQt,  there  will  be  a  third  image  at  Q^,  and  ao 

Let  AQ=-a,  BQ-^-b:  then, 

QQ.  ''BQ  +  BQ^^BQ*  BQ,  =  iBQ  +  i 

-Sd  +  sb, 
QQ.  -  JQ  +  ^«j  =  -rfO  +  AQ,  =  SJQ  +  < 
-4a+  2b, 
similarly,   QQ,  =25Q  +  QQ,  =  4a  +  46; 
and  generally,    QQ^,  "  Zna  +  inb, 

QQ..+1-  (2n  +  S)<i  +2n6. 

In  like  manner,  if  we  consider  the  rays  which  fall  from  Q 

on  the  mirror  B,  we  shall  have  a  series  of  images,  Q\  Q" 

suppose,  the  position  of  which  will  be   dctermioed   by 
formulae 

QQl^  =  3na  +  Znb. 
QQ'„*,-S"a  +  (2n+2)6. 

Cor,     If  a  1  fr,  and  d  be  the  distance  between  the  n 
we  shall  have, 

QQ'i,  -  ind, 

which  formula)  arc  included  in  this  one, 
QQ.  =  nd. 

Hence  the  whole  series  of  images  will  be  equidistant  I 
each  other,  and  the  distance  between  two  conseeutlve  i 
will  bed. 
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29.  A  lumitums  point  is  placed  between  ttvo  plave  mirrors, 
inclimd  to  each  other  at  a  given  angle ;  to  find  tlie  number  and 
position  of  the  imaijes. 

Let  AOA',  BOB',  be  sections  of  the  mirrors,  made  by  a 
plane  perpendicular  to  their  line  of  intersection,  and  passing 
through  the  luminous  point  Q.  With  centre  O  and  radius 
OQ.  describe  a  circle. 

Consider  first  the  raja  which  fall  from  Q  on  the  mirror 
OA ;  draw  Qa  Q,  perpendicular  to  OA  to  meet  the  circle  in 
Q^,  then  aQ,-aQ,  and  therefore  Q,  is  the  image  of  Q:  in 
like  manner,  if  we  draw  Q,  Q,  perpendicular  to  OB  to  meet 
the  circle  in  Q,,  Q,  will  be  the  image  formed  by  rays  fulling 
from  Qi  on  the  mirror  OB ;  and  so  on,  the  series  of  images 
Qi  Qi  Qj...all  lying  on  the  circumference  of  the  circle,  which 
we  have  described. 


Let  the  arc  AQ  -  «,  B(i  =  (i: 
then       QQi  =  Sa, 

yQ,  =  QB  +  BQ,  ~QB  ±BQ,~SQB+i 
-  2a  +  2^3. 
similarly,  QQ,  =  4a  +  2/3; 

and  generally,   QQ^,  -  Sna  +Sti0, 

Qftn.  +  i-  (2n  +  2)o  +  2n/3. 

27- 
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In  like  mauner  there  will  be  a  aeries  of  images,  Q\  Q\... 
suppose,  formed  by  rays  which  at  first  fall  on  the  mirvor  OB, 
the  position  of  which  will  be  determined  by  the  formulse. 

To  determine  the  number  of  the  images,  we  obsene  tbmi 
reflexion  will  be  repeated  until  one  of  the  images  falls  at  the 
back  of  the  mirrors,  as  (i^  in  the  figure ;  that  is  to  say,  if  Q^ 
be  the  last  of  the  series  of  images  Q,  Q,...,  p  must  be  such 
that  AQj,  is  greater  than  ^r  if  p  be  even,  and  BQp  greater 
than  «■  if  j>  be  odd. 

Suppose  p  to  be  even  and  =  2n,   then   JQ^  =  a  +  Q(J 
and  we  must  have 

a  +  Sna  +  Snfi>-7r, 

Suppose  p  to  be  odd,  and  -  Sn  +  I, 
then  jSQ^-^  +  QQ.,.,. 
and  wc  must  have 

/3  +  (9n  +  2)a  +  2n0>v, 


or  p  ; 


.  +  /*■ 


Hence,  whether  p  be  even  or  odd,  it  will  be  the  * 

number  next  greater  than -. 

a  +  fi 

Similarly,  the  number  of  images  formed  by  rays  wh! 
fall  from   Q  on   the   mirror  Olt  will  be   the  whole   nun 


next  greater  than  - 


Cor.     If  a  +  ^,  the  angle  between  the  mirrors,  be  i 
integral  part  of  ir,  the  number  of  each  set  of  images  wil 


'    — ^,  for  this  will  be  a  whole  number,  and 
a  +p  I 

will  be  proper  fractions. 


!■»•   . 


F 
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Suppose,  for  instance,  a  +  ^  =  - ,  then  each  set  will  con- 
sist of  3  images.  If  we  suppose  the  point  Q  to  be  sjm- 
itrically  situated  with  respect  to  the  mirrors,  the  last  of 
the  two  scries  of  images  will  coincide,  and  there  will  be 
found  altogether  5  images,  so  that  the  objcet  and  images  will 
be  in  the  angular  points  of  a  regular  hexagon. 

The  preceding  proposition  contains  the  principle  of  the 
toy  called  a  kaleidoscope. 


ON  REFRACTION  AT  A  SINGLE  SURFACE. 

80.  We  shall  now  give  investigations  of  cases  of  re- 
fraction, analogous  to  those  of  reflexion  already  considered. 
The  figures  will  be  drawn  in  general  on  the  supposition  of 
light  being  refracted  either  from  vacuum  into  a  medium,  or 
from  a  rarer  into  a  denser  medium ;  in  other  words,  n  will 
be  supposed  to  be  greater  than  unity,  or  the  refracted  ray 
to  be  bent  towarth  the  normal,  unless  the  contrary  is  stated : 
the  formuhe  obtained  will  however  be  generally  true. 

I.     A  Plane  Surface. 

31.  Diverging  raya  are  incident  upon  a  plajie  refracting 
mrface;  to  find  the  geometrical  focve. 


Let  Q  be  the  focus  of  incidence;  QA  a.  normal  to  the  I 
surface  AB  of  the  refracting  medium ;  PR  the  refracted  ray  ] 
which  produced  backwards  meets  QA  in  q ;  then  the  ultimate  J 
position  of  q,   when   P  moves  up  to   A,  is  the  geometrical 
focus. 


Let  JQ^u.     Aq=' 


AQP  =  ^,     AqFTt^ 


.  sin  9  =  fi  sin  ^ 


Pq^iiPQ; 

and  this,  being  always  true,  will  be  true  when  P  has  moiNSrf 
up  to  ^; 

Cott.  When  rays  proceed  from  a  denser  into  a  rarer 
medium,  fi  b  less  than  I,  and  therefore  q  is  nearer  to  the 
surface  than  Q.  Hence  when  we  look  at  au  object  which 
is  under  water,  it  will  appear  to  be  nearer  to  the  surface  of 
the  water  than  it  really  is ;  for  the  rays  which  proceed  from 
Q,  when  they  emerge  into  air,  proceed  as  if  from  q. 

Hence  also,  a  pole  thrust  partly  into  water  will  appear 
discontinuous  at  the  surface  of  the  water,  and  the  part  Mib- 
merged  will  seem  to  be  bent  upwards; 
point  of  the  part  submerged  will  comi 
a  ptoint  nearer  to  the  surface  than  the 

32.  When  a  ray  of  light  paseee  out  of  one  medium  titio 
another,  aa  the  angle  of  incidence  increases,  the  angU  of  deviation 
alto  increases. 

Let  ip  be  the  angle  of  incidence, 

<f>    refraction, 

then  the  deviation  •=  tp  ~  (^'. 
Also,  let  sin  0  o  fi  gin  0' ; 


d>  +  0         0-0 
iH  ' — -'-  Bin  ^ *- 


,±±^ 
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r  as  1^  increases  it  is  manifest  that  0'  increases,  because 
^   [and  -■- tan  ^- — ~]  increases;  and 


■jun  ^  B  -  sin  ^ ; 


|,-.  tan  -Z 


-  increases,  or  the  deviation  (p  —  ^'  increases. 


This  result  is  true  ■whether  »  is  greater  or  less  than  unity ; 
F>that  is,  whether  the  refraction  takes  place  from  a  rarer  into  a 
)  denser  medium,  or  from  a  denser  into  a  rarer. 
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33.  Parallel  rays  refracted  at  a  plane  surface  continue 
parallel. 

(1)  Let  the  angles  of  incidence  be  in  the  same  plane. 
Let  Gil  be  the  refracting  surface ; 
JB,  CD  two  parallel  incident  rays, 
BE,    DF   the    corresponding    re- 
fracted rays. 

Then  ABG  =  Ct)G,  that  is,  the 
angles  of  incidence  are  equal ;  con- 
Bequently  the  angles  of  refraction 
must  be  equal;  and  therefore  EBD, 
FDH,  which  are  the  cumpleraents  of  the  angles  of  refraction, 
are  equal ;  that  is,  BE  Is  parallel  to  DF. 

(2)  Let  the  angles  of  incidence  be  in  diHerent  planes. 
Let  AB.  CD,  be  two  incident  rays ; 
GBK,  HDL  perpendiculars  to  the 
refracting  surface  at  B  and  D ;  join 
BD ;  and  let  BE  be  the  refracted 
ray  corresponding  to  AB.  Also 
let  DF  be  the  intersection  of  the 
planes  EBD,  CDH. 

nien  GBK,  HDL  being  per- 
pendicular to  the  same  plane  are 
parallel,  (Euc.  xi.  6);  and  AB  is  parallel  to  CD  by  hypothesis ; 
therefore  the  angles  ABG,  CDH  are  equal,  and  therefore  the 
angles  of  refraction  are  equal. 

Again,  since  AB.  BG  are  respectively  parallel  to  CD,  DH, 
the  planes  ABG,  CDH  are  parallel,  (Euc.  xi.  15);  and  they 
are  intersected  by  the  plane  EBDF,  therefore  BE  is  parallel 
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to  DF :  therefore  the  angles  EBK,  FDL  are  equal ;  but  EBK 
is  the  angle  of  refraction  for  the  ray  AB,  therefore  FDL  is 
equal  to  the  angle  of  refraction  for  CD.  And  FDL  is  in 
the  same  plane  with  the  angle  of  incidence  CDH ;  therefore 
the  refracted  ray  corresponding  to  CD  is  DF,  which  has  before 
]l>een  shewn  to  be  parallel  to  BE. 

II.     A  Spherical  Surface. 

We  shall  give  the  investigation  of  the  position  of  the 
geometrical  focus,  for  the  case  of  rays  diverging  upon  a  con- 
cave surface;  the  student  will  be  able  to  apply  the  same 
method  to  all  other  cases,  which  will,  however,  be  included  in 
the  formula  which  we  shall  obtain,  by  having  regard  to  the 
convention  respecting  the  negative  sign  explained  in  Art.  17- 

34.  Diverging  rays  are  incident  upon  a  concave  spherical 
refracting  surface :  to  find  the  geometrical  focus. 

Let  BABt  be  a  section  of  the  refracting  surface,  made  by 
a  plane  passing  through  the  centre  O  of  the  sphere,  and  the 

yB 
R 


focus  of  incidence  Q.  Let  Q,P  be  any  incident  ray,  PR  the 
corresponding  refracted  ray,  which  produced  backwards  meets 
0,0 A  in  q.  Then  the  ultimate  position  of  y,  when  P  moves 
up  to  A,  will  be  the  geometrical  focus. 

Join  PO,  and  let 

OPQ^fp,  OPq^(f}\  AQ^u,  AQ^v,  AO^r\ 

then,  in  the  triangle  OPq, 

Oq        sin  0' 
IFq  "  sin  POq ' 
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and  in  the  triangle  OPQ, 

OQ         sin  <f)  fi  sin  (p'  ^ 

PQ  "  sinPOQ  "  sinPOy ' 
fiOq      OQ 
"■     Pq  ^PQ' 

and  this,  being  always  true,  will  be  true  when  P  has  moved 
up  to  ^,  in  which  case 

PQ  a  u,  Pq  «  t/,  Oq  ^v  --r; 
V  u 


r      V      T      u      ^  ^ 


or « 


V      u         r 

■ 

Obs.  It  will  be  seen,  that  this  formula  reduces  itself  to 
that  for  reflexion  by  putting  /u  «■  -  1 ;  and  this  is  the  case 
with  all  formulas  for  refraction. 

Cor.  If  tt  b  00 ,  or  the  incident  rays  are  parallel,  v  «  r, 

/i  —  1 

a  result  which  may  also  be  easily  obtained  by  direct  investi- 
gation. 

The  focus  of  refraction  for  parallel  rays  may  be  termed 
the  principal  focus.     Hence  the  distance  of  the  principal 

focus,  for  rays  passing  from  vacuum  into  a  medium,  from  the 

« 

surface  is      ^      r.     If  the  rays  had  passed  from  the  medium 


into  vacuum,  the  distance  would  have  been 


1 


1  M-  I 

--  1 

(without  regard  to  sign ;)  and  the  distance  from  the  centre 

would  be  r  + —  r :  hence  the  distance  of  one  of 

/I  -  1      n-l 

the  principal  foci  spoken  of  from  the  surface  is  equal  to  that 

of  the  other  from  the  centre. 
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35.  The  relative  positiona  of  the  conjug^ate  i 
sn  worthy  of  notice  in  the  case  of  refraction  at  a  spheiic*] 
surface,  as  in  that  of  reflexion,  because  in  practice  we  are 
seldom  or  never  concerned  with  refraction  at  a  single  suriace: 
nevertheless,  the  student  will  find  the  following  proposition 
worthy  of  attention,  as  tending  to  familiarize  him  with  iurea- 
tigatioDS  of  the  same  kind. 


foci. 


To  trace  the  corresjyonding  positions  of  the  i 


Suppose  the  surface  to  be  concave,  then  we  have 


Since  the  difference  of  -  and  -  is  constant,  as  one  of 

them  increoaes,  the  other  must  also  increase,  and  the  saine 
will  be  true  of  v  and  » ;  hence  Q  and  q  always  move  in  the 
same  direction. 

(I)     Let  Q  be  at  an  infinite  distance  to  the  right  of  the 

mirror,  or  the  incident  raya  parallel ;  then  e  ■ r  *  AF 

suppose,  and  g  ia  at  F. 

(s)  Let  Q  move  towards  0 ;  then  q  also  moves  towaz^ 
O,  and  at  O  they  coincide,  because  when  «  —  r,  e  *  r. 

(3)  Let  Q  move  from  0  towards  J ;  then  9  ako  inOTea 
towards  J,  and  when  Q  arrives  at  J,  q  arrives  thero  wlgo. 
because  when  m  —  0,  p  "  (). 

(1)  Let  Q  move  to  the  lell  of  J  ;  then  9  also  movea  to 
the  left  of  A,  and  when   Q  has  reached  a  point  y,  mch  ] 
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Af~ ,  o  is  at  an  infinite  distance,  or  the  refracted  rays 

It  -  1 

parallel,  becatiae  when  h  = ,  «  =  oo  . 

(5)  Let  Q  move  to  the  left  of  /;  then  q  moves  up  from 
an  infinite  distance  to  the  right  of  A,  and  when  Q  has  attained 
to  an  infinite  distance,   q   is    at   F,   because    when    u »  oo  > 


Q  and  q  are  now  in  the  same  positions  as  at  first,  and 
therefore  we  have  traced  all  their  corresponding  positions. 

[37.  The  preceding  Articles  contain  a  complete  investi- 
gation of  the  form  of  the  refracted  pencil  for  the  case  of 
incidence  on  a  spherical  surface.  We  shall  however  subjoin 
the  enunciation  and  proof  of  two  or  three  theorems,  which 
may  readily  be  deduced  from  our  fundamental  formula. 

When  a  small  pencil  of  parallel  raya  is  directly  inci- 

1  dent  upon  a  spherical  re/ractiny  mr/ace,  the  distance  of  the  geo- 

wvutrical  focus  from  the  surface  w  to  its  distance  front  tfie  centre, 

t  the  aine  of  the  angle  of  iTtddence  to  the  sine  of  the  ani/le  qf 

Wr^action, 

There  will  bo  four  different  cases, 

o  anrTace ;  the  rays  passing  rruin  a  raret  into  a  denser  medium. 

denser  . . .   rarer      

.  A  convex  surftico ; rarer     •  •  -  denser  

densei  ...   rarer      


*                  A 

0 

Pl«.  <• 

>> 

Let  QP  be  a    ray   incident  very  near  the  axis,  0  the 


centre  of  tlie  spherical  surface,  Pq  the  direction  i 
fracted  ray.     Then  in  each  of  the  figures  we  have 


Pq  :    Oq 


:  sin  OPq 
:  sin  OPq 
;  sin  OPq 


sine  of  I 


:  sin  POq  :  '. 
:  sin  POJ  :  i 
;   Bin  OPQ  :  i 

:  sine  of  the  angle  of  incidence  ; 
angle  of  refraction. 

Now  let  P  be  indefinitely  near  ti>  A,  then  q  becomes  the 
geometrical  fociie,  and  Pq  becomes  Aq,  the  distance  of  9 
from  the  surface,  and  Oq  its  distance  from  the  centre.  Henvt 
the  proposition  enunciated  is  true. 

39.  When  parallel  rays  are  directly  incidetu  in  oppotiU 
directions  upon  a  spherical  refracthuj  surface,  the  distance  o/ane 
of  the  foci  of  refracted  rays  from  the  aurface  is  equal  to  the 
iliBtatice  of  the  other  from  the  centre. 

Let  F  be  the  focus  when  the 
rays  pass  from  the  rarer  medium 
into  the  denser,  /  when  they  pass  . 
from  the  denser  into  the  rarer. 
Then  by  the  preceding  proposi- 
tion 


FA  : 

FO 

:  w  :  1, 

AO  : 

FO 

,.-1:1. 

like  manner 

f^ 

■to 

::   I 

:  1   (Art,  !) 
■   M. 

Cor.) 

.:  fA 

■  AO 

-    1 

0-1.       ■ 

Hence 

FO.fA. 

and 

SO- 

u* 

AO. 

FO-tAO 

.FA. 

40.  WhtA  a  small  pencil  of  divtirgiiig  or  evnverffinff  1 
is  inciittml  directly  vpun  a  spherical  refracting  surface,  AiS 
distance  of  the  focus  of  uicidentt  rays  from  the  principal  focus  a/ 
raya  coming  in  tlie  opposite  direction,  is  to  its  distanes  ^rom  J^ 
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urface,  to  its  dUtatice  from  the 


centre,  as  Us  distance  from  tlte  a 
geometrical  focus. 

The  proposition  admits  of  eight  cases,  since  the  rays  may 
either  diverge  or  converge  upon  a  concave  or  convex  surface, 
and  may  pass  from  a  rarer  into  a  denser  or  from  a  detiser 
into  a  rarer  medium,  We  shall  give  the  demonstration  in 
two  cases,  and  a  similar  method  will  npply  in  all  the  rest. 

(1)  Let  the  rnys  diverge  upon  a  concave  surface,  and 
pass  from  a  rarer  medium  into  a  denser. 

I -.-^..- 

^^fcce,  QP  an  incident  ray,  F  the  principal  focus  of  rays  coming 
in  the  opposite  direction. 

With  centre  O  describe  an  arc  of  n  circle  FG,  meeting 
the  ray  QP  produced  in  G;  join  GO,  and  draw  Pq  parallel 
to  GO. 

Then  since  G  is  the  principal  focus  of  a  pencil  of  rays 
incident,  {from  the   left,  as  the  figure  is  drawn,)  parallel  to 
GO,  any  ray  of  such  pencil  will  after  refraction  proceed  from 
G.     Hence,  conversely,  any  ray  incident  from  the  right  and 
proceeding  towards  G  will  after  refraction  become  parallel 
to  GO.     Hence  qP  which  is  parallel  to  GO  will  be  the  di- 
rection after  refraction  of  the  ray  QP  which  is  proceeding 
,  towards  G.     Therefore  when  P  approaches  indefinitely  near 
>  A,  q  will  be  ultimately  the  geometrical  focus. 
Now  by  similar  triangles  QGO,  QPq, 
QG   :    QO  ::  QP  :   Qq. 
or    QF  :   QO  ::   QJ   :   Qq. 

(2)  Let  the  rays   diverge  upon  a  convex  surface,  and 
iss  from  a  rarer  medium  into  a  denser. 


The  construction  will  be  similar,  the  difference  will  be 
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that  Q  aod  F  are  on  the  same  side  of  the  surface,  and  ^fl 
the  opposite  side.     We  eball  have,  aa  before, 
QG  :  QO  ::  QP  :  Qq, 
or    QF  :  QO  ::   QA  :   Qq. 
The  proposition  may  be  proved  in  tike  manner  in  all 
other  cases.J 


COMBINED    REFRACTIONS. 

41.  SefracHon  through  a  prism. 
Def.     a    prism    is  a   portion   of   a    refracting   me< 

bounded  by  two  planes,  which  terminate  in  a  common  1 
called  the  edge  of  the  prism. 

Dbf.     The  refracting  angle  of  a  prism  is  the  i 
inclination  of  the  two  bounding  planes. 

42.  J  ray  of  li'jkt  is  refracted  through  a  prism,  in  a  f 
perpendicular  to  its  edge;  to  fitid  t/ie  direction  of  the  re/r 
ray. 

Let  the  plane  of  the   paper  be 
that  in  which  the   refraction  takes 
place;  and  let  ABCD  be  the  course  ■'\ 
of  the  ray  through  the  prism. 

Let  <p,  (p'  be  the  angles  of  in- 
cidence and  refraction  at  the  first 
surface, 

%//',  ^/',  those  at  the  second  surface, 

i  the  angle  of  the  prism, 

D  the  whole  deviation. 

The  deviation  at  the  first  refraction  is  ^  -  (ft,  and  mt I 

second  ^  -  i/*';  and,  as  we   have  drawn  the  figure,  the  \ 

deviations  evidently  take  place  in  the  same  directions ; 

hence,  D  =  ^  -  t^'  ^  -^  -  '^,', 
and  we  liave,  ^|,' +  ^' a  leo"-  UNC -^  i (i)j 

.-.  zj-fli  +  f -i (i). 
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r 


From  the  equations  (i)  and  (2),  together  with  the  rektions 
sin  <f>  =  fi  sin  <f)', 
Bin  »^  =  II  sm  >//', 
0'(|/a|/'  may  be  eliminated,  and  we   shall   tlien  have  D  ex- 
pressed in  terms  of  the  given  quantities  <p  and  i. 

If  we  had  drawn  the  incident  ray  AB  on  the  other  side 
of  the  normal  to  the  surface  of  the  prism,  the  deviation  D 
would  have  been  the  difference  of  the  two  deviations  <p  -  ^p' 
and  \j/  —  y^'. 

Cor.  If  »  be  very  small,  ip'  and  .^'  arc  botli  very  small, 
and  therefore  (ft  and  ^.    Ilence 

<p  -  M^'. 
and  sj/  ■  n\f/,  nearly. 
.-.  /J  =  ^{f +  >/-')-t=(M-l)i. 
This  is  a  remarkable  result,  shewing  that  for  prisms  of 
very  small  angles  the  deviation  is  independent  of  the  direction 
of  incidence. 

43.  To  cotutruct  a  prUm,  such  that  ito  ray  shall  be  al/lji 
to  pass  through  it. 

Suppose  the  angle  of  the  prism  to  be  such,  that  a  ray 
being  incident  very  nearly  parallel  to  one  face,  emerges  very 
nearly  parallel  to  the  other ;  then  it  is  clear,  that  if  the  re- 
fracting angle  be  greater  than  that  determined  by  this  con- 
dition, no  ray  will  be  able  to  pass  through,  because  every  ray 
which  enters  the  priara  will  be  incident  ou  the  second  surface 
at  an  angle  greater  than  the  critical  angle,  and  will  therefore 
be  totally  reflected  within  the  prism. 

But  this  condition  gives  us,  that 


^-90", 


^(,_go•; 


'  +  \\,'  -9<fi', 


\  The  value  of  this  angle  for  glass  is  about  83*. 
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44.      K^'^M^N'K**!  thn^H<fh  a  lens. 

Pv>  \  Ions  is  A  portion  of  a  refracting  medium. 
vS*;r.^UNi  i\x  t>*v^  si^horioAl  surfaces.  The  line  joining  the 
vv^'k^'an^  ^^?'  ;h<'  sx>hor.oAl  surfacos  is  called  the  {ixis  of  the  lens. 

V'^Nvvr  ;h;#  ^cvr.cr*!  doSnition,  we  include  the  case  of  one 
xNi  xV  !<irt'^xvs  ^^f  iho  Ions  being  plane,  since  a  plane  mij 
V  A^<:i*s\;sxl  AS  A  sivvro  of  infinite  radius. 

;  c\>^Nx  j^^v  >v  ^"AT^KJS  kitids«  and  receive  different  names 
.*x\^s:^^,^^  ;.-  ;>>;:  r^-c-v,  oc  tbo  surfaces  which  bound  them. 
•^'V*  'v.V  \v  Aj8<\irv.^dL  :->c  projxjr  designation  to  a  lens  w 
^Nnx  '^x«  \>.sV  a^  :>s:  ta^x*  <«'  the  l^ns  on  which  the  light  is 
'Nvs-s^-^  ,\s-  -v*v-^*  :lv  jciis  and  look  at  the  other  face; 
x\v^.N  v  ;S'  ^t-.x>.  ^>.x>.  irHix^io  the  form  of  the  surface 
xvsN\>«^.'^s>>  ;*»:v^'^*\>^  r^*  lie  c^o-  and  the  combination wi 

^  ^v  '^.^'vx^c  i.>  Yv^-^^:,'C»c^t,  that  light  proceeds  across 
■V  A^N^     •■^^•v   -"^T ,  ,v  Vci.  liciin  ibe  names  and  forms  rf 


»    % 


^ 


^     '•\^«»*.*  ■^■. '.•   •      ^A"    •  I  ".It 'if.      •■HOiW^. 


\ 


■  • . 


■^ 


*t.l 


I 
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ing  to  the  rule  above  given,  would  be  a  convexo-concave ;  but 
having  very  different  properties  from  a  lens  of  that  descrip- 
tion, it  13  distinguished  by  the  name  of  meniscus. 

46,  To  find  the  geometrical  focus  of  a  small  pencil  of  di- 
verging  rays  refracted  through  a  concauo-conve-v  lens,  t/ie  thickness 
of  which  is  neglected. 

Let  r,  9  be  the  radii  of  the  surfaces  of  the  leas. 

u  the  distance  from  the  lens  of  the  focus  of  incidence. 
r  of  the  focus  after  re- 
fraction through  the  first 
surface. 

V     through  the  second. 

Then,  by  Art.  34,  we  have 

^^'^  <■). 

Now  the  rays  fall  upon  the  second  surface,  as  if  they  came 
from  the  geometrical  focus,  the  position  of  which  is  deter- 
mined by  equation  (l);  but  they  emerge  from  the  medium 
of  which  the  lens  is  formed  into  vacuum,  therefore  in  adapt- 
ing the  formula  to  this  case  we  must  write  —  instead  of  ft, 

M 
(Art  9.  Cor.);  hence,  for  the  second  siu*faee,  ^ 


(2). 


Adding  (1)  and  (2),  we  have 

which  is  the  formula  required,  and  gives  v  when  u  is  known. 

4G.     The  investigation   is  quite   similar  for  tlic  case    uf 
converging  or  parallel  rays,  or  for  any  other  species  of  lens. 
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We  have  taken   tlie  particular  case  of  rays  diverging  < 
concavo-convex  lens,  because  in  it  all  lines  are  measure) 
the  same  direction,  namely,  towards  tlie  source  of  U^t  i  1 
formula  for  any  other  lens  may  be  deduced,  by  attendin^J 
the  convention  already  explained  respecting  tbe  minuf  a* 


47.     If  we  make  «  = 


,  we  obtain 


.(„- 


the  point  thus  determined  is  called  the  principal  JbffuiS 
more  briefly,  the  foctis,  of  the  lens.  The  distance  of  ^ 
point  from  the  lens  is  called  its  focal  length,  and  if  we  den 
it  by  f,  we  shall  have 


i=(«- 


') 


On  examining  this  expression  it  will  be  seen,  that  the  first 
Bve  lenses,  enumerated  in  Art.  44,  have  their  focal  lengths 
positive,  and  the  last  four  negative ;  that  is  to  say,  if  parallel 
rays  be  incident  upon  either  of  the  first  five,  they  will  divtrye 
after  refraction,  if  upon  either  of  the  last  four,  they  will  «>»i- 
vcrge.  Hence,  lenses  divide  themselves  naturally  into  two 
classes,  which  may  be  distinguished  by  the  algebraical  sign  of 
/;  those  for  which/is  positive  may  be  described  in  general  as 
concave  lenses,  and  those  for  which  it  is  negative  as  oonvtr. 
So  far  OS  the  purpose  of  this  treatise  is  concerned,  we  shall 
distinguish  the  lenses  used  in  optical  instruments  only  by  thi» 
general  ehaittter ;  when  greater  refinement  is  sought,  tbore 
are  other  ci^raderations  which  render  the  use  of  porttcalar 
lenses  in  particular  cases  desirable. 

48.  It  is  manifest  that  a  lens  will  prodtice  the  same  ef- 
fect, whichever  face  is  presented  to  the  incident  light,  since 
the  formula  which  determines  the  position  of  the  geometricnl 
focus  is  not  altered  by  supposing  the  face  changed.  Also,  it 
appears,  that  a  lens  has  two  principal  foci ;  for  whichever  face 
of  the  lens  is  exposed  to  parallel  rays,  the  rays  will  have  the 
same  geometrical  focus,  and  therefore  a  point  on  the  axis  of 
the  lens,  and  at  a  distance  /  from  it  un  either  side  of  the  Icna, 
may  be  called  its  principal  focuH,  and  parallel  rays  will  have 
one  focus  or  the  other  as  their  geometrical  focus,  ac<,>ordiii|r 
4»  tluio  IkU  ott  WM  liuM)  of  Uu  fUaa  or  Ute  oUi«r. 
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49,      To  trace,  tM  corresptrndinff  positions  of  t!ie  amjujate 
,  Joci,  for  a  concave  Ujis, 

The  formula  wliich  determines  the  positioa  of  q  is, 


t^ince  the  difference  of  -  and  --  is  constant,  -  and  -  must 

r  increase  and  decrease  together,  and  the  same  will  be  true  of 
r  V  and  «;  hence  Q  and  q  move  always  in  the  same  direction. 

Let  F  and  /  be  the  foci  of  the  lens,  which  are   at  a  dis- 
[  tance  /  from  A.     Then, 


(1)  Let  Q*be  at  an  infinite  distance  to  the  right  or 
I  or  the  incident  rays  bo  parallel ;  then  q  is  at  F.  because  when 
Pti  K  X  ,  V  =/,  and  the  rays  are  divergent. 

(2)  Let  Q  move  towards  A ;  then  q  moves  in  the  same 
^direction,  and  at  A  they  coincide,  because  wfien  u-aO,  f  >0. 

(3)  Let  Q  move  to  the  left  of  A ;  then  q  also  movea  to 
the  left  of  A,  and  when  y  has  reached  f,  ^  is  at  an  infinite 
distance,  because  when  u=—f,  v  =  xi  ,  and  the  refracted  rays 
are  parallel. 

(|.)  Let  Q  move  to  the  left  of/;  then  q  movea  up  in 
the  same  direction  from  an  infinite  distance  on  the  right  of 
A,  and  when  Q  is  at  an  infinite  distance,  q  is  at  F,  because 
when  «  ■  00  ,  V  mf. 

Q  and  q  are  now  in  the  same  positions  as  at  first,  and  we 
k  have  therefore  traced  all  their  corresponding  positions. 

In  the  figure  we  have  represented  a  double  concave  lens, 
^but  tJie  same  investigation  is  apphcable  to  all  lenses  for  which 

28— 
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/is  positive    On  account,  of  the  importance  to  the  Btudent 
perfect  familiarity  with  the  relative  positions  of  the  conju^tQ 
foci,  wc  shall  consider  at  length  the  case  of  a  convex  lens,   or 
in  general  of  a  lens  for  which /is  negative. 

60.      To  trace  the  corresponding  posttiona  of  the  conjtu 
foci,  far  a  convex  tens. 

The  formuLi  which  determines  the  position  of  g  is,  ' 


Q  and  q  move  in  the  same  direction,  as  before.  Xiet  J 
be  the  foci  of  the  lens,  which  are  at  a  distance  /  t 
Then, 

(1)  Let  Q  be  at  an  infinite  distance  to  the  right  otA 
or  the  incident  rays  parallel ;  then  q  is  at  F,  because  when 
«  =  Qc,  V  <=  —  f,  and  the  refracted  rays  are  convergcnL 

(2)  Let  Q  move  towards/;  then  q  moves  to  the  left  ol 
J",  and  when  Q  has  reached  /,  q  is  at  an  infinite  distance, 
cause  when  u  =f,  v  =  a>,  and  the  refracted  rays  arc  parallcL 

(3)  Let  Q  move  from  /  towards  A ;  then  q  moves  uji 
from  an  infinite  distance  on  the  right  of  the  lens  towards  .  ' 
and  at  A  they  coincide,  because  when  u  -  o,  vo. 

(+)  Let  Q  move  to  the  left;  of  A  ;  then  q  alao  morec  ' 
the  left  of  A,  and  when  Q  is  at  an  infinite  distance,  7  is  at . 
because  when  u  —  00,  r  =  —/ 

Q  and  q  arc  now  in  the  same  positions  as  at  first,  ai 
therefore  wc  have  traced  all  llieir  corresponding  jiositions. 


SI.     In  cxamini 


ig  the  [ircceding  investigations,  it  will ' 
always  diminishes 
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gCHQcy"  or  increases  the  divergency  of  rays,  and  that  the 
convex  lens  has  exactly  the  reverse  effect.  This  very  im- 
portant property  of  lenses  admits  however  of  simple  direct 
proof,  as  in  the  following  proposition. 

^  62.  A  concave  Una  diminis/ies  tfie  convergence  or  increases 
the  divergenfj/  of  a  pencil  of  rags,  and  a  convex  lens  produces  the 
opposite  effect. 

For  the  concave  lens, 


Suppose  u  positive,  or  the  incident  rays  divergent,  then  - 

is  greater  than  -  ,  or  v  less  than  tt ;  therefore  the  geometrical 

focus  is  nearer  to  the  lens  than  the  focus  of  incidence,  or  the 
refracted  rays  are  more  divergent.     If  m  is  negative,  or  the 

I  incident  rays  convergent,  v  is  either  positive  or  a   greater 
negative  quantity  than  m;  therefore  the  refracted  rays  are 
«ther  divergent,  or  less  convergent  than  the  incident. 
For  the  convex  lens, 
Sill 


From  the  discussion  of  which  equation,  the  opposite  con- 
lusions  to  the  above  arc  deduced.     Hence  the  proposition 
is  true. 


53.  When  reflexion  takes  place  at  a  spherical  surface, 
it  is  evident  that  a  ray  which  passes  through  the  centre  of 
the  sphere  suffers  no  deviation,  because  it  falls  upon  the 
surface  in  a  direction  coinciding  with  the  normal  at  that 
point:  there  is  a  similar  point  on  the  axis  of  a  lens,  through 
which,  if  the  direetiou  of  a  ray  during  its  course  through  the 
lens  pass,  it  will  emerge  parallel  to  the  direction  of  incidence, 
and  therefore  if  we  neglect  the  thickness  of  the  lens,  will 
suffer  no  deviation :  this  point  by  analogy  is  called  the  centre 
of  the  lens. 
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54.      To  find  the  centre  of  a  lens. 
Let  the  lens  be  concavo-convex.     O  O'  the  centres  of  tite 
firat  and  second  auifaces  respectively. 


Draw  any  line  OP  to  tlie  first  surface,  and  O*/**,  parallel 
to  OP,  to  the  second  surface ;  join  PP ;  and  let  BPT'D  be 
the  course  of  a  ray  through  the  lens ;  produce  PP  to  meet 
the  axis  in  C, 

Then,  since  OP,  (fP  arc  parallel,  the  planes  perpen- 
dicular to  them  are  parallel,  and  therefore  the  ray  BPP^D 
passes  as  through  a  medium  bounded  by  parallel  surfaces,  and 
PD  is  parallel  to  BP. 

Again,  by  Bimilar  triangles,  CPO,  CPCf, 

co^     cor 

PO  '  P& ' 


-AC 


'AC 


where  (  U  \ 


thickness  of  the  lens ; 


This  formula  determines  the  position  of  C,  the  centre  of 
the  leoa,  which,  as  we  see,  depends  on  the  form  of  the  leoa 
only. 

55.     If  the  surfaces  of  the  lenses  bare  their  ooovcxitf 
turned  in  opptmitc  directions,  that  is,  if  r  and  n  have  differ 
algebraical  signs,  the  distance  AC'v  very  small  when  i  in  i 
email;  and  hence,  in  the  case  of  double  convex  or  T 
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concave  lenses,  which  are  very  thin,  we  may  consider  in  prac- 
tice that  the  centre  coincides  with  the  middle  point  A  of  the 
lens,  and  therefore  that  a  ray  passing  through  A  suffers  no 
deviation. 

But  the  centre  of  a  concavo-convex  or  of  a  meniscus  lens 
may  be  at  a  considerable  distance  from  the  lens,  if  r  and  a 
be  nearly  equal. 

56.  Sometimes  two  lenses  are  placed  on  the  same  axis, 
and  very  near  to  each  other,  so  as  to  serve  the  purpose  of 
one  lens :  the  focal  length  of  the  lens,  which  would  produce 
the  same  effect  on  a  pencil  of  rays  as  the  two  together,  is 
called  the  focal  length  of  the  combbiation, 

67.  To  find  the  focal  length  of  a  combination  of  two 
lenses^  omitting  their  thickness. 

Let  ff  be  the  focal  lengths  of  the  lenses,  F  that  of  the 
combination. 

Suppose  rays  to  diverge  from  a  point  at  distance  u  from 
the  first  lens,  and  let  V  be  the  distance  of  the  geometrical 
focus;  from  this  focus  rays  diverge  upon  the  second  lens, 
let  V  be  the  distance  of  the  geometrical  focus  after  this 
second  refraction. 

Then  we  have. 


adding  these  equations. 


1      1      1 

»  /■ 

f"«"7' 

y 

111 

and---=^; 

ons, 

1111 

V      u^f     7* 

But  if  the  rays  diverged  upon  a  lens   of  focal   length 
F,  the  formula  would  be 

1      j_      1 
V      u      F* 


Hence,  in  order  that  this  leos  may  be  equivalent  to| 
combination,  we  must  have 


1 


1 


I 


P     f     f 

If  the  first  leng  be  concave,  and  the   second  convex,  we 
should  have  in  like  manner. 


I 


1 


1 


F     f     f 
and  BO  in  other  cases. 

A  aimilar  investigation  is  applicable  to  three  or  more 
lenses. 

[58.  The  preceding  articles  contain  a  sufficient  investi- 
gation of  the  properties  of  lenses  for  the  purposes  of  this 
treatise;  but  as  in  the  cose  of  refle?Lion  and  refraction  at  s 
spherical  surface,  we  shall  subjoin  one  or  two  propositioDS, 
which  differ  from  some  of  those  already  given  only  in  tlie 
mode  of  emmclation  and  the  method  of  demonstration. 

59.  To  determine  btf  geometrical  c&mtruction  the  principal 
focus  of  a  lens  of  inconsiderable  thickness. 

We  shall  give  the  6gure3  for  two  cases,  the  double  codtox 
and  double  concave  lens. 


Let  BAIT  be  a  lens,  A  its  centre,  O,  O'  the  centres  otxi 
first  and  second  surface  respectively.  Let  QA  bo  the  axis  of 
a  small  pencil  of  partUIel  rays,  incident  very  nearly  parallel  to 
the  axis  of  the  lenH  ;  then  the  ray  QA  passes  through  the  Icnc 
without  deviation,  and  therefore  the  focus  of  the  refracted 
rays  is  upon  Q,A  w  QA  produced. 


KEFRACTIOS  TIlROUGn  A  LENS. 


441 


Through  O  draw  OP  parallel  to  QA,  and  let  it  meet  the 
first  surface  in  M,  then  the  ray  FM  of  the  incident  pencil 
suffers  no  deviation  at  the  first  surface.  In  OP  or  OP  pro- 
duced take  MV  =  fiOV;  join  VO'  and  produce  it,  if  neces- 
sary, till  it  cuts  QJ,  or  QA  produced,  in  G,  and  the  first  and 
second  surface  in  S  and  2"  respectively.  Draw  SR  parallel 
to  QJ. 


Then  all  the  rays  in  the  small  pencil  PMSR,  will,  aflfir 
the  first  refraction,  converge  to  or  diverge  from  V ;  and  in  tliis 
^_  etatc  they  will  fall  upon  the  second  surface ;  but  of  this  pencil 
^K  the  ray  ST  suffers  no  refraction,  since  its  direction  passes 
^^^^rough  0'  I  therefore  the  focus  of  refracted  rays  will  be  upon 
^K  5r  produced. 

But  the  focus  of  refracted  rays  is  upon  QJ,  or  QA  pro- 
duced; hence  the  focus  of  refracted  rays  is  G,  the  point  of 
I  intersection  of  QJ  and  57'  produced. 
By  similar  triangles  OVO',  JG&,  we  have 
GO'  :  OV  ::  AG'  :  AG; 
: 
Ca 


■which  detenninoa  the  distance  of  the  principal  focus  from  tlie 
Kcentrc  of  the  lens. 


When  a  small  pencU  of  diverffiny  or  eonveri/inff  raya 

I  i»  incident  directly  upon  a  lens  ;  tlui  distance  of  tlis  focus  of  tnct- 

f  tUnt  rays  from  the  centre  of  the  lens  is  a  mean  proportional 

between    tite  distances    of   the  same  point  from  the  princijial 

'  focus  of  rays  coming  in  the  opposite  direction  and  the  ffeometn- 

cat  focus. 

In  this,  as  in  the  preceding  proposition,  we  shall  give  the 

5  for  the  double  convex  and  double  concave  lens. 
Let  -DAI/  be  the  lens,  A  its  centre,  y  the  focua  of  inci- 


dent  ra.ys.    Let  QP  be  any  ray  incident,  making  a  vetyj 


angle  with  the  axia.     Let  PH  be  the  emergent  ray,  g  the 
point  in  which  PI/  produced  cuts  the  axis  of  the  lens. 

Take /the  principal  focus  of  rays  coming  in  the  opposite 
direction ;  with  centre  A,  and  distance  -J/,  describe  a  circular 
arc  fG,  meeting  QP  or  QP  produced  in  G.     Join  GA. 

Then  G  is  the  principal  focus  of  a  pencil  of  rays  incident 
from  the  left  (as  the  figures  are  drawn)  parallel  to  GJ.  Con- 
sequently any  ray  incident  from  the  left  parallel  to  GJ  will 
after  refraction  through  the  lens  pass  through  G.  And  there- 
fore, conversely,  any  ray  proceeding  from  the  right,  and 
passing  through  G,  will  after  refraction  be  parallel  to  GA. 
But  QP  proceeds  from  the  right  and  passes  through  G,  t 
Pq  ia  itH  direction  aft«r  refi-action ;  hence  P<]  is 
GA.     Therefore  GAQ,  PqQ  are  similar  triangles; 

.-.  QG  :  QA  ::  QP  :  Qq; 
or  ultimately     Qf  :  QA    ::  QA  :   Qij. 
It  is  almost  unnecessary  to  remark,  that  from  the  i 
of  this  and  the  preceding  article,  tlie  fundamental  rormal 
Art.  45   may  be  deduced.     The  student  will   fintl  it  a  j 
exercise  to  deduce  the  one  from  the  other.] 


ON   IMAGES  FORMED  BY  REFLEXION  OR 
REFRACTION. 

01.     When  light  is  incident  from  a  luminous  point  i 
a  reflecting  or  refracting  surface,  or  upon  a  combinatiot 
Burfaces,  whether  plane  or  spherical,  the  investigations  of  I 
preceding  pages  enable  us  to  determine  the  focua  of  the  i 
fleeted  or  refracted  rftyji ;  tiiul  the  focus  no  deterRiined  ia  •% 
be  considered  as  the  image  of  the  luminous  point,  that  le,  4 
rays  will  proceed  f>om  it  as  from  a  luminous  point,  j 
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will  therefore  produce  the  same  efl'ect  upon  our  or^ns  of 
vision  as  an  actual  luminous  point.  Our  investigations  only 
apply  strictly  to  the  case  of  an  indefinitely  small  conical 
pencil  of  rays,  incident  directly  on  tlie  reHecting  or  refracting 
surface,  that  is,  having  its  axis  coincident  with  the  axis  of  the 
surface  ;  if  the  incidence  be  oblique,  that  is.  if  the  axis  of  the 
pencil  be  inclined  at  some  angle  to  the  axis  of  the  surface, 
the  reflected  or  refracted  pencil  will  manifestly  be  altered  in 
its  form,  and  our  forraulfo  will  not  be  strictly  correct.  Never- 
theless, since  in  practice  the  obHquity  is  generally  small,  and 
since  the  consideration  of  tlie  general  question  of  the  form  of 
oblique  pencils  would  lead  us  into  calculations  more  compli- 
cated than  we  desire  to  introduce  into  this  treatise,  we  shall 
suppose  that  the  formulre  already  established  for  direct,  will 
also  hold  for  oblique  incidence ;  a  suppomtiou  which  the 
student  will  bear  in  mind  is  only  approximately  true. 

62.  Having  then  solved  the  problem  of  finding  the  image 
of  a  point,  wc  may  now  proceed  to  consider  the  more  general 
one  of  finding  the  image  of  any  object  formed  by  reflexion  or 
refraction.  We  may  conceive  any  object  to  be  made  up  of 
physical  points,  each  of  which  is  a  focus  of  incidence,  and  has 
a  corresponding  focus  of  reflexion  or  refraction  ;  if  then  we 
construct  the  geometrical  foci,  corresponding  to  all  dilfcrent 
points  of  the  object,  we  shall  have  the  image  of  the  object 
required. 

We  shall  confine  our  attention  almost  exclusively  to  the 
case  of  the  image  of  a  small  straight  line,  because  this  is  the 
simplest  figure  which  the  object  can  have,  and  the  determina- 
tion of  the  image  in  this  case  will  be  sufficient  for  our  purpose, 
when  we  come  to  apply  our  results  to  the  construction  of 
optical  instruments. 

.  We  shall  first,  however,  shew  how  to  apjily  our 
^formula  to  the  finding  of  the  image  of  a  point,  from  which 
I. the  rays  full  obli{|uely  on  a  mirror  or  a  lens. 

Let  BAB"  be  a  concave  splierical  mirror,  and  AO  its  axis. 
IXet  Q  be  a  luminous  point  not  on  the  axis  of  the  mirror. 
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Draw  QOP  through  the  centre  O  of  the  mirror,  and  take  q 
such  that 


1         1 
Pq  '^PQ 


2 


then  q  will  be  the  image  of  Q. 

The  position  of  q  may  be  determined  very  easily  and  suf- 
ficiently nearly  for  many  purposes,  by  means  of  the  investi- 
gation of  Art.  22.  Bisect  OP  in  /,  then  if  Q  were  at  an 
infinite  distance  q  would  be  at/;  but  as  Q  moves  towards  O, 
q  also  moves  towards  O,  therefore  when  Q  has  the  position 
given  to  it  in  the  figure,  q  is  somewhat  between  /  and  O.  In 
like  manner,  if  Q  were  between  O  and  /,  q  would  be  on  PO 
produced ;  and  if  Q  were  between  /  and  P,  q  would  be  on  OP 
produced. 

In  like  manner  we  may  find  the  image  of  a  luminous 
point  in  the  case  of  a  convex  mirror. 

64.  Next  let  us  consider  a  lens.  Let  BJB^  be  a  double 
convex  lens ;  Q  a  Imninous  point  not  on  its  axis.     Let  A  be 


the  centre  of  the  lens,  which,  on  account  of  the  thinness  of 
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the  lens,  we  may  suppose  to  be  any  point  of  that  portion  of 
it's  axis  which  lies  within  the  lens ;  for  dtstiuctness'  sake,  we 
will  suppose  the  centre  to  be  the  point,  in  which  tlie  hne 
joining  B  and  if  cuts  the  axis.  Draw  QAq  through  the 
centre  of  the  lens ;  then,  by  the  property  of  the  centre,  this 
ray  will  undergo  no  deviation,  and  consequently  the  image 
of  Q  must  be  somewhere  on  the  line  QAq.  If  we  suppose 
the  formula  proved  in  Art,  45,  to  apply  to  this  ease  of  oblique 
incidence,  the  distance  {A  q)  of  the  image  from  A  will  be 
given  by  the  formula, 


Aq      JtJ  /■ 

But,  as  in  the  case  of  reflexion,  we  m.iy  determine  the 
position  of  9  sufficiently  nearly  for  many  purposes,  by  consi- 
dcringthat  if  ^Q  ■=/,  (the  focal  length  of  the  lens,)  7  is  at  an 
infinite  distance  from  J,  and  that  as  Q  moves  away  from  A, 
q  moves  from  the  left  towards  A,  and  v^ill  have  some  position 
to  the  left  of  F. 

In  like  manner,  we  may  determine  the  image  of  a  lumi- 
nous point,  in  the  cose  of  a  double  concave  or  any  other  lena. 

65,  The  same  method  may  be  adapted  to  the  case,  in 
which  a  small  pencil  of  rays  falls  fxcentrically  on  a  lens,  that 
is,  in  which  the  axis  of  the  incident  pencil  docs  not  pass 
through  the  centre  of  the  lens.  For  we  may  conceive  a 
complete  pencil,  having  its  axis  passing  through  the  centre, 
to  fall  upon  the  lens,  and  we  may  determine  the  image  in 
this  case,  and  the  same  will  be  the  position  of  the  image 
when  the  pencil  is  so  restricted  tliat  it  becomes  cxccntricol ; 
the  difference  will  be,  that  there  will  be  fewer  rays  diverging 
from,  or  converging  to,  the  geometrical  focus. 

Suppose,  for  instance,  a  very  small  exeentrical  pencil  falls 
from  Q  on  the  portion  aa'  of  a  double  convex  lens  BAU: 
[-draw  HAq  through  the  centre  of  the  lens,  and  take  q  sQch  that 


Aq      AQ  f 

Bllicn  the  rays  incident  from  §  will,  after  refraction  through 
1  the  lens,  converge  to  q. 
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If  JQ  "f,  Aq  s  00  ,  and  the  refracted  rays  are  paraDd; 
hence,  when  a  small  pencil  of  rays  is  incident  on  a  conTex 
lens  from  a  point  at  a  distance  from  it  equal  to  its  focal 
length,  we  must  draw  a  line  through  the  point  and  the  centre 
of  the  lens,  and  the  rays  will  emerge  parallel  to  that  straight 
line. 


66.  A  similar  method  is  applicable  to  a  small  excen* 
trical  pencil,  incident  on  a  mirror.  A  pencil  is  in  this  case 
said  to  be  excentrical,  when  the  point  in  which  its  axis  meets 
the  mirror  is  not  that  in  which  the  axis  of  the  mirror* 
meets  it. 

I^et  Q  be  the  origin  of  a  small  pencil,  incident  on  the 
small  portion  a  a  of  the  mirror.     Draw  QOqP  through  the 


centre  O  of  the  spherical  surface,  and  take  the  point  q  such 

that 


1 


Pq      PQ      r' 

*  By  the  axis  of  the  mirror  is  to  be  understood  here  the  line  drawn  (Vom  the  ccnti*  of 
the  spherical  surface  to  the  central  point  of  the  mirror;  the  mirror  itaelf  being  a  portieo 
of  a  sphere  cut  off*  bj  a  plane. 
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then  the  rays  of  the  small  exceiitrical  pencil  will,  after  re- 
flexion, converge  to  q. 

67.  We  are  now  prepared  to  consider  the  formation  of 
the  image  of  a  straight  line,  placed  before  a  reflecting  surface, 
or  before  a  lens. 

The  image  of  an  object,  placed  before  a  plane  reflector, 
will  manifestly  be  precisely  similar  to  the  object,  and  each 
point  of  the  image  will  be  as  far  behind  the  mirror,  as  the 
point  of  which  it  is  the  image  is  distant  from  the  mirror. 
This  follows  at  once  from  Art.  12. 

When  a  small  straight  line  is  placed  before  a  spherical 

§  mirror,  its  image,  that  is,  the  locus  of  the  geometrical  foci 

tecorresponding  to  the  different  points  of  it,  will  evidently  not 

rbe  a  straight  line.     If  the  line  be  indefinitely  distant  from 

the  mirror,  the  image  will  evidently  be  a  small  arc  of  a  circle; 

in  other  cases  it  may  be  shewn   to  be  a  portion  of  a  conic 

section,  but  this  we  t«hall  not  do,  since  we  shall  not  be  con- 

,  cerned  with  the  particular  form  which  the  image  assumes :  if 

nowevcr  the  object  be  supposed  to  be  extremely  small,  it  will 

Pile  sufficient  to  consider  its  image  to  be  also  a  straight  line, 

Mnd  the  only  point  with  which  we  shall  engage  ourselves  will 

;  the  determination  of  the  position  of  this  straight  line. 

i.     Wc  shall  here  give  results,  which  the  student  will 
lave  no  difficulty  in  verifying  for  himself. 

Concave  Mirror.  \\'hen  the  object  is  at  a  distance  from 
the  mirror  greater  than  its  radius,  the  image  will  be  small, 
inverted,  and  between  the  centre  and  principal  focus.  When 
the  object  is  between  the  centre  and  principal  focus,  the 
image  will  be  magnified,  inverted,  and  at  a  distance  from  the 
mirror  greater  than  its  radius.  When  the  object  is  between 
the  principal  focus  and  the  mirror,  the  image  will  be  mag- 
uiifled,  erect,  and  behind  the  mirror. 

W  Convex  Mirror.  The  image  will  always  be  small,  erect, 
"behind  the  mirror,  and  between  the  mirror  and  its  principal 
focus. 

Concave  Lent.     The  image  will  be  small,  erect,  on  the 


eame  side  of  the  lens  as  the  objeot,  and  between  the  leni 
its  principal  focus. 

Conv&v  Lens.  When  the  object  is  at  a  distance  from  the 
lens  greater  than  its  focal  length,  the  image  is  on  the  op|>oMte 
sUle  of  the  lens,  inverted,  and  at  a  distance  from  the  lens 
greater  than  its  focal  length,  "NVhen  the  object  is  betwa 
the  lens  and  its  principal  focus,  the  image  is  erect,  and  c 
same  side  of  the  lens  as  the  object. 


ON  THE   EYE. 


69.  The  theory  of  the  formation  of  images,  Tvhtch  i 
have  been  explaining,  is  applicable  to  the  explanation  of  tile 
construction  of  the  eye ;  which,  to  take  the  simplest  riew, 
may  be  conceived  of  as  a  convex  lens,  by  means  of  which, 
images  of  external  objects  are  formed  upon  a  screen  behind 
it,  these  images,  affecting  the  brain  by  means  of  nerves,  and 
in  some  inexplicable  manner  conveying  to  the  mind  the  a 
of  vision. 

70.  The  figure  represents  a  hori- 
zontal section  of  the  human  eye ;  its 
general  form  is  spherical,  but  the 
front  BAB"  is  more  convex  than  the 
rest. 

The  outer  coat  is  called  the  acU- 
rotica,  and  is  white  and  opaque,  except 
in  the  front,  which  is  occupied  by 
the  transparent  convex  portion  BAB 
called  the  cornea. 

The  interior  of  the  sclerotica   is  lined  with  n  eofl  thin 
coat,  called  the  choroid  membrane;   at   the  junction  of  lihia 


membrane  with  the  sclerotica  arises  the  ■ 


opaque 


membrane,  having  an  aperture  aa'  in  its  centre  called  the 
pupil,  through  which  light  enters  the  eye,  and  by  the  spoo. 
taneoua  enlargement  and  diminution  of  which  the  quantity 
of  light  admitted  is  regulated.  Tlie  diameter  of  the  papil 
varies  from  about  ^V  ^^^  to  ^  th  of  an  inch. 
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The  interior  of  the  choroid  raetubrane  is  covered  with  a 
black  substance  called  the  piijmentum  nigrum,  the  office  of 
which  is  to  absorb  stray  rays  of  light,  and  so  prevent  inter- 
nal reflexions,  which  would  be  the  source  of  much  confusion. 
At  the  back  of  the  eye,  and  imbedded  in  the  pigmentura 
nigrum,  is  the  retina ;  the  retina  is  a  network  of  very  fine 
nervcH,  which  branch  off  from,  and  may  be  looked  upon  as  a 
continuation  of,  the  optic  nerve,  which  proceeding  directly  from 
the  brain  enters  at  O,  on  the  side  of  the  eye  next  the  nose. 

CC  is  a  soft,  transparent  substance,  in  the  form  of  a 
double  convex  lens,  and  called  the  crystalline  Urns. 

The  space  between  the  crystalline  lens  and  the  cornea  is 
filled  with  a  transparent  fluid  resembling  water,  and  called  the 
a(fii£ous  humour.  That  between  the  crystalline  and  the  retina 
is  filled  with  another  humour,  called  the  vitreotis  humour.  The 
refractive  indices  of  these  humours  differ  very  little  from  that 
of  water. 

71.  When  a  pencil  of  light  divet^s  from  a  luminous 
point  upon  the  exterior  surface  of  the  eye,  it  suffers  refraction 
at  the  cornea,  and  again  at  the  surface  of  each  successive 
humour  through  which  it  passes,  and  by  the  combined  re- 
fraction of  all  is  made  to  converge  to  a  point  upon,  or  very 
near  to,  the  retina.  In  like  manner  the  image  of  an  external 
olyect  is  formed  upon  the  retina,  each  point  in  the  object 
having  its  corresponding  point  in  the  image. 

72.  The  focal  length  of  the  eye  is  not  constant,  but  is 
varied  instinctively  by  the  eye,  so  as  to  adapt  itself  to  vision 
at  different  distances.  The  shortest  distance  to  which  the  eye 
can  adjust  itself  varies  in  different  persons,  and  is  caJled  the 
least  distance  of  distinct  vision;  with  regard  to  vision  of  distant 
objects,  the  mi^jority  of  persons  can  see  when  the  object  is  at 
such  a  distance  that  the  rays  from  it  may  be  considered  to  be 
parallel  to  each  other,  but  some  eyes  reciuire  the  rays  entering 
them  to  have  a  certain  degree  of  divergency :  in  general, 
however,  we  say  that  rays  of  light  are  fitted  to  produce  distinct 
vision,  when  they  are  parallel  to  each  other.  It  may  be  ob- 
served, that  no  eye  can  sec  by  means  of  rays  having  the 
smallest  amount  of  eoQvergency. 
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73.  The  eyes  of  animals,  though  agreeing  la  i  _ 
are  different  in  many  of  their  details  from  those  of  men  ;  the 
difference  being;,  in  general,  such  as  can  be  accounted  for,  by 
consideration  of  the  different  circumstances  of  Wsion,  to  which 
it  is  desirable  that  they  should  be  adapted ;  but  tlie  student, 
who  desires  information  on  this  head,  must  consult  other  works 
on  tlie  subject. 

74.  We  shall  now  explain  and  illustrate  with  figures  M.  few 
cases  of  actual  vision  ;  and  for  distinctness'  sake  we  Bhull  first 
consider  the  object  viewed  as  a  point,  and  secondly  as  of  finite 
dimensions. 

75.  MHien  rays  diverge  from  a  luminous  point  they  di- 
verge in  all  directions;  and  if  an  eye  be  exposed  to  the  ra}! 
it  will  select  a  small  pencil  of  them,  limited  by  the  magnitude 
of  the  aperture  of  the  pupil,  and  provided  the  olyect  be  not 
within  the  least  distance  of  distinct  vision  the  small  pencil  will 
be  made  to  con^■ergc  to  a  focus  on  the  retina. 

Tliis  ^vill  be  fully  explained  by  the  figure. 


76.     Again,  supjiosc  tlic  object  viewed  to  be  not  > 
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but  a  small  object ;  ihen  what  was  true  of  the  single  point  will 
be  true  of  each  physical  jioint  in  the  object,  and  an  iuiage  will 
be  formed  on  the  retina  as  in  the  figure. 

L  77.  It  will  be  observed  from  the  last  figure  that  the 
^linage  upon  the  retina  is  necessarily  inverted  with  respect  to 
the  object,  and  hence  some  persons  have  perplexed  themselvea 
by  inquiring  why  objccta  do  not  appear  to  us  inverted.  The 
apparent  difEeulty  suggested  seems  to  rest  entirely  upon  the 
confusion  of  two  things  which  are  very  different,  namely,  the 
formation  of  an  image  on  the  retina,  and  the  perception  of  an 
external  object  by  the  mind  through  the  medium  of  that  image. 
Until  some  light  is  thrown  upon  the  mysterious  agency  by 
which  the  mechanical  impression  upon  the  retina  is  transmuted 
into  the  sense  of  sight,  it  would  appear  to  be  idle  to  inquire 
into  the  connexion  between  an  inverted  image  on  the  retina, 
and  the  impression  of  an  erect  object  on  the  mind ;  in  fact  it 
must  be  demonstrated  that  there  is  a  difficulty  before  we  can 
be  called  upon  to  explain  it. 

78.  Next,  let  us  consider  the  case  of  vision  after  re- 
flexion at  a  plane  surface. 

Let  Q  be  a  luminous 

it,  q  the  focus  of  re- 
flected rays,  ^  an  eye  in 
any  position.  Then  Q  will 
be  seen  by  means  of  a  small 
cone  of  rays  having  q  for 
its  vertex,  and  the  aperture 
of  the  eye  for  its  base ; 
and  the  actual  course  of  the  pencil  from  Q  will  be  as  in  the 
figure. 

79.  If  instead  of  a  single  luminous  point  we  were  to  take 
ran  object  of  6nite  dimensions,  then  each  point  of  the  object 
I  would  he  seen  by  means  of  a  pencil,  the  course  of  which 
\  would  be  found  as  in  the  preceding  case. 

80.  As  another  example  let  us  take  the  case  of  a  lumi- 
■lious  point  between  two  mirrors,  as  in  Art.  fid,  and  trace  the 
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penc3  bv  means  of  which  the  luminous  point  will  be  seen  after 
any  number  of  reflexions  bv  an  eje  situated  any  where  in  the 
plane  passing  through  the  point  and  perpendicular  to  the 
intersection  of  the  mirrors.  For  example,  let  us  trace  the 
pencil  after  three  reflexions. 


Let  Q  be  the  luminous  point,  Q^,  Qt»  Qs,  the  three  images 
found  as  in  Art.  ^ ;  E  the  eye.  Draw  a  line  from  J?  to  Qi; 
from  the  point  in  which  this  line  meets  one  of  the  mirrors 
draw  a  line  to  Qi ;  from  the  point  in  which  this  line  meets  the 
other  mirror  draw  a  line  to  Q. ;  and  from  the  point  in  which 
this  line  meets  the  first  mirror  draw  a  line  to  Q.  We  RJMin 
thus  have  obtained  the  course  of  a  ray  from  Q  to  the  eye 
and  the  pencil  can  be  drawn  as  in  the  figure. 

81.     As  a  last  example  we  will  consider  the  manner  in 
which  a  small  object  PQ  is  made  visible  to  an  eye  £,  (not 

B 
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very  dbtaiit  from  the  axis,)  after  reflexion  at  a  spherical 
surface  BAB. 

Let  O  be  the  centre  of  the  surface.  Join  PO,  QO,  and 
upon  them  (produced  if  necessary)  take  /),  j  the  geometrical 
foci  corresponding  to  P  and  Q.  Then  pq  will  be  the  image 
of  PQ.  To  determine  the  pencil  by  means  of  which  any 
point  as  Q  becomes  visible,  describe  a  cone  having  <j  for  its 
vertex  and  the  aperture  of  the  eye  for  its  base ;  the  cone  will 
intersect  the  surface  in  a  curve,  which  will  be  tlie  base  of  the 
cone  of  rays  from  Q  by  means  of  which  Q  becomes  visible. 


I 
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ON   DEFECTS  OP   SIOFTT. 

82.  Perfect  vision  requires  that  a  pencil  of  rays  incident 
on  the  cornea  should  be  made,  by  refraction  through  the 
Bevcral  humours  of  the  eye.  to  converge  accurately  to  a  point 
upon  the  retina.  Vision  will  therefore  be  imperfect,  when 
the  rays  converge  to  a  point  in  front  of  the  retina  and  then 
diverge  upon  it,  or  when  they  converge  to  a  virtual  focus 
behind  it.  The  resulting  defect  is  nearly  the  same  in  the 
two  cases,  for  in  both  the  image  of  a  point,  instead  of  being 
B  point,  is  a  small  circle  or  disk  of  light,  and  the  image  of  an 
object  is  therefore  formed  of  such  small  circles,  which,  over- 
lapping each  other,  produce  indistinctness  or  confusion. 

The  former  defect  is  that  of  ahortsigkt,  and  arises  from 
the  too  great  convexity  of  the  refracting  surfaces  of  the  eye. 
It  may  be  remedied  by  the  use  of  a  concave  lens,  which  will 
give  the  rays  the  degree  of  divergency  necessary  to  enable 
the  eye  to  bring  them  to  a  focus  upon  the  retina. 

The  latter  defect  is  that  of  l&ngidghl,  and  arises  from  the 
too  great  fliitnesa  of  the  refracting  surfaces  of  the  eye ;  it  is 
a  defect  usually  brought  on  by  old  age.  It  may  be  remedied 
Tjy  the  use  of  a  convex  lens,  which  will  cause  the  rays  to  enter 
ihe  eye  in  a  state  of  parallelism,  and  ao  to  be  fit  to  produce 
.^stinct  vision. 


CPT 


OS  JIELOS  THBijUGH  A  SINGLE   IJE2C3. 

93L      T'l  idtermina  ^  'Xmrb  mmiar  vkick  a  *nmm 

Lee  A  be  the  ceairre  of  the  Ie!x&  E  tiie  eye.  PQ 
QJ,  az>i  Lee  ^-j  be  die  cna^e  of  iV-     Join 


fj;  then 


\; 


f  £[p  is  the  azx^Ie  under  widch  the  oigecc  is  se^i  tlmx^h  the 


Let  PQ  «  X.  JP  -  «.  AE^'L  / »  the  tocml  length  of  the 
lens.  0  K  the  Tisial  angle. 

PQ       ^/> 


Then  tan  &^ 


PI        ^ 

AE^Ap''  AE^  Ap  AP 


\ 


^br  gw^n^T  tri* 


I  + 


Ap 


l^d 


(Art.  «•) 


Let  a  be  the  angle  under  whidh  the  object  wotdd  Inie 


been  seen  br  the  naked  eve,  then  tan  a 


•  +  rf' 


tan9 


m^d 


tana  ,      dm 

■  '^d'k'—r 
/ 

This  ntio  is  less  than  anxtr,  and  the  effect  is  tK^t   the 
object  appears  diwdmuked. 

If  we  had  taken  the  case  of  a  conxex  lens,  we  shooki  Inre 
that 

tan  0  m-hd 

tan  a  ,     dm* 
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If  u  +  <i  be  greater  than  —  ,  the  object  will  appear  mag- 

nified,  and  it  may  be  raagnified  to  any  extent.     But  if  —  be 

greater  than  u  +  d,  tan  6  will  be  negative,  and  the  image  will 
be  inverted  and  not  necessarily  magnified. 

84.  If  we  suppose  the  lens  so  adjusted  that  the  rays 
enter  the  eye  in  a  state  of  parallelism,  we  must  have  u  =f, 
and  then  (for  the  eonvex  lens), 


tan0_ 
tan  a 


I 


/+d~d         ^/' 
The  magnification  by  a  convex  lens 


fill   bo    therefore 


greater  as  —  is  greater ;  hence  it  has  been  proposed,  to  call 

the  quantity  ■-  the  power  of  a  lena. 

85.  A  very  small  convex  lens,  of  short  focal  length,  or  a 
very  small  sphere  of  glass,  may  be  used  as  a  magnifying  gloss 
in  a  way  slightly  differing  from  the  preceding.  When  an 
object  is  placed  very  near  the  eye,  a  magnified  image  is 
formed  on  the  retina,  but  on  account  of  the  too  great  di- 
vergency of  the  rays  the  eye  is  not  able  to  obtain  a  distinct 
perception  of  the  object.  If  now  a  very  smidl  lens,  not 
^^  exceeding  in  breadth  that  of  the  pupil  of  the  eye,  and  of 
^^focal  length  so  short  that  the  object  shall  be  in  ita  principal 


focus,  be  placed  close  to  the  eye,  the  raya  of  light  emerging 
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from  the  lens  will  be  parallel  to  each  other,  and  tliea  

to  produce  distinct  vision,  and  the  niagnificatioii  of  the  image 
on  the  retina  will  be  the  same  as  before.     The  rai,s  wUl 
tliiM  case  pass  eentrically  through  the  lens. 

The  fumiation  of  the  image  on  the  retina  in  this  ctu 
be  understood  from  the  above  figure. 

ON  THE  GENERAL  PRINCIPLE  OF  TELESCOPE 

86.  Wlien  a  small  object  at  a  great  distance  in  ^ 
by  the  naked  eye,  there  are  two  reasons  why  the  vision  is 
indistinct,  namely,  the  smallncss  of  the  angle  which  the  object 
subtends  at  the  eye  or  the  visual  angle,  and  the  small  quan> 
tity  of  light  which  comes  to  the  eye  from  any  point  of  the 
object.  The  ends  to  be  accomplished  therefore  by  an  instm- 
ment  used  for  viewing  di^jtant  objects  are  also  two.  namely,  to 
increase  the  visual  angle,  and  to  increase  the  quantity  of  \if^\A 
which  reaches  the  eye.  The  latter  is  accomplished  by  allovr- 
iug  the  rays  to  fall  upon  a  convex  lens,  called  the  objcct-gloas, 
which  collects  from  each  point  of  the  object  a  quantity  oi' 
light,  bearing  to  the  quantity  which  would  enter  the  naked 
eye,  the  ratio  of  the  area  of  the  object-glass  to  the  area  of  the 
pupil  of  the  eye ;  and  the  former  by  deflecting  the  rays 
through  a  system  of  lenses,  the  arrangement  of  which  varies  in 
telescopes  of  different  constructions.  In  some  telescopes  the 
rays  are  received  on  a  concave  reflector,  instead  of  a  convex 
lens,  but  the  principle  is  the  same. 

87.  It  may  be  seen,  without  any  dilBculty,  that  the  two 
defects  of  vbion,  which  are  to  be  remedied,  are  in  some 
measure  antagonistic.  For,  suppose,  that  from  a  very  small 
distant  object  a  certain  quantity  of  light  falls  on  the  object- 
glass  of  a  telescope,  then  the  magnifying  power  is  greater  in 
proportion  as  the  light  is  spread  over  a  larger  extent  of  the 
retina ;  but  the  brightness  of  the  illumination  of  tbe  retina  in 
greater  in  proportion  as  the  light  is  more  concentrated,  or 
spread  over  a  smaller  extent  of  the  retina ;  hence,  when  4 
image  is  forme^Dn  the  retina,  we  have  this  general  rclati^ 


brightness  of  the  image  o 


magniflcation  produced  * 
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If  therefore,  with  a  given  object-glass,  we  increase  the 
magnifying  power,  we  diminish  the  brightness  of  the  image, 
and  thus  we  have  a  limit  put  to  increase  of  magnification. 
Hence,  in  order  that  we  may  have  telescopes  of  great  power, 
we  must  have  object-glasses,  or  object-mirrors,  of  very  large 
diameters ;  and  in  the  construction  of  these  lies  the  di6icult; 
of  making  powerful  tclcseopes. 

We  shall  now  proceed  to  describe  the  construction  of 
'various  telescopes,  premising  that  we  shall  describe  them  in 
their  simplest  form ;  to  render  them  practically  useful  instru* 
ments,  it  would  be  necessary  to  introduce  a  variety  of  refine- 
.■^ents  of  construction)  which  the  elementary  mode  of  treating 
science  of  Optics  adopted  in  this  treatise  prceludea  us 
a  making  intelligible  to  the  student. 

Telescopes  may  be  divided  into  two  classes,  Kefracting, 

and  Reflecting.     The  former  are  more  generally  used;  tiie 

only  advantage  possessed  by  the  latter  is  that  object-mirrors 

,n  be  made  of  a  larger  size  than  object-glasses,  and  therefore 

tflccting  telescopes  can  be  made  of  greater  power  than  refract- 

ig.    But  for  the  greater  number  of  astronomical  purposes  thia 

no  advantage ;  and  moreover  a  large  reflecting  telescope  is 

instrument  of  much  less  utility  than  at  first  sight  might 

ipear,  owing  principally  to  these  two  circumstances,  that  the 

indensation  and  in  cold  weather  the  freezing  of  vapour  upon 

frequently  quite  unfits  it  for  use,  and  that  it  is  impossible 

preserve  the  lustre  of  the  pohsh  for  more  than  about  two 

:ars  together. 


ON   REFRACTING  TELESCOPEa 
TTie  Common  Astronomical   Telescope. 


The  common  astronomical  telescope  consists  of  two  con- 
rex  lenses,  a  larger  one  BAB  colled  the  objeci-gloss,  and 
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a  smaller  one  bab'  called  the  eye-glass,  placed  on  the  same 
axis,  and  at  a  distance  from  each  other  equal  to  the  sum  of 
their  focal  lengths. 

Let  the  axis  of  the  instrument  be  directed  to  a  point  x* 
of  a  very  small  object  PQ,  so  distant  that  rays  from  any 
point  of  it  which  fall  upon  the  object-glass  are  sensibly 
parallel;  then  an  inverted  image  pq  will  be  formed  in  the 
focus  of  the  object-glass,  and  the  rays  which  diverge  fix>m 
any  point  q  of  the  image  upon  the  eye-glass  will,  after  re- 
fraction, emerge  approximately  parallel  to  the  line  qa^  which 
joins  q  with  the  centre  of  the  eye-glass,  since  aq  nearly  «  ap 
B  the  focal  length  of  the  eye-glass.  If  therefore  an  eye  be 
placed  at  E,  the  point  at  which  the  axis  of  the  pencil  firom  q 
crosses  the  axis,  the  rays  entering  the  eye  will  be  fit  for 
producing  distinct  vision,  and  an  image  of  PQ  will  be  seen. 

Objects  seen  through  this  telescope  will  appear  inverted^ 
but  this  is  of  no  importance  in  the  case  of  celestial  objects. 

90.  The  Magnifying  Power. 

The  magnifying  power  is  measured  by  the  ratio  of  the 
visual  angles,  when  the  object  is  viewed  through  the  telescope 
and  with  the  naked  eye  respectively. 

The  angle  under  which  PQ  would  be  seen  with  the  naked 
eye  is  PAQ,^pAq\  and  the  angle  under  which  pq  ia  seen 
\a  paq,  since  the  rays  emerge  parallel  to  gra; 

.*.  magnifymg  power  =  ^-— ^  =  — i-  nearly, 

pAq      ap 

where  ^,  f^  represent  the  focal  lengths  of  the  object-glass 
and  eye-glass  respectively. 

91.  The  field  of  View. 

The  field  of  view  is  the  angle  subtended  at  the  eye,  or  at 
the  centre  of  the  object-glass,  (for  on  account  of  the  distance 
of  the  object  the  two  will  be  sensibly  the  same,)  by  the  largest 
object  which  at  a  given  distance  can  be  seen  through  the 
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telescope.  This  definition,  however,  though  app&rcutly  precise, 
is  not  so  really ;  for,  suppose  we  find  a  point  in  the  object 
from  which  a  pencil  of  rays,  after  being  refracted  through  the 
object-glass,  just  foil  on  the  eye-glass :  then  if  we  take  a  point 
a  little  further  from  the  axis,  the  rays  from  it  will  not  all  fall 
on  the  cye-glasB,  but  some  of  them  will  be  lost ;  still  more 
will  this  be  the  case  mth  a  point  a  httle  further  from  the 
axis ;  and  so  on,  until  at  last  we  come  to  a  point  from  which 
no  rays  fall  upon  the  eye-glass,  and  therefore  none  reach  the 
eye.  The  result  is,  that  in  looking  through  a  telescope  such 
OS  we  have  described,  the  outer  portions  of  the  field  instead  of 
being  clearly  defined  would  gradually  fade  away ;  this  im- 
perfect part  of  the  field  is  called  the  raijged  edije  of  the  field 
of  view. 

The  ragged  edge  may  be  cured  by  placing  a  atop,  or 
annulus  of  metal,  In  the  focus  of  the  object-glass;  for  by  this 
means  we  can  stop  any  rays  we  please,  and  limit  the  field  to 
any  extent.  If  this  be  done,  the  angular  extent  of  the  field 
of  view  will  be  the  angle  subtended  by  the  aperture  of  the 
Btop  at  the  centre  of  the  objeet-glaas. 

92.  The  telescope  which  we  have  now  described  is  not 
applicable  to  vision  of  terrestrial  objects,  on  account  of  its 
inverting  property;  but  it  may  be  adapted  to  the  purpose 
by  using  a  combination  of  lenses  called  an  erecting  eye-piece, 
instead  of  the  simple  eye-glass.     The  construction  of  such  on 


lye-piece  will  be  sufficiently  understood  from  inspection  of  the 
inexed  figure,  which  represents  one  form  of  its  construction. 


93.      Galileo's   Telescope. 


elescope  conaists  of  a  convex    lens  HAS,  and  a 


■ICO 


concave  lens  bab',  placed  on  tbc  same  axis,  nt  a  distaiK 
eiich  other  equal  to  the  difference  of  their  focal  Icngtlu; 
BAH'  is  th«  ohjcct-f^luss,  and  i3  of  much  grenter  breadth  md 
focal  length  than  the  ej'c-glosa  bab',  which  need  not  be  lai^ 
thnn  the  pupil  of  the  e;c. 

r^ct  the  axis  of  the  instrument  be  directed  to  a  point  P 
in  an  object  PQ,  which  is  at  such  a  distance  that  raya  frqn 
nny  point  of  it  may  be  considered  to  fall  upon  the  objeci-glaai 
in  a  state  of  parallelism ;  then  if  nothing  were  interposed,  as 
inverted  image  pq  would  be  formed  of  PQ  in  the  focus  of 
the  objoct- glass.  If  now  an  eye  wore  placed  at  S  the  rtjs 
converging  to  any  point  v  woidd  not  produce  distinot  riskxi 
(mco  Art.  (>(!);  but  if  a  small  concave  lens  bab'  be  p]aceit  bcfdM 
the  eye,  and  at  a  distance  from  the  image  equal  to  its  focal 
Iciigtii,  the  rays  will  emerge  in  a  state  of  pnrnllclism,  and 
therefore  will  produce  distinct  vision ;  and  the  visual  angle 
will  be  paq,  since  the  rays  which  before  refraction  at  the 
eyc-gloHS  were  converging  to  7  emerge  parallel  to 
rays  being  intcrccplcd  by  the  eye-glass  before  they 
crossed  the  axis,  objects  will  appear  erect. 

94.      The  Magnifying  Power. 

I'Ct  /o.  /,  be  the  focal  lengths  of  the  object-glass  and  eye- 
glass respectively ;  then  the  visual  angle  for  PQ  seen  with  t" 
nuked  eye  is  PAQ,  the  visual  angle  when  seen    ' 
telescope  is  paq ; 

.-.  magnifying  power  =  -|^»  =  ^^  ="7  nearly. 
PJQ      pAq      f. 


95.     The  field  of  View. 

The  ragged  edge  in  Galileo's  telescope  i 


not  c 


(he  U8e  of  a  sto])  as  in  the  astronomical  telescope,  1 
real  image  is  allowc<l  to  be  formed  by  the  ohjcct*glas8,  ) 
it  is  manliest  therefore  that  a  stop  placcil  any  where   wflUA 
the  telescope  will  not  stop  imperfect  peneib  only. 

In  this  telescope  the  field  of  view  will  be  limited  by  f 
objeet-glaw,  and  not  by  the  eye-glass,  as  in  the  < 
aatronomieal    teleseoi>c.     For   the   field   will    nccesc 
limited  in  any  combination  of  louses,  by  the  llrat  lens  t 
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wliich  the  rays  pass  eccentrically ;  and  in  Galileo's  telescope, 
the  rays  pass  excentrically  through  the  object-glass;  for 
although  rays  fall  upon  the  whole  extent  of  the  object-glass 
from  each  point  of  the  object,  yet  the  eye-glass  selects  a 
small  pencil,  (as  will  be  seen  distinctly  from  the  figure,)  and 
this  small  pencil,  with  which  alone  we  are  concerned,  passes 
through  the  object-glass  excentrically. 

9&.  Galileo's  telescope  possesses  great  historical  interest, 
as  being  the  first  combination  of  lenses  so  used;  the  con- 
struction is,  however,  now  only  applied  to  opera-glasses,  and 
for  astronomical  purposes  is  wholly  useless.  The  capital 
defect  of  the  telescope  is  that  no  image  is  formed  by  the 
object-glass;  now  observations  of  the  stars  are  made  by  means 
of  fine  wires,  which,  being  placed  in  the  focus  of  the  object- 
glass  of  an  astronomical  telescope,  become  visible  by  stopping 
pencils  of  rays  which  there  converge  to  points,  and  the  place 
of  a  star  is  noted  by  referruig  it  to  these  wires ;  but  in 
Galileo's  telescope  wires  cannot  be  so  used,  there  being  no 
position  m  which  they  can  be  made  nsiblc ;  hence  for  astro- 
nomical purposes  the  construction  is  totally  useless. 


t  ON   REFLECTING  TELESCOPES. 

97.  In  reflecting  telescopes,  the  place  of  the  object-glass 
is  supplied  by  an  object-mirror,  or  concave  speculum  of  metal, 
which  reflects  the  incident  rays  and  causes  them  to  converge. 
We  shall  describe  four  kinds  of  reflecting  telescopes,  which 
involve  however,  (as  will  be  seen)  only  two  essentially  different 
instructions. 


■ftii 


98.     Serschd'a   Teletcoj>e. 

BAB'  is  a  concave  speculum,  having  its  axis  AF  inclined 
at  a  small  angle  io  AP  the  axis  of  the  tube  of  the  telescope, 
so  that  a  ray  incident  in  the  direction  of  the  axis  of  the  tube 
is  reflected  in  the  direction  Ap\  on  the  line  Ap  as  axis  is 
placed  the  convex  lens  bab',  at  a  distance  from  A  equal  to 
the  sum  of  the  focal  lengths  of  the  mirror  and  lens. 
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If  the  axis  of  the  instrument  be  directed  to  Py  a  point 
in  a  small  distant  object  PQ,  an  inverted  image  p  q  will  be 


formed  on  Apt  and  at  a  distance  from  A  equal  to  the  focal 
length  of  the  mirror :  and  this  image  being  by  the  construc- 
tion in  the  focus  of  the  eye-glass,  the  rays  after  refraction 
through  it  will  emerge  in  a  state  of  parallelism,  and  will 
therefore  be  fit  for  the  production  of  distinct  vision.  Objects 
will  appear  inverted. 

The  form  of  the  object-mirror  should  be  parabolical,  not 
spherical.    See  Art.  25. 

99.  This  is  the  most  simple  construction  of  the  reflecting 
telescope,  and  is  nearly  analagous  to  that  of  the  astronomical 
telescope.  It  has  a  considerable  advantage  over  the  other 
constructions,  which  will  be  presently  described,  in  the  small 
number  of  reflexions  which  the  rays  undergo,  and  hence  it  is 
well  adapted  for  viewing  very  faint  objects,  when  no  unneces- 
sary loss  of  light  can  be  afforded.  But  it  has  this  very  great 
defect,  that  the  pencil  which  forms  the  centre  of  the  field  of 
view  is  not  incident  directly  upon  the  mirror,  and  the  reflected 
pencil  has  defects  of  a  very  serious  kind  owing  to  this  obli- 
quity. Consequently  Herschel's  telescope  is  not  advantageous 
when  great  distinctness  of  definition  is  the  point  principally 
desired.  The  construction  is  adapted  only  for  very  large 
instruments,  because  if  the  telescope  be  not  large,  the  ob- 
server's head,  when  looking  into  the  telescope,  will  materially 
interfere  with  the  incidence  of  the  rays:  this  defect  is  ob- 
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Tiated  Ijy  Newton's  construction,    which  we  sliall  presently 
describe. 

100.      27te  Mtufnififimj  Power. 

The  visual  angle  for  the  object  PQ  viewed  with  the  naked 
eye  is  PJQ',  when  viewed  through  the  telescope  it  is  pai^. 


,  magnifying  power  — 


P'V 
PAQ 


V'1 
pAq 


Jp 


nearly. 


■where  /„  /,  arc  the  focal  lengths  of  the  ohject-mirror  and 
eye-gloas  respectively. 

101.  TJie  Field  of  View. 

The  ragged  edge  may  be  cured,  as  in  the  astronomical 
telescope,  by  placing  a  stop  at  the  common  focus  of  the 
mirror  and  eye-glass,  and  the  field  of  view  will  tlien  be  mea- 
sured by  the  angle  which  the  diameter  of  the  stop  subtends 
at  the  central  point  J  of  the  mirror.  If  there  be  no  stop, 
we  may  take  the  angle  subtended  by  the  eye-glass  at  the 
same  point  as  the  measure  of  the  field  of  view. 

102,  Newton's   Telescope. 


BAB'  is  a  concave  mirror,  which,  if  light  were  incident 
upon  it  from  a  small  distant  object  PQ,  would  form  on  in- 


verted  image  pg  of  PQ  in  the  principal  focus.      But  ft  I 


plane  r 


DCD',  placed  at  an  angle  of  W  with   the  ndf 


ot  the  object-mirror,  causes  the  image  to  be  formed  at  fti/, 
instead  of  pq,  and  if  a  convex  lens  bak'  be  placed  on  Cp'a 
axis,  and  at  a  distance  from  p'q'  equal  to  its  focal  length,  tfe 
rays  will  emerge  oiler  refraction  through  hat/  in  a  state  uf 
parallelism,  and  therefore  a  distinct  image  of  PQ  will  be 
by  an  eye  at  E. 


103.      The  Magnifyini}  Power,  and  Field  of  View. 

Both  of   these  will  be  the  same  as   in    Herschers 
struction ;  the  two  tcleiicopes  arc  in  fact  the  same,  the  plane 


1  Newton's  being  introduced  principally  for  the  ^e 
of  avoiding  the  necessity  of  looking  directly  towanln  the 
object-mirror,  which  in  the  case  of  small  ioatrumcnta  would 
manifestly  be  most  ineonvenicnt, 

104.      Gregory's   Ttleseope. 


con-      I 


HAS  is  a  concave  mirror,  which  being  direct4>d  to  i 
tant  object  PQ  forms  an  inverted  image  of  it  pq  in  its  prioi 
focus.     DCD'  is  a  small  concave  mirror,  on  the  same  axls^ 
BAJJ,  and  at  a  dbtoncc  fromp  rather  greater  than  its  \ 
length  ;  the  rays  from  the  different  points  of  ;>7  diveriro  updif~ 
DCiy,  and   after  reflexion   form  an   inverted   image   p'n'  of 
i>3r,  which  will  therefore  be  erect  with  respect  to  /*Q.  . 
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adjustment  is  such  that  pq  is  formed  in  the  focus  of  a 
convex  lens  fiofi',  ou  the  same  axis  as  the  two  mirrors,  and 
on  which  the  light  falls  through  a  circular  aperture  in  the 
middle  of  the  object  mirror ;  the  rays  of  light  therefore,  after 
refraction  through  it,  emerge  in  a  state  of  parallelism,  and 
produce  distinct  vision  of  the  object  PQ,  to  an  eye  at  £. 
Objects  seen  through  this  telescope  will  appear  erect, 

r/tfi  Magnifying  Power. 


To  find  the  magnifying  power  let  us  trace  the  course  of 
the  ray,  wliich  ivould  fall,  from  the  point  Q  of  a  distant  object, 
on  A  the  middle  point  of  the  object-mirror;  let  AB  be  the 
reflected  ray,  which,  after  reflexion  at  the  small  mirror  will 
pass  very  nearly  through  y  the  focus  of  the  small  mirror,  (on 
account  of  the  distance  of  the  point  A  being  very  consider- 
able,) and  passing  through  the  point  q  of  the  final  image,  and 
being  refracted  through  the  eye-glass,  emerges  in  the  direc- 

Ition  hE,  parallel  to  qa. 
Then  QAP  may  be  regarded  as  the  visual  angle  of  PQ  to 
the  naked  eye,  qap  the  visual  angle  when  the  object  is  viewed 
through  the  telescope ; 
.,        „  .„  .  qap       qap  B/C      fp  AC 

therefore,  magmfymg  power  -  --  =  ^^^  - -^  ^  -  - 


QAP 

/■* 
-  yy  nearly, 


r^vhere/,/^  are  the  focal  lengths  of  the  object-mirror,  small 
mirror,  and  eye-glass  respectively  *. 

■  The  Bpptaxim*(ioi»  in  ihii  and  the  following  article  ire  of  ■  very  rough  kind, 
jiiC  and/;)  being  MchcoiuiileTeil  Id  be  cquU  lo/,.    Butii  wUlbeeMllj  teenilut  1 
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106.     Field  of  View. 

The  field  of  view  may  be  limited  either  by  the  eye-glass, 
or  by  the  small  mirror.  With  the  same  figure  as  in  the  last 
article,  suppose  the  ray  there  traced  to  fall  on  the  extreme 
point  b  of  the  eye>glass,  then  the  eye-glass  will  limit  the  field, 
and  we  shall  have, 

the  field  of  view  =  2  PJQ  =  2  BAC 

AC     -^  AC    -^ 


^  6  nearly,  where  6  is  the  breadth  of  the 


eye-glass. 

If  the  field  of  view  is  limited  by  the  small  mirror,  we 
must  suppose  the  ray  traced  in  the  figure  to  pass  through 
the  extreme  point  D  of  the  small  mirror,  in  which  case  the 

field  of  view  =  — —  =  - ,  where  c  is   the   breadth    of  the 

AC     // 

small  mirror. 

In  order  that  the  field,  as  limited  by  these  two  considera- 
tions, may  be  the  same,  we  must  have 

IT 

Practically,  the  field  of  view  will  always  be  limited  by  the 
eye-glass,  and  not  by  the  small  mirror ;  if  it  were  limited  by 
the  small  mirror,  the  construction  of  the  instrument  would  be 
defective.  The  preceding  investigation  points  out  the  smallest 
breadth  which  the  small  mirror  can  have  without  diminishing 
the  field  of  view. 

K  we  call  the  magnifying  power  J/,  we  have 

field  of  view  =  -r  •  t^  • 

fc   M 

value  would  be  attributable  to  a  more  careful  approximation,  since  a  rough  estimate 
of  the  power  of  the  telescope  is  all  which  is  required  in  practice.  It  may  be  obsenred, 
however,  that  the  expression  given  in  the  text  is  a  more  accurate  value  of  the  ratio  of 
the  angles  qap,  QAPy  thui  it  would  seem  to  be  from  the  manner  in  which  it  is 
obtained. 
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From  thiB  exprcssioQ  it  appears  that  a  telescope  of  high 
magnifying  power  will  have  a  very  small  field  of  view,  in 
consequcnee  of  which  it  is  very  difficult  to  bring  such  an 
instrument  to  bear  upon  a  heavenly  body.  Hence  powerful 
telescopes  are  always  supplied  with  a  small  telescope,  called  a 
finder,  having  its  axis  parallel  to  that  of  the  larger  instrument ; 
the  heavenly  body  having  been  found  with  this  less  powerful 
telescope,  and  brought  into  the  centre  of  its  field,  will  then 
also  be  in  the  centre  of  the  field  of  the  more  powerful 
instrument. 


107.      Casaegraia'a  Telescope. 


The  construction  of  this  instrument  differs  from  that  of  the 
preceding,  only  in  having  a  convex  small  mirror  instead  of  a 
concave. 

BAff  is  a  concave  mirror,  which,  being  directed  to  a  dis- 
tant object  PQ,  would  form  an  inverted  image  of  it  pq  in  its 
principal  focus ;  but  the  reflected  rays  are  intercepted  by  the 
small  convex  mirror  DCD',  which  is  so  placed  that  its  focua 
is  a  little  further  frem  the  object-mirror  than  the  principal 
focus  of  that  mirror,  and  consequently  an  image  p'q,  inverted 
with  respect  to  PQ,  is  formed  at  some  distance  from  the  small 
mirror.  The  adjustment  is  such  that  this  image  is  formed  in 
the  focus  of  the  cye-glaas  6  a  6',  and  consequently  the  raya 

30— « 
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after  refraction  emerge  in  a  state  of  parallelising  and  are  there- 
fore fitted  to  produce  distinct  vision. 

Objects  seen  through  this  telescope  will  appear  inverted. 

108.     The  Magnifying  Power. 

Let  a  construction  be  made  similar  to  that  for  Gr^ory's 
telescope. 


Then  the  magnifying  power 


gap      gap  BfC 
QAP  ^  gfp  BAC 

fp  AC     f? 


^VfC     fj^ 


nearly. 


109.  Field  of  View. 

If  the  field  be  limited  by  the  eye-glass  we  shall  have, 
field  of  view  =  2PJQ  ^9,  BAC 

fC 

=  -^  6,  nearly. 

110.  The  Compound  Refracting  Microscope. 

We  have  already  explained  (Art.  S5,)  the  principle  upon 
which  a  small  convex  lens  of  very  short  focal  length  may  be 


COMPOUND  MICROSCOPB. 


469 


used  as  a  magnifying  glass,  or  simple  microscope.  Combina- 
tions of  lenses  may  be  used  for  the  same  purpose,  or  combi- 
nations of  reflectors  and  lenses,  and  such  combinations  are 
called  compound  microscopes.  We  shall  confine  ourselves  to 
the  description  of  the  compound  refracting  microscope  in  its 
simplest  form,  observing  that  to  make  it  practically  useful 
a  number  of  refinements  must  be  introduced. 


BAB'  is  a  small  convex  lens,  before  which,  and  at  a 
distance  from  it  a  little  greater  than  its  focal  length,  if  a 
small  object  PQ  be  placed,  an  inverted  image  pq  will  be 
formed  of  it.  The  ac^ustment  is  such  that  pq  is  formed  in 
the  focus  of  a  convex  lens  bab',  and  therefore  the  rays  when 
refracted  through  it  emerge  in  a  state  of  parallelism,  and 
therefore  in  a  state  fit  to  produce  distinct  vision;  and  an 
eye  at  E  will  see  a  magnified  inverted  image  of  PQ. 
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1.  We  propose  in  the  following  treatise  to  give  some 
account  of  the  physical  constitution  of  the  universe,  the  mo- 
tions of  the  heavenly  bodies,  and  the  resulting  phenomena, 
with  the  mode  of  making  observations ;  all  which  and  other 
kindred  subjects  are  classed  under  the  head  of  Plane  Astro- 
nomy :  we  shall  not  here  treat  of  the  Physical  branch  of 
astronomy,  which  investigates  phenomena  on  the  principles  of 
Mechanics,  and  refers  them  to  genend  laws,  but  only  of  that 
branch  which  deals  with  facts  as  matters  of  observation. 

As  it  is  of  the  utmost  importance  that  the  student  should 
be  perfectly  familiar  with  the  notion  of  a  sp/iere,  and  of  lines 
drawn  upon  it,  we  shall  commence  by  presenting  him  with  a 
few  of  the  most  elementary  propositions  and  notions  belonging 
to  the  doctrine  of  the  sphere. 


ON  THE   SPHERE. 


12.    Dbf,    a  sphere  is  a  surface  every  point  in  which  is 
equidistant  from  a  given  point,  called  its  centre. 
The  distance  from  the  centre  to  the  surface  is  called  the 
fadiiu,  and  any  line  passing  through  the  centre  and  bounded 
by  the  surface  is  called  a  diameter  of  the  sphere. 
3.     Every    section    of  a   «p/iere 
made  by  a  plane  is  a  circle. 
Let  EDF  be  any  such  section 
'       of  a  sphere,  of  which  the  centre  is 
O.       Draw  OC  from   O  perpendi- 
cular to  the  cutting  plane,  and  join 
kCA  02>,  D  being  any  point  in  the 
fseetion  EDF. 
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Then  since  OC  is  perpendicular  to  the  cutting  pla  _ 
is  perpendicular  to  any  line  in  that  plane,  and  therefore  to 
CD; 

.-.  oiy=oc  +  Clf. 

or   CD'=  OJy-  0C^\ 

but  OD  and  OC  are  both  constant  quantities,   therefoi 
is  constant,  or  the  section  is  a  circle  having  C  for  its  centre, 

4.  A  section  of  a  sphere  made  by  a  plane  passing  throogfa 
the  centre  is  called  a  great  circle ;  other  sections  are  calk<l 
small  circles. 

The  diameter  of  the  sphere,  which  is  perpendicular  to  tlie 
plane  of  any  circle  on  the  sphere,  is  called  the  axis  of  that 
circle ;  and  the  points  in  which  the  axis  meets  the  sphere  on; 
called  the  poUf^  of  the  circle. 

It  is  evident  that  the  poles  of  a  great  circle  are  eqwv- 
distant  from  it;  also  it  ts  easy  to  see  that  the  pole  of  a  cirdc 
is  equidistant  from  every  point  in  the  circle. 

5.  The  angle  which  is  subtended  at  tfte  centre  of  a  taken 
by  the  are  jmniwj  the  poles  of  two  great  circles,  m  the  anglt_e 
incUnatian  of  the  planes  of  t/ie  circlee.  -^ 

Let  O  be  the  centre  of  the 
sphere ;  DCE,  FCG  the  two  great 
circles ;  OA,  OB,  lines  respcctirely 
perpendicular  to  the  planes  of  the 
circles,  BO  that  A,  B  are  their  poles.  ^ 
Join  OC. 

Then  OC  being  in  the  plane 
DCE    is     perpendicular     to    AO, 
and  being    in   the   plane  FCG   is 
perpendicular  to  BO;  therefore  CO  is  perpendicular 
plane  in  which  AO,  BO  lie,  and  therefore  to  EO  and  0\ 

.:  EOG  is  the  incUnation  of  the  planes  of  the  cux 

But  EOG  =  90"  -  BOE  -  AOB; 

therefore  the  angle  subtended  by  AB  is  the  inclination  of  J 
plaaen  of  the  circles. 
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Cor,  Hence  also  it  appears,  that  the  arc  joining  the 
points  in  two  great  circles  distant  90"  from  the  point  of  their 
intersection,  subtends  at  the  centre  of  the  sphere  an  angle 
equal  to  the  inclination  of  the  planes  of  the  circles. 

6.  To  determine  the  position  of  a  point  on  a  sphere. 
Let  A  ho   a  point  on   a   sphere,  _p 

the  centre  of  which  is  O;  then  its 
position  may  be  most  conveniently 
determined  as  follows. 

Let  FOP'  be  a  given  diameter  of 
the  sphere ;  through  P,  A  and  P"  draw 
the  great  circle  PAP";  then  if  the 
angle  which  the  plane  of  PAP'  makes 
with  a  given  plane  passing  through 
PP",  and  the  arc  PA,  be  given,  the 
position  of  A  will  be  completely  determined. 

ON  THE  FIGURE  OF  THE  EARTH- 

7.  The  form  of  the  earth  ia  nearly,  but  Qot  accurately, 
spherical.  Its  true  form  is  that  of  a  slightly  oblate  spheroid, 
or  a  surface  generated  by  the  revolution  of  an  ellipse,  having 
its  axes  nearly  equal,  about  its  minor  axis.  In  the  greater 
number  of  cases  it  is  sufficient  to  jconsidet  the  earth's  figure 
to  be  that  of  a  sphere. 

The  round  form  of  the  earth  is  easily  concluded  from  such 
considerations  as  the  following ;  the  tops  of  the  masts  are  the 
first  portion  of  a  ship  which  become  visible ;  all  the  heavenly 
bodies  with  which  we  are  acquainted  have  that  form ;  and 
moreover  the  earth  has  been  actually  sailed  round.  The  ex- 
periments which  determine  the  actual  figure  to  be  spheroidal 
are  of  a  far  more  delicate  kind,  and  camiot  be  entered  upon 
here. 

8.  The  heavens  present  to  an  observer  on  the  earth's 
surface  the  appearajice  of  a  hollow  sphere,  at  the  centre  of 
which  the  observer  stands ;  and  it  irill  be  convenient  to  con- 
ceive of  such  a  sphere,  which  we  may  call  the  celestial  sphere, 
and  in  the  surface  of  which  we  may  conceive  the  heavenly 
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bodies  to  be ;  the  actual  point  on  the  surface  of  the  < 
sphere,  to  which  we  shall  refer  any  given  object,  will  be  tfce 
point  in  which  the  line  joining  the  eye  of  the  observer  and 
the  object  meets  the  surface  of  the  sphere. 

On  account  of  the  enormous  distance  of  the  heareolj 
bodies  from  the  earth,  it  will  be,  for  many  purposes,  indi^ 
ferent  whether  we  consider  the  centre  of  the  earth  or  the 
position  of  the  observer  as  the  centre  of  the  celestial  sphere 

9,  The  earth  revolves,  as  will  be  explained  more  par- 
tieularly  presently,  about  a  certain  axis  coinciding  very  nesrijr 
witli  the  minor  axis  of  its  figure,  considered  as  a  spbenrid: 
the  points  in  which  this  axis  produced  meets  the  cdcstul 
sphere  are  called  the  North  and  South  PoUs.  The  greet 
circle  of  which  these  points  are  the  poles  is  called  the  equator, 
and  the  two  equal  portions  into  which  the  plane  of  tbe 
equator  divides  the  celestial  sphere  are  called  the  Nortkem 
and  Scntthem  Hemispheres- 

The  plane  of  the  equator  cuts  the  surface  of  the  earilt 
into  two  equal  portions,  which  are  also  called  respectively 
the  northern  and  southern  hemispheres;  and  the  circle  in 
which  the  plane  cuts  the  earth  is  sometimes  called  the  eqa»- 
tor,  as  well  as  that  in  which  it  cuts  the  celestial  sphere. 

The  direction  of  a  line  perpendicular  to  the  surface  of 
still  water  at  any  place  on  the  earth's  surface,  ia  called  the 
vertical  at  that  place ;  and  the  points  in  which  the  TtsrtiBd 
line  meets  the  celestial  sphere,  are  called  the  jtemiA  rilH* 
nadir  of  the  place.  The  vertical  direction  will  be  very  «p- 
proximately  that  of  the  line  joining  the  place  with  the  earths 
centre. 

A  plane  perpendicular  to  the  vertical  at  the  earth's  hut. 
face,  is  called  the  sensible  horizon ;  a  plane  perpendicular 
to  the  same  line  at  the  earth's  centre,  the  rational  horizon. 
In  the  greater  number  of  coses,  the  sensible  and  rational 
horizon  may  be  considered  as  coincident. 

The  meridian  of  a  place  is  the  great  circle  passing  Uutntgb 
the  poles  of  the  heavens  and  the  zenith  of  the  place. 
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ON  TERRESTRIAL  LATITUDE  AND  LONGITUDE. 

10-  The  position  of  a  place  upon  the  earth's  surface 
may  bo  determined  on  the  principle  explained  in  Art.  6.  Let 
the  meridian  of  some  place,  as  Greenwich,  be  considered  as 
given;  then  the  angle  between  the  meridian  of  Greenwich 
and  that  of  the  place  in  question  is  called  the  longitude  of 
the  place,  and  the  angle  subtended  by  the  arc  of  the  meridian 
between  the  zenith  of  the  place  and  the  equator  is  called 
the  latitude;  and  the  latitude  is  said  to  be  tiorth  or  south, 
according  as  the  place  is  to  the  north  or  south  of  the  equator. 
The  latitude  and  longitude  being  given,  the  position  of  the 
place  is  defined. 

The  complement  of  the  angle  which  measures  the  latitude 
of  a  place  is  called  the  co-latitude. 

It  is  usual  to  measure  longitude  through  180"  cast  and 
west  of  Greenwich ;  perhaps  it  would  be  more  convenient  to 
measure  through  sGo"  in  the  same  direction,  but  in  practice 
longitude  is  never  so  reckoned, 

ON  THE  EARTHS  MOTION. 

11.  The  motion  of  the  earth  may  be  conceived  of,  as 
being  compounded  of  two  motions,  namely,  a  motion  of  re- 
volution about  an  axis,  while  at  the  same  time  that  axis  is 
moving  in  space. 

Let  us  first  consider  the  revolution  about  the  axis :  and 
for  a  first  approximation  we  may  say,  that  the  earth  revolves 
about  a  line  coinciding  with  its  shorter  axis  and  remaining 
fixed  in  space;  this  we  sliall  find  afterwards  to  be  not  strictly 
true.  The  time  of  revolution  is  twenty-four  hours;  and  the 
effect  produced  to  an  observer  on  the  earth's  surface  is  this, 
that,  imagining  himself  to  be  fixed  in  position,  the  celestial 
sphere  appears  to  revolve  about  its  poles,  carrying  the  hea- 
venly bodies  with  it ;  bo  that  the  sun  and  stars  describe 
circles  about  the  axis  of  revolution,  the  greater  part  small 
circles,  those  only  describing  great  circles  which  happen  to 
be  in  the  equator.  When  a  heavenly  body  comes  into  the 
horizon  of  any  given  place  it  is  said  to  rise,  when  it  reaches 
the  meridian  it  culminates,  and  when  it  again  reaches  the 
-horizon  it  sets. 
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All  this  coincides  with  observation;  for  the  stars  are 
observed  to  revolve  about  a  certain  point  in  the  heavens, 
nearly  coinciding  with  a  bright  star,  known  as  the  Pole  Star, 
and  we  are  therefore  obliged  to  adopt  one  of  two  hypotheses, 
namely,  that  the  celestial  sphere  actually  revolves  about  the 
earth  as  fixed,  or  that  the  celestial  sphere  being  fixed  the 
earth  revolves  about  an  axis  which  remains  fixed  in  space. 
The  great  simplicity  of  the  latter  hypothesis  leaves  no  doubt 
concerning  its  truth. 

This  is  the  diurnal  motion  of  the  earth,  which  gives  rise 
to  the  succession  of  day  and  night ;  in  addition  to  this  there 
is  an  annual  motion,  that  is,  the  earth  is  carried  round  the 
sun  in  a  certain  period,  which  constitutes  one  year.  In  this 
motion  the  axis  of  revolution  moves  always  parallel  to  itself, 
as  is  shewn  by  the  fact  of  its  appearing  always  to  point  to 
the  same  point  of  the  celestial  sphere.  The  centre  of  the 
earth  does  in  fact  describe  an  ellipse  in  one  plane  about  the 
centre  of  the  sun,  and  this  ellipse  does  not  differ  much  from 
a  circle ;  at  present,  however,  we  are  not  concerned  with  the 
actual  path  described  by  the  earth,  but  only  with  the  fact 
of  its  moving  round  the  sun  in  the  plane  of  a  great  circle, 
in  the  course  of  a  year.  According  to  observation,  the  sun 
appears  to  move  in  that  time  round  the  earth,  but  the  phe- 
nomena will  be  exactly  the  same,  whether  the  earth  move 
round  the  sun,  or  the  sun  round  the  earth,  and  the  consi- 
deration of  the  enormous  magnitude  of  the  sun  as  compared 
with  the  earth,  combined  with  other  reasons  which  will  ap- 
pear hereafter  when  we  come  to  treat  of  the  planets,  leave 
no  doubt  as  to  the  correctness  of  the  hypothesis  of  the 
motion  of  the  earth  about  the  sun,  not  the  sun  about  the 
earth. 

12.  For  purposes  of  explanation  however,  we  shall  in 
general  speak  of  the  sun  as  moving  in  a  great  circle  about 
the  earth,  and  this  great  circle  we  shall  call  the  ecliptic. 

The  inclination  of  the  plane  of  the  equator  to  that  of  the 
ecliptic  is  an  angle  of  about  23^28',  and  is  called  the  obliquity 
of  the  ecliptic. 


i  OF  THE   EABTH. 


ON  THE  SEASONS. 

13.  If  a  small  plane  be  exposed  to  heat,  which  ema- 
nates from  any  given  source,  as  for  instance  the  sun,  it  is 
manifest  that  the  quantity  of  heat  received  will  be  greatest 
when  the  plane  is  perpendicular  to  the  direction  in  which  the 
heat  emanates,  and  the  smaller  the  angle  which  the  plane 
makes  with  that  direction,  ia  other  words,  the  greater  the 
aw/(e  of  incidence  of  the  sun'a  rays,  the  smaller  will  be  the 
quantity  of  heat  received.  On  tliis  principle  we  can  explain 
the  change  of  the  seasons. 


14.     Let  0  Cf"  O"  O"  be  the  path  of  the  earth's  centre 

1?^ 
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round  the  sun  S.  Then  the  earth  revolves  about  an  axis, 
{pP  or  O'/^,)  making  an  angle  of  23'  as'  with  the  perpendi- 
cular to  the  plane  of  this  path. 

Consider  the  position  0  of  the  centre  of  the  earth  when 
the  angle  SOP  is  the  greatest  possible,  that  is,  when  SOP 
=  lis'ss'.  Let  A  be  any  point  on  the  earth's  surface ;  join 
OA  and  produce  it  to  Z,  and  join  SA :  then  the  angle  of  in- 
cidence of  the  sun's  rays  is  SAZ.  Now  consider  the  exactly 
opposite  position  of  the  earth  in  its  orbit,  when  the  angle 
SO'y  is  the  least  possible,  that  is,  when  SOP'  -  66"3s';  and 
let  A  be  the  position  of  the  place  A  in  this  case ;  then  joining 
Q'A'  and  producing  it  to  '£,  the  angle  of  incidence  of  the 
sun's  rays  is  SA'Z',  an  angle  much  less  than  SAZ.  Hence 
the  heat  in  the  position  A'  will  be  muoh  greater  than  in  the 
position  A :  A'  will,  in  fact,  be  enjoying  MiU-gumnier,  A  will 
be  in  mtd-wUuer.  The  positions  O"'  0"  will  he  positions  of 
intermediate  heat,  and  will  correspond  to  spring  and  autumn 
respectively, 
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Another  very  (.'ITiciciit  cause  of  the  greater  beat  4 

ncr  Llian  winter  will  be  founil  in  Art.  SI. 


ON  THE  SUNS  MOTION   IN  THE    ECUPTIG 


15,  Let  O  be  the  centre 
of  llie  eiirtli,  supposed  Jixctl ; 
nnd  let  the  plane  of  the  paper 
paHH  throii((h  O,  Die  pole  of  the 
uiiimtor  ]',  and  the  pole  of  the 
oullptic  11;  Ti"  Tf  ^'  is  the  equa- 
tor, Sy  ff  the  ecliptic. 

1'licn  wc  may  say,  tliat  the 
HUH  ilcBcribofi  Hh  course  in  the 
i'cliptiu  round  0  unifunnly  in 
tlie  counto  of  a  yoar.  lite  ecliptic  is  conceived  to  be  di- 
vided i))to  twelve  equal  portions,  each  therefore  ccKtsUtii^  tt 
■■ju",  nnd  thcHC  j)ortion9  ore  called  the  twelve  ntpis  t^  Uil 
Zodiac ;  tliuy  arc  known  by  the  following  names ;  Aries,  IW 
rua,  Gemini,  Cancer,  Leo,  Virgo,  Libra.  Scor]>io,  Sagittarius, 
CapricornuB.  AquanuH,  I'iseea;  the  origin  of  these  names  viD 
be  Hccn  herearter ;  they  are  denoted  by  difierent  symbols,  one 
only  of  which  wc  fthall  use,  (t),  which  is  tlie  sj-mbol  Ibr 
Aries,  The  first  point  of  Aries  is  determined  by  the  inter- 
Bcetiou  of  the  equator  and  ecliptic,  the  other  jiotnt  of  inters 
Bcetiou  being  tlic  lirttt  point  of  Libra. 

SuppoHC  the  «un  to  bo  atT,  which  will  happeu  at  the  time 
of  year  called  the  vernal  equitiox,  and  suppose  it  to  be  moviof 
iu  the  ecliptic  towards  S:  for  three  months  ita  tUstAiicc  from 
the  equator  will  increase,  and  at  the  end  of  that  time  it  will 
bo  at  S,  a  ]K>iiit  in  the  great  circle  passing  through  P  and  D. 
Its  distance  from  the  equator  will  then  diminish,  until  at  tlw 
end  of  three  monthut  it  will  again  be  in  the  equator  ;  this  mSi 
happen  at  the  autumnal  etpiinox.  The  sun  will  noir  gfo  to 
tlie  south  of  the  equator,  and  at  the  end  of  tlie  next  three 
nioutba  wiU  be  at  S"  uu  Ibu  great  circle  passing  tliroujffa  f 
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and  n.  Lastly,  after  passing  ^  the  sun  will  again  approach 
the  equator,  and  at  the  end  of  three  months  more  will  be 
again  at  t  . 

16.  For  a  few  days  before  and  after  passing  the  points 
S  and  S',  the  sun  will  move  nearly  parallel  to  the  equator, 
and  therefore,  will  neither  approach  it  nor  recede  from  itj 
hence,  so  far  as  motion  to  or  from  the  equator  is  concerned, 
the  sun  may  be  said  at  those  points  to  be  stationary  for  a 
short  period,  and  they  are  on  this  account  called  the  solstices. 
S  is  the  summer  solstice,  S'  the  mnter  solstice ;  the  great 
circle  passing  through  the  solstices  and  the  polea  of  the 
equator  and  ecliptic,  is  called  the  solstitial  cobire. 


ON  CLIMATE. 

17.  It  will  be  easily  seet\,  that  all  parts  of  the  earth's 
surface  are  not  equally  affected  by  the  sun's  heat ;  the  term 
climate  is  used  to  express  the  difference  between  the  several 
regions  of  the  earth  in  this  respect. 

Let  0  be  the  centre  of  Uie  earth  ;  t  S  the  ecliptic,  t  E 
the  equator,  fl,  P,  their  respective  poles ;  and  let  t,  p,  a,  e. 


be  the  points  in  which  the  Unes  Ol\,  OP,  OS,  OE,  respectivdj 
meet  the  earth's  surface ;  also  x  ir,  as',  small  circles  on  the 
earth's  surface  made  by  planes  parallel  to  the  equator,  and  «tl 
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tbe  great  cirde  in  which  the  plane  of  the  equator  < 
earth. 

Then  the  portion  of  the  earth's  surface  to  the  norOi  of 
TTfl-',  and  an  equal  portion  to  the  south  of  a  stmilor  small 
circle  round  the  south  pole,  are  called  the  frigid  Zona  :  the 
portion  between  n-n-'  and  aa',  and  a  similar  pordon  in  the 
southern  hemisphere,  are  called  the  temperate  Zones :  and  tlie 
portion  between  ss'  and  a  similar  circle  in  the  southern  hemi- 
sphere are  called  the  torrid  Zones. 

The  small  circle  ■a-ir  is  called  the  ^rcd'c  Circle,  and  a 
similar  one  in  the  southern  hemisphere  the  jintarctic  Circle, 
The  small  circle  ss'  is  called  the  Tropic  of  Cancer,  and  a 
similar  one  in  the  southern  hemisphere  the  Tropic  of  Ca- 
pricorn :  because  the  sun  after  receding  from  the  equator, 
turns  (T^ejrei)  on  entering  the  signs  of  Cancer  and  Capri- 
corn, and  again  approaches  the  equator. 

18.  The  peculiarity  of  the  torrid  zone  is  that  a  place 
situated  witliin  it  will  have  the  sun  vertical,  that  is,  exatjtly  in 
its  zenith,  twice  in  tlie  year.  For  let  o-  be  tlie  place  of  the 
sun  at  any  given  time,  then,  if  we  join  Oa,  this  line  will 
manifestly  intersect  the  earth's  surface  at  some  point  between 
the  tropics,  and  that  place,  with  all  others  in  the  same  ladtudOi 
will  have  the  sun  in  the  zenith  ;  and  the  same  thing  will  take 
place  when  the  sun  has  passed  the  solstice  by  a  distance  eqiial 
to  aS.  Even  when  the  sun  is  not  exactly  vcrUcal,  its  vagB 
fall  with  a  smaller  obliquity  on  places  between  the  tropics 
than  in  tlie  temperate  zones ;  hence  the  extreme  heat  of 
tropical  cUmates. 

The  peculiarity  of  the  frigid  zones  will  be  noticed  in 
Article  30. 

ON   THE  LENGTH  OF  THE   DAY. 

19.  The  motion  of  the  sun  in  the  ecliptic  during  i 
day  is  not  very  great ;  hence  in  considering  the  eScct  of  Ha 
motion  on  the  length  of  the  day  it  will  be  suthcient  to  suppose 
it  to  preserve  the  same  position  in  the  ecliptic  during  odc 
revolution  of  the  earth,  or  during  one  of  its  own  apparent 
revolutions  about  the  earth. 


LENGTH  OP  TIIR   DAT. 


jei  0  he  the  eartli's  centre,  Z  the  zenith  of  a  place  on  ita 
flurfaoe,  ////'  the  horizon  of  the  place,  MSJif  the  eqnator. 
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P  ita  pole.  Then  we  can  determine  the  length  of  the  day  for 
any  given  position  of  the  sun  in  the  ecliptic,  by  supposing 
it  to  describe  a  small  circle  in  a  plane  perpendicular  to  OP; 
as  long  as  it  is  above  the  horizon  it  is  day,  the  remainder 
of  the  twenty-four  hours  is  night.  We  shall  consider  three 
cases. 

(1)  Let  the  sun  be  in  the  equator  ;  then  ita  diurnal  path 
will  be  tlie  great  circle  SM,  and  if  we  join  FS  by  an  arc  of  a 
great  circle,  half  the  day  will  be  measured  by  the  angle  MPS 
(called  an  hoiir-angle).  But  it  is  not  ditticult  to  see  that  the 
angle  MPS  is  a  right  angle,  hence  the  hour-angle  measuring 
the  length  of  the  day  is  two  right  angles  ;  consequently  that 
which  measures  the  length  of  the  night  must  be  two  right 
angles,  or  the  day  and  night  are  cquaL  When  therefore  the 
sun  is  in  the  equator,  day  and  night  are  equal  all  over  the 
world ;  hence  the  equator  is  sometimes  called  the  equinoctial 
line,  and  the  first  points  of  Aries  and  Libra  are  called  the 
egiiinoxss. 

(3)  Suppose  the  sun  to  be  in  the  summer  solstice ;  then 
its  diurnal  path  will  be  the  small  circle  fi'iW,,  the  arc  MM, 
being  that  which  measures  the  obliquity  of  the  ecliptic.    Join 

31—5 


484  ASTRONOMY. 

SiP  by  an  arc  of  a  great  circle ;  then  the  hour-angle  SiPMi 
measures  half  the  day,  and  this  angle  b  greater  than  a  right 
angle,  hence  the  days  are  longer  than  the  nights  to  places  in 
northern  latitudes. 

(3)  In  like  manner,  if  the  sun  is  in  the  winter  solstice, 
and  S2M2  its  diurnal  path,  the  hour-angle  S^PM.^  will  measure 
half  the  day,  and  the  days  will  be  shorter  than  the  nights. 

For  intermediate  positions  of  the  sun  the  results  will  be 
easily  inferred. 

20.  Let  us  consider  the  peculiarities  of  day  and  night  in 
the  frigid  zones.  Let  us  suppose  PZ  to  be  equal  to  the 
obliquity  of  the  ecliptic,  then  the  small  circle  SiM^  will  pass 
through  ST,  that  is  to  say,  when  the  sun  is  in  the  summer 
solstice  it  just  does  not  set  to  a  place  upon  the  Arctic  Circle, 
and  in  general,  in  order  that  the  sun  may  set  to  any  given 
place  its  angular  distance  from  the  Pole,  (or  North  Polar 
distance^  as  it  is  called,)  must  be  greater  than  the  latitude  of 
the  place ;  suppose,  for  instance,  we  take  a  place  in  latitude 
7(fi,  then  the  sun  wiU  not  set  to  that  place  from  the  time  that 
its  north  polar  distance  is  70^  until  after  having  passed  the 
solstice  its  north  polar  distance  is  70^  again.  Corresponding 
to  those  long  summer  days  there  will  be  equally  long  winter 
nights ;  and  at  the  poles  there  will  be  a  day  of  six  months 
in  length,  succeeded  by  a  night  equally  long. 

21.  The  greater  length  of  day  in  summer  than  in  winter, 
is  an  additional  reason  for  the  greater  heat  of  that  season ; 
for  since  the  earth  receives  heat  from  the  sun  during  the  day, 
and  gives  back  the  heat  by  radiation  from  its  surface,  the 
longer  time  the  sun  is  above  the  horizon  the  greater  w^ill  be 
the  quantity  of  heat  received  by  a  body  on  the  earth's  surface, 
both  directly  from  the  sun,  and  also  by  radiation  from  the 
earth. 


MODE    OF    MAKIXO    OBSEIi VATION3, 


ON  THE   MODE  OF  DETERMINING  THE  PLACE  OF 
A   HEAVENLY  BODY. 


22.     This  will  be  done  on  the  general  principle  explained 

in  Art.  6,  and  already  applied  to  the  case  of  terreBtrial  lati- 
tude and  longitude  in  Art.  10, 

Let   0  be  the  centre  of  the  celestial  sphere,  Ey  f^  the 

equator,  Sy  S"  the  ecliptic,  P, 

n  their  respective  poles.    Let 

a  be   any  heavenly  body,  the 

position  of  wliich  we  desire  to 

determine :    draw    through    a 

the  arcs  of  great  circles  l*a  J, 

WuL;  then  T  A  is  called  the 

Right    Ascension,   Aa   the    De- 
clination of  CT,  and  if  these  be 

given  the  position  of  a  will  be 

determined.      It    will    be    the 

same  thing  if  we  suppose  Pa, 

the  North  Polar  distance,  to  be  given  instead  of  the  declina- 
,  JJon-     The   Right   Ascension   is    measured  from    t    in    the 

(direction  of  the  sun's  motion.  Right  Ascension  is  usually 
rritten  in  the  abbreviated  form  li.A.,  and  North  Polar  Dis- 
f  tance,  N.P.D. 

23.     The  position  of  a  may  be  equally  well  determined 
f  means  of  the  arcs  f  L  and  La,  which  are  called  rcapcc- 
j^vely  its  lonf/itude  and  latitude. 

By    measuring   R.A.    and   longitude    from     t  ,    we 
"appear  to  assume  that  T  ia  a  fixed  point.     This  is  not  accu- 
rately true,  as  we  shall  see  liereafter ;  its  motion  however  ia 
sufficiently  slow  to  allow  us,  in  general,  to  conceive  it  to  be 
I  fixed ;  in  making  observations  the  motion  is  allowed  for. 
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ON  TITE  MODE  OF  MAKING  0BSEHVATIOK8 
OF  THE  HEAVENLY  BODIES. 

25.     Wo  propose  to  explain  the  mode  in  which  the  I 
Ascension  ftnd  Declination  of  a  star  become  niatt«rB  <  ~ 
\fition,  and  to  describe  the  principal  instruments  by  me 
which  the  observations  arc  made. 

Let  7.  be  the  zenith  of  the  plaee  of  observation,  ( 
centre  of  the  celestial  ajihere,  Et  E  the  equator,  i*  ita  ( 
UZB  the  meridian  of  the  place. 

Let  a  be  the  star  or  other 
heavenly  body,  the  R.A.  and  de- 
clination, (or  N.P.D.,)  of  which 
wo  wish  to  determine,  and  sup- 
pose it  to  be  on  the  meridian 
when  we  make  our  observations. 
Then  by  means  of  an  instru- 
ment called  the  Mural  Circle, 
Hoon  to  be  described,  we  can  ob- 
serve with    groat  accuracy   Zit, 

the  zenith  distance  of  a,  and  this  added  to  t,P,  the  co^ti 
of  the  place  of  observation,  which  may  also  be  SDppi 
known,  will  be  the  N.P.D.  of  t.  Again,  since  the  whole 
heavens  turn  about  OP  uniformly  in  2t  hours,  called  sidfrvai 
hours,  if  we  note  the  time  of  nr  passing  the  meridian  and  th«t 
of  tr,  the  difference  between  these  times  will  measure  the  arc 
T  E,  or  the  U.A.  of  <r ;  for  instance,  suppose  the  diflcrencc  of 
time  was   l  hour,  then  the  It. A,  would  be  ' —  ,  or  I5«.      TbB 

method  adopted  in  practice  is  to  have  a  clock  which  iadiomtM'ii 

o''o'"  when  t  ia  on  the  meridian,  and  then  the  sid 

of  a  star's  passing  the  meridian,  or  the  time  of  its  i 

converted  into  degrees  at  the  rate  of  15"  to  1  hour,  1 

the  U.A.  of  the  star. 

Thus  the  determination  of  the  R.A.  and  N.P.D. 
heavenly  body  is  reduced  to  that  of  the  time  of  ftaaaiag  i 
meridian,  and  the  meridian  zenith  distance.     We  (Jiall  pn 
to  describe  the  Transit  Instrument  and  the  Mural  T 
nicans  of  which  this  ia  effected. 
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26.      The   Transit  Instnimmt. 


This  instrument  consists  of  a  common  astronomical  tele- 
Kope,  fixed  firmly  to  an  arm  W,  the 
extremities  of  which  are  cylindrical  and 
are  supported  hy  two  pillars  of  sohd 
masonry  E,  W,  bo  placed  that  the  arm 
yy'  points  eaat  and  west.  In  the  focus 
of  the  object-glass  are  placed  a  certain 
number  of  fixed  vertical  wires,  usually 
five  or  eeven,  and  one  horizontal  wire 
passing  through  the  ceutre  of  the  field,  as  in  the  annexed 
figure. 

The  telescope  moves,  as  will  be  seen  from  the  preceding 
description,  in  the  plane  of  the  meridian,  and  the  mode  of 
observation  is  as  follows :  Before  the  object  to  be  observed 
comes  upon  the  meridian,  the  tran^tit  instrument  is  set  in 
such  a  position  that  the  object  shall  pass  as  near  as  possible 
through  the  centre  of  the  field  of  view;  this  may  be  done 
by  means  of  a  variety  of  contrivances,   but  it  requires  an 
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approximate  value  of  the  zenith  distance  of  the  object,  which 
however  may  be  supposed  known  from  previous  observations 
sufficiently  nearly  for  the  purpose,  in  the  case  of  all  bodies 
of  which  it  is  necessary  to  observe  the  transit.  The  time 
of  transit  is  the  moment  at  which  the  object  crosses  the 
middle  vertical  wire,  supposing  that  wire  to  be  in  perfect 
adjustment ;  but  to  avoid  the  error  of  imperfect  adjustment, 
and  also  to  diminish  as  far  as  possible  the  errors  of  observa- 
tion, it  is  usual  to  note  the  time  of  transit  across  each  of  the 
vertical  wires,  and  take  the  mean  of  these  observed  times 
as  the  true  time  of  transit. 

The  observation  requires  the  assistance  of  a  sidereal  clock 
which  beats  seconds  in  a  very  distinct  manner ;  the  observer 
before  looking  into  the  telescope  takes  notice  of  the  time  indi- 
cated by  the  clock,  and  by  counting  the  beats  of  the  pendulum 
knows  the  time  which  elapses  afterwards ;  having  a  book  and 
pencil  in  his  hand,  he  thus  notes  with  great  accuracy  the  time 
of  transit  over  each  wire. 

27.  The  transit  instrument  is  in  perfect  adjustment  when 
the  line  of  collimation^  that  is,  the  line  joining  the  intersection 
of  the  horizontal  and  middle  vertical  wire  with  the  centre  of 
the  object-glass,  moves  in  the  plane  of  the  meridian,  the  instru- 
ment being  turned  about  its  horizontal  axis. 

In  order  therefore  that  the  adjustment  may  be  perfect,  (l) 
the  line  of  collimation  must  be  accurately  perpendicular  to  the 
geometrical  line  in  the  transverse  axis  about  which  the  instru- 
ment turns ;  (2)  this  geometrical  axis  must  be  accurately  hori- 
zontal ;  (3)  the  same  axis  must  point  accurately  east  and  west. 

In  practice  the  transit  instrument  is  seldom  or  never  in 
perfect  adjustment,  and  even  if  it  could  be  made  perfect  at 
any  given  time,  so  small  a  cause  is  sufficient  to  sensibly  dis- 
arrange it  that  the  adjustment  would  soon  cease  to  be  perfect. 
The  three  errors  therefore  corresponding  to  the  three  adjust- 
ments above  mentioned,  and  which  are  known  as  the  errors 
of  collimation,  level,  and  deviation,  respectively,  are  ascertained 
and  correction  made  in  the  observed  time  of  transit. 

28.  The  Sidereal  Clock. 

The   dock   when   properly  adjusted   ought   to   indicate 
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QhQingi  wden  the  first  point  of  Aries  is  on  the  meridian, 
and  should  indicate  the  Lipse  of  24  sidereal  hours  during^ 
the  interval  of  two  successive  transits  of  that  point.  The  time 
of  the  transit  of  a  star  according  to  the  sidereal  clock  will 
be  the  star's  li.A.  in  time. 

The  clock  is  corrected  by  observing  the  time  of  transit  of 
a  star,  the  R.A,  of  which  is  accurately  known,  and  comparing 
the  known  R.A.  with  that  indicated  by  the  clock. 

By  observing  two  transits  of  the  same  star,  or  the  transit 
of  two  known  stars,  we  ean  ascertain  the  clock's  rate,  that  is, 
the  rate  at  which  it  is  gaining  or  losing. 

And  by  observing  three  transits,  we  can  ascertain  whether 
nta  rate  is  regular. 


This   instrument   consists  of   an   astronomical   telescope 
firmly  clamped  to  a  flat  circular  rim,  which  moves  about  an 


490 


ASTROSOHr. 


axis  pasBiDg  into  a  strong  vertical  wall  to  which  the 
the  instrument  is  applied.  The  graduation  is  made  on  tlw 
side  of  the  rim  perpendicular  to  the  wall,  and  the  reading  rf 
h  effected  by  means  of  microscopes  A.  B,  C,  D,  E,  F.  In 
the  focus  of  the  object-glass  are  two  fixed  wires,  one  rertial 
and  one  horizontal,  and  besides  these  there  is  a  movoable 
horizontal  mia-ometer  wire,  the  nature  of  which  will  reqnife 
some  explanation. 

A  micrometer  wire  is  one  which  is  moveable  by  meuv  ef 
a  Borew  within  the  observer's  reach,  the  head  of  which  is  fft»- 
duatcd  and  so  contrived  as  to  indicate  the  distance  Ihrougb 
which  the  wire  is  moved.  Suppose,  for  instance,  in  the  abovL' 
case,  when  the  micrometer  wire  coincides  nnth  the  fixed  bori* 
zontal  wire,  the  ])ointer  on  the  screw-head  indicates  ffi  tf  tf, 
then  if  when  the  wire  is  made  to  coincide  with  any  crren 
object  in  the  field  of  view  the  reading  of  the  screw-head  is  ■*" 
we  shall  know  that  the  distance  between  the  image  and  iht 
fixed  horizontal  wire  subtends  an  angle  of  n"  at  the  centre 
of  tlie  object-glass,  in  other  words,  that  the  angular  distance 
between  the  object  and  the  centre  of  the  field  of  riew  M 
measured  by  an  arc  of  a  great  circle  on  the  celestial  ^ibeR 


30.  Since  the  purpose  of  this  instrument  is  to  obscnrc 
the  zenith  distance  of  heavenly  bodies  as  tlier  pasx  the  meri- 
dian, the  line  of  coUiniation  ought  to  move  in  the  plane  of  tbe 
meridian.  But  it  is  not  difficult  to  see  that  the  error  occa- 
sioned by  a  slight  deviation  of  the  line  of  collunation  from 
that  plane  will  not  be  so  important  as  in  the  case  of  a  tnufli 
instrument :  the  error  of  principal  importance  is  this ; 
the  instrument  is  pointed  to  the  zenith,  one  of  the 
scopes  ought  to  indicate  accurately  o",  and  this  will  not  ge- 
nerally be  the  case,  the  error  in  the  reading  may  be  caDed 
the  error  of  colliniation  in  altitude,  and  may  either  be  cal- 
culated and  allowed  for,  or  may  he  got  rid  of  entirely  by  a 
method  of  observation  which  we  shall  presently  dcM.*ribe. 
Properly  speaking,  tlie  error  which  we  have  called  that  of 
collimation  in  altitude  consists  of  two,  one  ari»ng  from  the 
fact  that  if  the  line  of  collimation  were  in  perfect  ai^jiifffTnTrBt 
tliere  would  in  general  be  an  indra  vrror,  and  the  other 
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the  usual  want  of  accurate  adjustment  of  tfae  line  of  colli- 
mation ;  these  two  however  are  necessarily  joined  together, 
and  may  be  conveniently  spoken  of  as  one  error. 

31.  T)ie  reading  off  is  made  vnth  six  microscopes  instead 
of  one,  for  the  sake  of  greater  accuracy,  especially  in  these 
respects :  we  diminish  the  probability  of  error  from  defective 
graduation ;  but  still  more  we  avoid  any  error  arising  from 
false  centering,  i.e.  from  the  centre  about  which  the  circle 
turns  not  coinciding  with  the  actual  centre  of  the  graduated 
rim ;  for  it  ivill  be  easily  seen  that  if  on  this  account  any 
microscope  gives  a  reading  in  excess,  the  opposite  one  will 
give  a  reading  as  much  in  defect,  and  thus  the  mean  of  the 
two  will  be  correct.  The  mode  of  reading  by  means  of  a 
microscope  is  simply  this :  the  part  of  the  graduated  rim,  the 
image  of  which  coincides  with  the  centre  of  the  field  of  the 
microscope,  is  that  the  position  of  which  we  desire  to  deter- 
mine ;  but  this  will  in  general  not  happen  to  coincide  with  a 
line  of  graduation;  we  have  therefore  to  determine  tlie  dis- 
tance of  the  centre  of  tlie  field  from  the  nearest  line  of  gra- 
duation. This  is  done  by  means  of  a  micrometer  wire,  which 
when  it  coincides  with  the  centre  of  the  field  gives  a  reading 
on  the  screw-head  of  o",  and  lience  if  we  turn  the  screw-head 
until  the  micrometer  wire  coincides  with  the  image  of  the 
nearest  line  of  graduation,  the  reading  on  the  screw-head 
will  be  the  quantity  to  be  added  to  the  reading  of  the  circle, 
corresponding  to  the  nearest  line  in  question.  The  first 
reading  is  thus  made  with  the   naked  eye,   and  the  niicro- 

ipe  then  furnit^hes  a  correction  to  this  reading. 

32.  The  mode  of  observation  with  the  mural  circle  is  as 
follows. 

Before  the  star,  or  other  heavenly  l>ody  to  be  observed, 
crosses  the  meridian,  let  tlie  telescope  be  directed  downwards 
towards  a  trongh  of  mercury,  in  such  a  manner  that  the 
image  of  the  star  seen  by  reflexion  at  the  surface  of  the 
mercury  may  pass  through  the  field  of  view :  tliis  can  be 
done,  because  the  zenith  distance  is  supposed  to  be  known 
approximately.  Let  the  circle  be  clamped  in  this  position, 
and  the  microscopea  read. 


H  reai 

fcsoo] 
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When  the  star,  as  seen  by  reflexion,  comes  into  the  field 
of  view,  let  it  be  bisected  by  the  moveable  micrometer  wire, 
a  short  time  before  it  reaches  the  middle  of  the  field. 

Let  the  circle  be  now  undamped,  and  turned  rapidly 
round  until  the  star  is  visible  by  direct  vision,  and  by  means 
of  a  screw  provided  for  the  purpose  let  the  circle  be  slightly 
moved  until  the  star  is  bisected  by  the  fixed  horizontal  wire. 
This  may  be  effected  by  a  skilful  observer  soon  after  the  star 
has  passed  the  middle  of  the  field. 

The  microscopes  may  now  be  read,  and  the  mean  of  the 
six  readings  will  be  the  result  of  the  observation  by  direct 
vision.  The  micrometer  may  also  be  read,  and  this  reading 
added  to  the  mean  of  the  readings  of  the  six  microscopes, 
as  examined  before  the  observation,  will  give  the  result  of 
the  observation  by  reflexion. 

The  mean  of  the  two  observations  will  give  the  true  al- 
titude or  zenith  distance  of  the  star,  free  from  error  of  col- 
limation  in  altitude.  That  this  will  be  so  may  be  seen  as 
follows. 

33.  Let  TtM  be  the  position  of  the  line  of  coUimation, 
when  the  star  a  is  seen  by  reflexion.  Then  if  Z  be  the 
zenith  point,  the  reading  ought  to  be  Z/,  but  in  consequenee 
of  the  collimation  error  let  it  be  Zt  +  C.  Also  let  T^  ^  he 
the  position  of  the  line  of  collimation,  when  the  star  is  se^i 
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and   the   reading  will    be   Zt'-t-C;    hence 

of  the  readings  =  — '■ ~  =  —  =  the  true  altitude 

K  the  star. 

The  Transit  Instrument  and  the  Mural  Circle  are 
Sie  instruments  of  daily  use  in  observatories,  and  we  recom- 
mend the  student,  if  it  should  be  ^vitbin  bis  power,  to  visit 
some  observatory  for  the  purpose  of  inspection  of  the  instru- 
ments. We  shall  conclude  this  part  of  the  subject  by  de- 
scribing Hadley's  Sextant,  an  instrument  of  great  importance 
on  account  of  its  applicability  to  nautical  purposes;  the 
instruments  ah'eady  described,  and  all  others  which  require 
fixed  supports,  are  useless  at  sea  on  account  of  the  constant 
motion  of  the  vessel. 

^      35.     Hadley's  Sextant. 

^  The  principle  on  which  this  instrument  is  constructed, 
depends  upon  a  proposition  proved  in  Optics,  (Art.  91,  p.  40+), 
viz.  that  when  a  ray  of  light  is  reflected  at  two  mirrors,  the 
angle  of  deviation  is  equal  to  twice  the  angle  between  the 
mirrors. 

The  figure  represents  Hadley's  Sextant ;  DF  is  a  portion 
of  a  graduated  rim,  the  graduation,  aa  the  name  imports, 
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extending  usually  to  about  one  sixth  of  a  circumference,  but 
sometimes  to  more.  AE  is  a  moveable  radius  of  the  cirde, 
which  carries  with  it  a  small  mirror  A  of  silvered  glass  at  one 
end,  and  a  vernier  at  the  other*.  jB  is  a  piece  of  glass  silvered 
over  half  its  surface,  and  b  so  fixed  that  when  the  reading 
of  the  vernier  is  zero,  the  surfaces  of  the  mirrors  A  and  B  are 
parallel.  C  is  a  small  telescope  attached  to  the  instrument, 
and  so  arranged  that  its  axis  passes  through  the  line  of 
division  between  the  silvered  and  unsilvered  parts  of  the 
glass  B. 

To  find  the  angle  subtended  by  the  line  joining  two 
objects,  (T,  a,  let  the  instrument  be  held  in  such  a  position, 
and  the  moveable  radius  so  adapted,  that  the  image  of  or  as 
seen  by  reflexion  at  the  two  mirrors,  coincides  with  that  of 
<t\  as  seen  by  direct  vision ;  then  the  angle  between  the  two 
objects  will  be  twice  the  angle  between  the  mirrors,  or  twice 
the  arc  between  the  pointer  of  the  vernier  and  the  zero  point 
of  the  instrument,  since  when  the  mirrors  were  parallel  the 
reading  of  the  vernier  was  zero.  Consequently,  if  we  gra- 
duate the  arc  DF  in  such  a  manner  as  to  make  one  of  its 
divisions  correspond  to  2^  the  reading  given  by  the  vernier 
will  be  the  angle  required. 

By  means  of  this  instnmient  the  angular  distance  between 

*  [The  Vernier  is  a  contrivance  for  reading  off  more  accurately  than  is  possible  with 
a  simple  pointer. 

Let  ^^  be  a  portion  of  the  graduated  limb  of  any  instrument,  and  suppose  that 
instead  of  a  simple  pointer  we  have  a  small  piece  of  brass  CD,  having  a  pointer  E  and 


♦     '      '      '      '     T 


I      ■■    ■  ■       ■     =^ 


n. 


the  space  between  E  and  D  graduated  in  such  a  manner  that  n  of  its  graduations  shall 
be  equal  to  n  - 1  of  those  on  the  limb  AB. 
'   Let  a,  /3  be  the  lengths  of  the  respective  graduations ; 

.*.  na  =  (n-l)/9,  or/3-a=". 

Now  suppose  that  after  an  observation  E  does  not  point  accuratdy  to  any  line  of 
graduation  of  the  instrument ;  let  a  be  the  nearest,  then  we  must  add  to  the  reading  at 
a  the  distance  between  a  and  the  pointer.  Suppose  the  r^  division  of  the  vernier  almost 
exactly  points  to  a  line  of  graduation,  as  at^;  then  tlie  quantity  to  be  added  to  the 
reading  at  a 

/3 

Suppose,  for  instance,  that  /3  =r  !<>,  and  n  =>  6,  then  ^  s  10' ;  and  if  r  s  4,  the  quantitj  to 
be  added  to  the  reading  at  a  =  4(K.] 
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two  ot^eots,  or  the  altitude  of  ft  heavenly  body  above  the 
horizon,  may  be  oscertaiDed  with  sufficicDt  exactness  for 
nautical  purposes. 

IS6.     In    our   explanation    of   the   mode   of  finding   llic 
,P.D.  of  a  heavenly  body,  we  have  assumed  the  latitude  of 
Liie  place  of  observation  to  be  known ;  we  proceed  to  shew 
how  it  may  be  ascertained. 

Let  IT  a  be  the  small  circle  described 
by  a  circumpolar  star,  round  the  pole  P, 
in  consequence  of  the  diurnal  revolution 
of  the  heavens ;  Z  the  zenith  of  the 
■  place   of  observation,   Za  Pa    it3    meri- 


■.pla* 


When  the  star  is  on  the  moridian  at  its  upper  transit,  let 
its  zenith  distance  Za  be  observed;  and  when  it  is  again  ou 
the  meridian  at  its  lower  transit,  let  its  zenith  distance  Za 
be  observed. 

Za'  +  Za 


Then 


ZP  = 


=  the  co-latitude; 


hence  the  latitude  is  known. 

The  preceding  method  is  applicable,  only  when  we  have 
a  fixejl  inatrument  in  the  plane  of  the  meridian,  as  in  an  Ob- 
servatory. Methods  applicable  to  observations  made  at  sea 
require  mathematical  calculations,  into  which  it  is  not  the 
purpose  of  this  treatise  to  enter. 


■  ON  THE  FIXED  STARS. 

f  37.  If  we  look  at  the  heavens  night  after  night,  we  shall 
easily  conclude  that  the  greater  part  of  the  stars  preserve, 
at  least  approximately,  the  same  relative  positions,  and  if  wo 
determine  their  R.A.  and  N.P.D.,  we  find  tliem  nearly  con- 
such  stars  are  called  Ji-jced  stars,  a  name  which  dis- 
bguishcs  them  from  the  planetary  bodies,  of  which  we  shall 
~;erwards  have  to  Bpeok  more  particularly.    The  modes  of 
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detennining  the  It, A.  and  N.P.D.  of  a  star,  which  we  1  _ 
described,  will  require  oonsidei-able  correction,  but,  supposing 
(hat  we  have  the  meaiis  of  determining  accurately  these 
elements,  we  can  make  a  catalogue  of  the  fixed  stars,  Su^ 
catalogues  have  been  made,  and  are  of  the  utmost  use  in 
practical  Astronomy ;  the  place  of  a  star  becomes  luiown 
accurately,  only  by  a  long  series  of  observations,  and  when 
the  R.A.  and  N.P.D.  of  a  star  have  thus  been  satisfaotcMilj' 
established,  it  is  called  a  tnown  star.  These  fixed  stars  are 
at  an  enormous  distance  from  the  earth,  as  is  at  ODOC  con- 
cluded from  this  fact,  that  the  most  powerful  telescope  does 
not  exhibit  any  sensible  disk;  but  of  the  greatness  of  th&e 
distance  wc  shidl  presenlly  have  a  njore  definite  notion,  when 
we  come  to  speak  of  parallax.  The  stars  are  divided  into 
groups  called  constellations ;  this  however  is  not  done  Upon 
any  good  and  convenient  system,  but  in  a  manner  apparently 
quite  arbitrary,  and  certainly  very  fanciful.  If  we  refer  Uie 
places  of  the  stars,  and  those  of  the  sun,  moon,  and  planeta, 
to  the  surface  of  the  celestial  sjihcre,  the  stars  will  be  tuteA 
in  position,  and  the  sun,  moon  and  planets  will  move  amongst 
them ;  hence  we  may  speak  of  the  motion  of  the  sun  among 
the  fixed  stars;  and  the  signs  of  the  zodiac  are  in  fact  the 
names  of  twelve  constellations,  which  at  the  time  the  names 
were  given  were  coincident  in  position  with  the  signs  bearing 
the  same  names,  but  now,  for  reasons  to  be  hereafter  assigned, 
occupy  other  positions. 

The  latitude  and  longitude  of  a  star  may  be  deduced  frvm 
its  right  ascension  and  declination,  and  stars  may  be  catalogued 
accordingly ;  but  this  method  is  not  so  convenient  as  that  of 
registering  their  right  ascensions  and  declinations. 


ON   THE  CORRECTIONS  OF  ASTRONOMICAL 
OBSERVATIONS. 


38.      We  have   described    the   mode   of   determinioi 
observation  the  R.A.  and  N.P.D.  of  any  heavenly  bodyjj 
the  observations  so  made  require  several  important  con 
which  we  now  proceed  to  atptoio. 


KEFRACTIOK. 


ON   REFRACTION. 


39,     The  first  correction  is  due  to  the  deviation  caused 
I  a  TCLy  of  light  by  its  passage  through  the  atmosphere. 


Let  0  be  the  centre  of  the  earth,  A  the  place  of  obser- 
ration,  Z  its  zenith.  And  conceive  the  atmosphere  to  be 
med  of  concentric  strata  of  air,  diminishing  in  density  as 
they  are  further  from  the  earth's  surface. 

Then  a  ray  of  light  in  passing  through  the  atmosphere 
will,  on  entering  each  stratum,  be  bent  towards  the  normal, 
(Optics.  Art.  7,  page  389),  and  consequently  the  ray  of  light 
by  which  the  object  o-  is  seen  by  an  observer  at  A  wiil  be  of 
the  kind  represented  by  the  line  aabcdeA.  In  the  limit, 
when  we  consider  the  strata  to  be  indefinitely  thin,  tlie  path 
of  the  ray  through  the  atmosphere  will  be  a  continuous  curve, 
and  the  direction  in  which  the  object  will  be  seen  will  be  the 
tangent  to  the  curve  at  the  point  nearest  the  observer's  eye. 

The  atmosphere  will  be  exactly  similar  on  opposite  sides 
of  the  vertical  plane  through  ZAa,  and  therefore  the  ray  of 
light  will  not  be  refracted  out  of  that  plane.  Hence  a  heavenly 
body  appears  to  be  raised  in  a  vertic^il  plane  above  its  true 
position,  and  the  zenith  distance  given  by  observation  will  be 
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too  email;  the  aDiouut  of  correction  to  be  applied  4 
upon  calculations  into  wbich  we  shall  not  enter. 

40.      On  Oie  pfuEnomenon  of  Tmliglit. 

The  consideration  of  the  effect  of  refraction  upon  \ 
<Urections  of  rays  of  light  passing  through  the  nlmospbQ 
renders  this  a  convenient  place  to  explain  the  phicnomeiHMi 
of  twilight.  We  have  shewn  in  the  preceding  article,  that 
the  heavenly  bodies  are  apparently  raised  in  a  vertical  plane 
by  the  refraction  of  the  atmosphere,  and  it  followB  that  they 
become  visible  on  the  earth's  surface  when  they  arc  in  fact 
somewhat  below  the  observer's  horizon.  But  before  it  be- 
comes visible,  the  rays  of  tight  from  the  sun  below  the  horizoa 
illumiuate  the  atmosphere,  which  to  some  extent  reflects  and 
scatters  the  rays  in  all  directions,  and  the  result  is  a  funt 
light  which  precedes  the  rising  of  the  sun  and  follows  its 
setting,  and  which  we  call  twilight.  Twilight  begins  and 
terminates  when  the  sun  is  about  18"  below  the  horizon ;  but 
its  duration  manifestly  varies  with  the  latitude,  for  the  time 
which  is  required  for  the  sun  to  rise  through  18"  vertically 
depends  upon  the  inclination  of  its  diurnal  path  to  the  horizon 
of  the  place,  and  is  less  as  this  inclination  is  greater,  that  is, 
as  the  place  is  nearer  to  the  equator.  To  take  an  extreme 
case,  suppose  the  place  to  be  on  the  equator,  and  for  sitnpli- 
city's  sake,  suppose  the  sun  to  be  imr  ,  then  its  diurnal  course 
will  be  a  vertical  great  circle,  and  the  duration  of  nioniiug  or 
evening  twilight  will  be  the  time  taken  to  describe  18"  or  uot 
much  more  than  an  hour. 

In  more  northern  latitudes  the  twilight  may  endure  oil 
night :  it  is  not  difficult  to  determine  the  conditions  undtf 
wliich  this  will  take  place. 

Let  Z  be  the  zenith  of  the  place, 
H'H  the  horizon,  P  the  pole  of  the 
equator,  S  the  sun  at  midnight. 
Then  the  condition  of  twilight  last^ 
ing  all  night  is,  that  the  greatest  j 
depression  of  the  sun  below  the 
horizon  shfdl  not  be  more  tlian  18", 
or  as  not  greater  than  18". 


Let  /  be  the  latitude  of  the  place  -  HPy 

S  the  sun's  decimation  =  J)0"  -  PS ; 

HS~  PS- HP -^9^-^-1; 


or     ^  +  I  not  <  72". 
For  inBtance,  the  latitude  of  London  19  51^",  therefore 
twilight  endures  oil  night  so  long  as  the  sun's  declination  is 
not  less  than  20^",  that  is,  from  the  latter  end  of  May  to  the 
'latter  end  of  July. 


ON   PARALLAX. 

41,  This  second  correction  ia  rendered  necessary  by  the 
fact  of  our  observations  being  made  at  the  surface  of  the 
earth,  and  not  at  the  centre.  If  the  position  of  a  heavenly 
'  body  were  registered  according  to  its  apparent  position  as  seen 
from  a  certain  place,  the  position  so  determined  would  not 
agree  with  that  determined  by  another  observer  at  a  different 
pkce  on  the  earth's  surface ;  a  correction  is  therefore  applied 
to  observations,  such  as  shall  reduce  them  to  what  they  would 
have  been  if  made  from  the  earth's  centre.  This  we  proceed 
to  explain  more  particularly. 

Let  0  be    the    earth's   centre,  A  » 

the  position  of  an  observer  on  its  aur- 
face,  Z  the  zenith  ;  and  let  or  be  some 
heavenly  body,  which  an  observer  at  A 
will  refer  to  the  point  a\  on  a  sphere 
described  with  centre  O,  and  an  ob- 
server at  O  will  refer  to  tr,.  Hence 
the  zenith  distance  of  <t  as  observed 
from  A  will  have  to  be  diminished  by 
the  quantity  tr,  o-j  in  order  to  reduce 

it  to  what  it  would  have  been  if  observed  from  0.  Paral- 
lax, it  is  evident,  takes  place  in  a  vertical  plane,  and  depresses 
1.  heavenly  body,  which  is  exactly  the  opposite  cfiect  to  that 
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of  refraction ;  in  speaking,  however,  of  parallax  as  compared 
with  refraction,  it  is  to  be  carefully  borne  in  mind  that  they 
are  corrections  in  very  different  meanings  of  the  word,  for,  in 
consequence  of  refraction,  the  object  is  not  actually  in  the 
position  in  which  it  seems  to  be,  whereas  the  correction  for 
parallax  is  merely  a  reduction  of  the  observations  made  at 
one  place  to  what  they  would  have  been  if  made  at  another. 

42.  In  the  figure  let  p  «  AaO  =  o-io-g  nearly,  ZAa  «  z, 
then,  from  the  triangle  AaO, 

AO   . 
sin  »  =  — -  sm  z; 
Oa 

or  since  p  is  very  small,  if  we  use  the  circular  measure, 

AO  . 
^       Oa 

This  quantity  p,  since  it  varies  with  the  altitude  of  the 
body,  is  called  the  diurnal  parallax ;  its  greatest  value  is  when 
the  body  is  in  the  horizon  or  ^r  =  90°,  in  which  case  (if  we 
call  the  value  P\ 

P  =  -r—  ,  and  p  «=  P  sm  5r ; 
Oa 

P  is  called  the  horizontal  parallax. 

43.  It  is  found  that  some  of  the  heavenly  bodies,  namely, 
the  fixed  stars,  have  no  sensible  horizontal  parallax,  but  for 
the  sun,  moon,  and  the  planets,  (of  which  we  shall  hereafter 
speak  more  particularly,)  the  value  is  sensible,  and  the  deter- 
mination of  its  value  in  each  case  becomes  a  matter  of  great 
moment ;  for  it  will  be  seen,  that  the  knowledge  of  the  hori- 
zontal parallax  of  a  heavenly  body  informs  us  at  once  of  the 
distance  of  that  body  from  the  earth's  centre  in  terms  of  the 
earth's  radius,  the  magnitude  of  which  we  shall  presently 
shew  how  to  find.     In  fact,  we  have  by  the  last  article 

^       ^O 
0<r-    pi 


I 


and  if  R  be  the  earth's  radius,  x  the  distance  of  the  heavenly 
body,  and  the  horizontal  parallax  be  given  in  seconds, 

]  80  X  60  X  60 

3?  =      „ R. 

P  X  3.UI59 

(See  Trig.  Art.  55,  page  140.) 
The  value  of  the  sun's  horizontal  parallax  is  about  8.75", 
that  of  the  moon's  5/  4". 

44.      To  find  the  horizontal  paraHax  of  a  heavenly  hodij 
6y  observation. 

Let  ZZ'  be  the  zeniths  of 
two  places  on  the  same  meri- 
dian PZZ':    and   let  (t   be   i 
heavenly  body  upon  the  me- 
ridian,  which    is    referred   by 
observers  at  the  two  places  to   , 
the  points  o-j  <ri  on  the  celes-   | 
tial    sphere     respectively,    its 
true  position  as  seen  from  the 
centre  of  the  earth  being  <y„ 
Then  if  P  be  the  horizontal 
parallax  of  a,  wc  have 

o-i  IT,  =  /*  sin  Zcti, 
(r,(rj  *  Psin  ZVj, 
also  Zoa  -ffiffj  +  ^'ffs-ffitr,  =  Z^, 

Zff,   +  2*113   —   ^Z' 

sin  Zffj  +  sin  Za.j ' 
In  this  equation  Ztj,,  Za^  are  known  by  observation,  and 
1  ZZ'  is  the  ditferencc  of  the  latitudes  of  the  places,  (or  the  anm 
|<if  the  places  are  on  opposite  sides  of  the  equator,  as  in  the 
I  figure;)  hence  P  is  completely  determined. 

This  method  is  applicable  to  the  moon,  the  parallax  of 

which  is  considerable ;  but  the  sun's  parallax  being  a  very 

minute  quantity,  can  only  be  satisfactorily  determined  by  the 

help  of  very  particular  phenomena,  a  description  of  which  fte 

L  shall  not  here  enter  upon. 

.     The  diunial  parallax  of  the  fixed  stars  is  found  to 
[  be  wholly  insensible :  but  there  t»  another  kind  of  parallax  due 
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to  the  choDge  of  position  of  the  earth  io  ber  orbit. 

called  annual  parallax,  and  it  becomes  a  qaestioD  bow  far  tias 

will  affect  the  apparent  portion  of  a  fixed  star. 


Let  S  he  the  aun,  E,  E"  two  positioiis  of  the  earthj 
oppoxitc  Bides  of  it ;  0-  a  star  which  an  obsenr-er  on  the  C 
at  a  refers  to  the  point  <j„  and  an  observer  on  the  earth  a 
to  the  i>oint  a,  on  the  celestial  sphere ;  then  E^^  is  | 

latest  variation  in  the  position  of  o-  caused  by  parallax,  ■ 
distance  EE'  is  about  190,000.000  miles,  wc  i~ 

»ect  that  this  angle  would  be  sensible :  but  so  e 
the  distance  of  the  fixed  stars  that  ordinary  observatiniB 
detect  no  annual  parallax.  By  observations  of  extreme  deli- 
cacy, Ressel,  tlie  eminent  astronomer  of  Konigsburg,  detected 
parallax  in  one  star  (61  Cycni) ;  thin  is  a  double  star,  that  a, 
when  seen  through  a  good  instrument  it  appears  to  coosut 
of  two  distinct  bodies  revolving  about  each  other,  or  rather 
about  the  centre  of  gravity  of  the  two,  and  this  was  ono 
reason  for  its  selection  for  the  purpose  of  attempting  to  detect 
parallax,  becauHc  the  distance  of  the  point  haJrway  between 
the  two  stars  from  any  given  point  admitji  of  more  exact 
determination  than  that  of  the  distance  of  a  star  itself: 
another  reason  for  choosing  this  star  was,  tliat  it  has  a  larger 
amount  of  proper  motion,  that  is  to  say,  its  pinco  in  the 
heavens  instead  of  being  absolutely  fixed,  is,  after  every  cor- 
rection has  been  made,  found  to  vary  rcguUriy  from  year  to 
year,  and  to  whatever  cause  this  may  be  due,  a  large  Ritioimt 
of  proper  mutiun  would  seem  idmust  certainly  to  indicate  p^t^- 
portionato  proximity  to  our  system.    The  mode  of  observKti 
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was  to  detenmne  the  distance  of  the  point  midway  between 
the  stars  from  two  other  small  stars,  which  it  was  considered 
might  be  supposed  to  be  free  from  sensible  parallax,  and 
by  continuing  the  observations  for  a  year,  it  was  found  that 
after  every  allowance  had  been  made,  there  appeared  to  be  a 
change  of  position  due  to  annual  parallax.  The  result  is,  that 
the  star  6l  Cyeni  appears  to  have  an  annual  parallax  of  about 
o".348,  which  gives  its  distance  from  the  sun  to  be  657,700 
times  that  of  the  earth  from  the  sun,  or  62,484,500.000,000 
miles:  light  takes  rather  more  than  10  years  to  traverse  this 
space;  yet  this  is  probably  one  of  the  nearer  of  the  fixed 
stars.  The  period  of  revolution  of  the  component  stars  about 
their  centre  of  gravity  is  about  54o  years  ;  henee,  concluding 
their  distance  from  each  other  from  the  preceding  calculated 
distance  from  the  earth  and  their  apparent  angular  distance 
from  each  other,  we  can  deduce  the  sum  of  their  masses, 
Tvhich  proves  to  be  about  half  that  of  the  sun*. 

ON  ABERRATION. 

4C.  The  third  correction  to  be  applied  to  observations 
is  due  to  the  fact  of  light  travelling  with  a  finite  velocity;  the 
manner  in  which  this  circumstance  affects  the  appaicnt  posi- 
tion of  a  star  may  be  explained  as  follows. 

Suppose  a  particle  to  move  with  a  uniform  velo- 
city from  S  towards  T,  and  suppose  it  is  required 
to  hold  a  tube  ABCD,  which  is  also  in  uniform 
motion  in  a  direction  perpendicular  to  .ST,  in  such  a 
position  that  the  particle  shall  move  along  its  axis. 
Let  a,  a  point  in  the  axis,  be  the  place  of  the  par- 
ticle at  any  given  time ;  let  c  be  any  other  point ; 
draw  cd  perpendicular  to  ST,  then  if  the  inclina- 
tion of  the  axis  of  the  tube  to  ST  be  such  that 


J 

4 


2;- 


ed  I  ad  ;:  velocity  of  tube :  velocity  of  particle, 

pt  is  manifest  that  when  the  particle  has  arrived  at 
Wd,  e  will  also  have  arrived  there,  and  the  particle 
rwill  always  be  on  the  axis  of  the  tube,  as  was  required. 


/!/' 


to 
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Let  9  be  the  angle  of  indinatioQ  of  the  tube,  v  the  Telo- 
city of  the  tube,  V  that  of  the  particle,  then  we  muat  have 

«"■>«= f 

Now  the  case  we  have  supposed  is  nearly  aualogous  to 
that  of  a  heavenly  body  viewed  through  a  telescope ;  for  the 
telescope  is  in  motion  in  consequence  of  the  motion  of  the 
point  of  the  earth's  surface  on  which  it  ia  fixed,  and  in  order 
that  a  star  may  be  visible  through  it,  we  must  hold  it  in  such 
a  direction  that  a  ray  of  light  coming  irom  the  star  may  pass 
down  its  axis ;  hence  we  conclude  from  what  precedes,  that 
the  direction  of  the  axis  of  the  telescope  does  not  coincide 
with  the  direction  in  which  light  proceeds  from  the  star,  but 
is  inclined  at  an  angle  (9)  determined  by  the  equation 

tand-^^. 


where  V  is  the  velocity  of  the  earth  in  its  orbit,  and  V  the 
velocity  of  light.  If  then  v  be  comparable  with  V,  there  will 
be  a  consequent  error  in  our  observationB,  and  this  error  is 
said  to  be  due  to  aberratwn.  We  shall  shew  how  it  can  be 
ascertained  by  obaervation  that  the  error  is  appreciable,  but 
first  we  must  explain  more  particularly  the  effect  of  aberration 
in  altering  a  star's  apparent  place  on  the  celestial  sphere. 

47.     Let  A  OB  be  the  ecliptic,  n  its  pole,  S  the  sun,  E 
the  earth  in  its  orbit   C£D,  u  a  fixed  star.     Draw  £0  a 


tangent  to  the  earth's  orbit,  then  EO  is  the  direction  of  the 
earth's  motion,  and  trE  that  of  light  from  the  star,  hence 
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aberration  takes  place  in  the  plane  aEO;  join  aO  hy  an  arc 
of  a  great  eircle,  and  let  a'  be  the  apparent  place  of  the  star. 
Join  ff'E,  and  draw  a'E'  parallel  to  a-£;  then,  by  what  has 
been  said,  we  must  have 

EE'  :  aE  (=  tr'E)  ::  velocity  of  earth  :  velocity  of  light; 
EE' 


I  E<,'E' . 


<t'E 


NO  a'  EOt 


Telority  of  earth 
velocity  of  light 


sin  (T  0,  nearly. 


le  angle  o-  O  is  called  the  earth's  way. 
The  velocity  of  the  earth  in   its  orbit  is  so  much  greater 
than  that  of  any  point  in  its  surface  due  to  rotation  about  the 
axis,  that  we  may  confine  our  attention  to  the  former  as  pro- 
ducing the  error  of  aberration. 

It  will  be  easily  seen,  that  the  effect  of  aberration  is  to 
make  the  apparent  place  of  a  star  describe  a  small  curve  about 
its  real  place  in  the  course  of  a  year. 

Let  us  now  examine  a  particular  case :  suppose  tr  to 
Wbe  on  the  solstitial  colure  AUPB,  and  the  earth  to  be  in x,  as 
|»t  the  autumnal  equinox.     Then  the  eartli  is  moving  towards 


(  parallel  to  the  solstitial  colure,  and  consequently  the  star  a 
s  displaced  by  aberration  into  the  position  cr',  if 


velocity  of  earthN 


velocity  of  light/  ' 
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Again,  at  the  vernal  equinox  the  apparent  place  of  the 
star  will  be  o-"  if 

tT<T    =  a  Sin  (TXJ  «=  (TO" . 

Hence  we  are  furnished  with  the  means  of  detennining  the 
coefficient  of  aberration  (a)  without  previous  knowledge  of  the 
velocity  of  light.  For  let  dd!  be  the  N.P.D.  of  the  star  at  the 
autumnal  and  vernal  equinox  respectively,  then 

d!  -^d^  <rV"  «=  Zaa  =  2a  sin  aB  —  2o  cos  {d  +  cw), 
(ft) being  =  IIP,  the  obliquity  of  the  ecliptic); 

2  COS  (d  +  w) 

49.  Hence,  also,  we  are  able  to  determine  the  velocity  of 
light,  for  it  may  be  deduced  at  once  from  the  value  of  a,  if 
the  velocity  of  the  earth  in  its  orbit  be  known ;  but  this  is 
determined  by  the  distance  of  the  earth  from  the  sun,  which 
is  known  from  the  value  of  the  sun's  parallax.  '  Thus  the  phe- 
nomenon of  aberration  enables  us  to  determine  the  velocity 
of  light,  and  the  coincidence  of  the  value  thus  obtained  with 
that  deduced  by  a  perfectly  independent  method,  which  will 
be  mentioned  in  the  sequel,  leaves  little  doubt  concerning  the 
truth  of  the  principle  of  both  investigations. 


ON  PRECESSION  AND  NUTATION. 

60.  The  preceding  articles  contain  an  account  of  the 
three  astronomical  corrections  which  are  necessary  to  be  ap- 
plied to  any  observation ;  but  besides  these,  another  correction, 
though  of  a  different  kind,  must  be  applied  to  the  R.A.  and 
N.P.D.  of  a  star,  as  determined  by  observation,  in  order  to 
make  them  coincide  with  those  registered  in  a  catalogue  of 
stars.  To  understand  this,  it  is  only  necessary  to  observe, 
that  the  R.  A.  and  N.P.D.  of  a  star,  when  considered  as  fixing 
its  position,  necessarily  assume  the  pole  of  the  equator  and 
the  point  nr  to  be  fixed  with  regard  to  the  ecliptic,  which 
they  are  not.     We  have  already  alluded  in  a  cursory  manner 
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to  this  fact;  we  Hhall  now  attempt  as  exposition  of  its  physical 
cause. 

We  Bball  hereafter  shew  how  to  prove  by  observation  a 
fact  which  has  been  ah-eaily  mentioned,  and  which  we  shall 
here  assume,  namely,  that  the  figure  of  the  earth  is  not 
accurately  spherical,  but  that  of  an  obUte  spheroid  or  sur- 
face generated  by  the  revolution  of  an  ellipse  about  its  minor 
axis. 

51.  Let  US  first  con- 
sider the  motion  of  n  hoop, 
which  is  revolving  uniform- 
ly in  its  own  plane  about 
it«  centre  O,  supposed  sta- 
tionary: and  let  NON'  be 
the  line   of  intersection  of 

the  plane  of  the  hoop  with  n  certain  fixed  plane  through  O. 
Now  suppose  each  particle  of  the  hoop  to  rewire  a  sudden 
small  impulse  perpendicular  to  its  plane,  and  tending  to 
bring  it  to  coincide  with  the  fixed  plane  before-mentioned; 
let  us  see  what  the  effect  will  be.  Consider  any  particle  P 
which  is  moving  in  the  direction  Pt,  and  receives  a  sudden 
impulse  in  the  direction  Pf*.  then  the  resultant  motion  of  P 
will  be  in  a  direction  intermediate  to  Pt  and  Pt',  and  pro- 
ducing this  direction  to  meet  the  fixed  plane,  we  see  that 
the  line  iViV  will  have  rttfreileti  by  the  impulse  into  the 
position  tin'.  The  angular  velocity  of  the  hoop  will  not  be 
affected,  because  the  impulse  on  each  particle  is  perpendicular 
to  the  motion  of  the  particle.  Moreover  the  inclination  of 
the  plane  of  the  hoop  to  the  fixed  plane  will  not  be  affoetod. 
for  whatever  tendency  there  is  in  the  impulse  on  a  particle 
P,  which  is  moving  Ji-om  tlie  plane,  to  diminish  the  inclina- 
tion, there  is  exactly  the  same  tendency  in  the  impulse  on  a 
particle  P*.  which  is  moving  towards  the  plane,  to  increase 
it.  If  instead  of  a  single  impulse,  we  suppose  continuous 
forces  acting  in  the  manner  described,  namely,  always  tending 
^  to  bring  the  plane  of  the  hoop  into  coincidc-nec  with  the 
"ixed  plane,  the  result  will  he,  that  the  angular  velocity  and 
tadination  will  be  unaltered,  and  the  line  of  intersection  of 
ihe  two  planes  will  regredc  on  the  fixed  plane,  that  is,  will 
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in  the  opposite  directioii  to  tliat  of  the  hoop's  i 
1*. 


move 
lutioii' 

52.  The  motion  which  we  have  described  will  also  be 
that  of  a  body  shaped  like  the  earth,  which  may  in  fact  be 
conceived  of  as  a  aphere  surroimded  by  hoops  of  matter, 
producing  the  protuberance  at  its  equator.  And  the  attrac- 
tive force  of  the  sun  has  always  a  tendency  to  make  the  plane 
of  the  equator  coincide  with  that  of  the  ecliptic,  a-i  may  be 
seen  with  a  very  little  consideration,  since  it  tends  to  bring 
all  particles  into  the  plane  in  which  it  is  itself  moving. 
Hence  the  result  of  the  sun's  attraction  on  the  protuberant 
matter,  in  the  raid-regions  of  the  earth's  surface,  is  to  make 
the  first  point  of  Aries  regrede,  that  is,  move  in  a  direction 
opposite  to  that  of  the  earth's  rotation,  or  of  the  sun's  motJon, 
without  aflTecting  the  length  of  the  day,  or  tlie  obliquity  of 
the  ecliptic.  This  regression  of  t  gives  rise  to  what  is  csdled 
the  precession  of  the  equinoxes;  for  since  t  moves  in  the 
opposite  du-ection  to  the  sun,  it  goes  as  it  were  to  meet  tJio 
sun,  and  consequently  the  time  of  arriving  at  the  equinox 
will  precede  the  time  at  which  the  sun  would  reach  it  if  U 
were  stationary.  Tlte  whole  pheenomenon  of  the  motion  of  tbe 
first  point  of  Aries  is  called  Precession;  the  motion  is  about 
50"  annually.  It  is  not  difficult  to  see,  that  in  consequence 
of  the  regression  of  the  line  of  intersection  of  the  equator 
and  ecliptic,  the  pole  of  the  former  will  describe  about  that 
of  the  latter  a  small  circle  of  the  celestial  sphere ;  in  other 
words,  the  straight  line  drawn  through  the  earth's  centre, 
perpendicular  to  the  plane  of  the  equator,  will  describe  about 
the  line  perpenilicular  to  the  plane  of  the  ecliptic,  a  cone 
having  for  its  semi- vertical  angle  the  obliquity  of  the  ecIipticL 

53.  The  results  of  this  processional  motion  ore  remark- 
able :  it  will  be  easily  seen  that  the  fixed  stars  will  change 
their  position,  with  respect  to  the  equator  and  its  pole,  1 
the  change  of  tlieir  position  will  be  represented  by  BUpi 

*  The  niiUntlinn  here  given  is  nccciiullf  or  n  rnntt  iiicom|iletc  kind,  1 
pnililem  in  one  conctrning  tl>e  moiion  of  >  rigid  hody  Mid  not  itlM  of  a  p 
■clion  of  ihe  HUD  ilio  li  not  exactly  of  ihe  kind  (upiHMcd  i] 
vhM  haa  been  laid  maji  lend  lo  eipUln  lo  tame  cxieni  ihe  nitut*  of  Hit  q 
■Bllon  by  which  the  pitcfMlon  of  itu  cquiuotM  il  pnNlaMil. 
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the  whole  celestial  sphere  to  revolve  with  a  slow  angular 
motion  from  west  to  e&st,  about  an  axis  passing  through  the 
pole  of  the  ecliptic ;  the  time  of  this  revolution  is  about  26,000 
years.  As  an  illustration  it  may  be  observed,  that  it  is  only 
an  accident  of  the  present  age,  that  we  have  what  Ls  called  a 
pole  star ;  the  star  which  is  now  so  near  the  pole,  will,  after  a 
series  of  years,  leave  that  position,  and  only  return  to  it 
after  a  complete  revolution  of  the  heavens. 

It  may  also  be  observed,  that  when  the  names,  Aries, 
Taurus,  &e.,  were  given  to  the  signs  of  the  zodiac,  the  be- 
ginnings of  those  signs  were  found  in  constellations  bearing 
those  names ;   but  now  the  siyns  are  far  tlistaut    from   the 

Boonstellations  which  have  respectively  the  same  names. 
54.  It  is  not  difGcult  to  see,  that  the  action  of  the  sun 
on  the  earth  is  not  exactly  the  same  for  all  periotls  through- 
out the  year ;  the  mean  effect  on  the  pole  of  the  equator  will 
be  such  as  has  been  described,  but  to  represent  tlie  facts 
more  accurately,  we  must  suppose  tlie  pole  to  describe  about 
the  pole  of  the  ecliptic,  not  a  small  circle,  but  a  tortuous 
curve,  sometimes  approaching  the  pole  of  the  ecliptic,  some- 
times receding  from  it,  this  curve,  however,  never  differing 
much  from  a  circle.  This  irregularity  of  the  motion  of  the 
pole  is  called  its  nutation. 

155.  Tliere  will  be,  in  like  manner,  a  Precession  and  Nu- 
tation of  the  pole  of  the  equator  due  to  the  action  of  the 
anoon,  hut  these  are  not  nearly  so  important  as  those  due 
to  solar  action,  and  will  not  be  further  considered. 


ON  THE  PROPER  MOTION  OF  THE   FIXED  STARS. 


50.  If  the  R.A.  and  N.P.D.  of  any  fixed  star  be  found 
by  observation,  and  all  the  corrections  which  we  have  de- 
scribed be  applied,  it  will  nevertheless  bo  found  that  the 
position  of  the  star  is  not  actually  fi-ted.  The  change  of 
position  is  very  small  and  regular,  and  for  many  stars  is  a 
known  quantity.  No  physical  cause  has  been  certainly  assigned, 
but  the  variation  is  attributed  to  a  proper  motion  of  the  stars 
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theraaelves.  And  reflection  will  shew  that  saeh" 
motion  might  have  been  expected  ajmori;  for  supposing  the 
law  of  attraction  which  holds  in  our  owD  system  to  extend,  as 
most  probably  it  does,  to  tlio  regions  of  the  fixed  stars,  then 
the  mutual  attractions  of  tlie  stars  nmst  prevent  them  from 
being  actually  fixed  in  space.  Nevertheless,  in  consequence 
of  their  enormous  distance,  the  proper  motion  of  a  star  will 
produce  an  extremely  small  apparent  change  of  position  to 
an  observer  on  the  earth's  surface,  and  therefore  we  etUl  uac 
the  name  fixed  stars,  although  believing  the  bodies  so  ' 
to  be  really  in  motion. 


ON  THE  MODE  OF  DETERMINING  THE  EAR! 
FIGURE  AND   MAGNITUDE. 

67.     Wc  shall  first  explain  how  the  radius  of  the 
may  be  found,  supposing  its  form  to  be  spherical 

We  have  already  explained  (Art.  3fi),  how  to  deter 
the  latitude  of  a  place ;  now  let  two  places  be  found  on  the 
same  meridian,  the  difierence  between  the  latitudes  of  which  is 
i",  and  let  the  distance  between  these  two  places  be  measured 
as  accurately  as  possible,  and  be  found  to  be  D.  Let  R  be 
the  earth's  radius,  then    its    circumference    is   ^trff,   where 

ir  =  3.U150 (See  Trig.  Art.  5l,  page  135);    and    kincc 

angles  are  proportional  in  the  same  circle  to  the  aubtonding 
arcs,  wc  have 


3  IT  A      360° 


which  equation  determines  H :  from  such  mcasuremeata 
found  that  B  •  *ooo  miles  nearly. 


58.     But  it  is  found  that  when  the  distance  betwe* 
places,  the  latitude  of   which  differs  by   l",  is  measurcfl  i 
diiferent  parts  of  the  same  meridian,  the  results  do  not  agree. 
It  is  found  that  the  length  of  a  degree  J 
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oreases  frith  the  latitude,  i.  e.  is  least  at  the  equator  and 
increases  as  we  approacli  the  poles ;  in  other  words,  near 
the  equator  it  requires  a  smaller  change  of  our  position  than 
near  the  poles  to  produce  the  same  amount  of  change  in  the 
position  of  the  zenith  t  now  it  is  manifest,  that  the  more  the 
surface  of  the  earth  is  curved  the  more  rapid  will  be  the 
change  of  zenith  to  a  person  walking  over  it,  henee  we  con- 
clude that  the  curvature  of  the  earth  is  greatest  at  the  equator, 
and  diminishes  towards  the  poles.  Hence  the  equatoreal  radius 
ust  be  greater  than  tlie  polar  radius,  and  the  earth  mny  be 
inceived  of  in  general  as  a  globe  slightly  flattened  at  the 
lies.  Accurate  observation  shews  that  the  rate,  at  which  the 
curvature  of  the  earth's  surface  changes,  agrees  with  the 
hypothesis  of  its  form  being  that  of  an  oblate  spheroid  aa 
has  already  been  assumed. 


ON  TnE  PLANETS. 


159.     We  shall  now  proceed  to  give  a  more  accurate  ac- 
unt  of  the  aun  and  the  bodies  revolving  about  it,  of  which 
tne  earth  is  one, 

The  principal  planets  arc  named  as  follows,  the  order 
being  that  of  their  distances  from  the  aun,  Neptune,  Uranus, 
Saturn,  Jupiter,  Mars,  the  Earth,  Venus,  Mercury.  Besides 
which  there  are  nine  very  small  planets,  called  asteroids,  and 
bearing  tlie  names,  Ceres,  Pallas,  Vesta,  Juno,  Astriea,  Hebe, 
Iris,  Flora,  and  Metis ;  these  arc  invisible  to  the  naked  eye, 
and  in  jioint  of  distance  from  the  sun  arc  intermediate  to 
IMars  and  Jupiter.  Six  of  tlicsc.  namely.  Neptune  and  the 
five  hist  mentioned  asteroids,  have  been  very  recently  added 
to  the  list,  and  even  now  others  may  exist  which  have  not 
been  recognised ;  for  among  the  multitude  of  telescopie 
tars,  few,  comparatively  speaking,  have  been  sufficiently 
tabserved  to  enable  ub  to  decide  upon  the  constancy  of  their 
aitioo. 

60.  The  paths  of  the  planets,  with  the  exception  of  the 
steroids,  are  in  planes  making  a  small  angle  with  the  plane 
f  the  ecliptic,  and  their  motions  ore  governed  by  the  thrco 
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following  remarkable  laws,  called  &om  their  discoverer  K.C|d 

Laws. 

I.      Tfie  planets  move  in  ellipses,  each  having  the  »un'»  t 
in  on6  t>f  its  foci. 

XI.      The  areas  swept  <ntt  by  each  planet  about  l/ie  nm 
in  tlie  same  orbit,  proportional  to  tlie  time  of  describing  t 

III.      Tlie  squares  of  the  periodic  times  are  proportio 
t/ie  cubes  of  tfte  major  axes. 

It  will  be  easily  seen  that  these  three  laws  follow  at  oace 
from  the  hypothesis  of  a  force,  varying  inversely  as  tlic  iitquarc 
of  the  distance,  resident  in  the  sun's  centre.  (See  Newton, 
Props.  I.  XI.  and  XV.)  Speaking  accurately,  the  centre  of 
the  sun  is  not  a  fixed  point,  the  inotiou  taking  place  in  fact 
about  the  centre  of  gravity  of  the  whole  system;  but  od 
account  of  the  enormous  mass  of  the  sun,  as  compared  wilh 
any  one  or  with  all  of  the  planets,  the  centre  of  gravity  la 
very  near  the  centre  of  the  aun,  and  may  generally  be  con- 
ceived of  as  coincident  with  it.  Moreover,  no  one  of  Kepler's 
laws  is  quite  rigidly  true,  because  not  only  does  the  sun 
attract  each  of  the  planets,  but  the  planets  mutually  attniet 
each  other,  and  produce  slight  perturbations  or  dc\-iat)oai) 
from  laws  which  would  hold  strictly  for  any  one  undisturlxid  > 
planet ;  it  may  be  as  well  to  observe  here,  that  with  rem 
to  such  perturbations  theory  and  observation  are  iu  comn 
accordance. 

61.     The  planets  which  are  at  a  greater  distance  froml 
sua  than  the  earth,  are  called  superior  planets,  those  i 
lire  at  a  smaller  distance,  inferior.    It  will  be  anticipated  t 
the  phenomena  exhibited  by  these  two  classes  to  an  obi 
on  the  earth's  surface  will  be  in  many  respects  different. 

Let  A'  be  the  sun's  centre,  £E'  the  earth's  orbit. 
the  orbit  of  an  inferior  planet,  supposed  for  simplicitjr**  i 
to  be  in  the  plane  of  the  ccUptic.     Then  it  is  evident  that  j 
planet's  elongatioit  from  the  sun,  that  is,  the  angle  subtt 
"t  the  earth  by  its  distance  from  the  sun,  can  never  exce< 
fcrtnin  limit;  for  from  E,  the  position  of  the  eartl 
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~EP,  FP"  tangents  to  tlie  planet's 
orbit,  then  r£S,  or  PES,  will  be 
the  maximum  angle  of  elongation, 
and  tlie  elongation  will  varj'  between 
zero  and  this  value ;  eometimes  the 
planet  may  even  pass  between  the 
earth  and  the  sun,  and  it  will  then 
be  aeon  to  cross  over  the  sun's  face 
like  a  dark  spot.  Now  suppose  tlie 
sun  and  the  planet  to  revolve  round  E,  then  the  time  of 
passing  the  meridian  of  any  given  place  will  not  be  very 
different  for  the  sun  and  the  planet  j  for  example,  let  Venus 
have  her  maximum  elongation,  and  suppose  her  to  rise  some 
time  before  the  sun  so  as  to  be  a  rtiorning  star,  then  the  time 
by  which  her  rising  precedes  that  of  the  sun  diminislies  until 
at  last  she  is  so  near  the  sun  that  she  becomes  invisible ; 
afterwards  she  begins  to  rise  after  the  sun,  and  therefore  to 
set  after  bim,  and  thus  becomes  an  evening  star.  Mercury  is 
seldom  suiRciently  far  from  the  sun  to  be  visible  with  the 
naked  eye.  There  is  manifestly  no  limit  to  the  elongation  of 
the  superior  planets,  and  therefore  no  connexion  bet(vecn  the 
Mimes  of  their  rising  or  setting  and  that  of  the  sun. 

^  62,  The  inferior  planets  present  to  the  earth  phases, 
exactly  as  does  the  moon :  this  will  be  seen  to  be  a  necessary 
result  of  the  manner  in  which  they  are  illuminated,  for  since 
only  one  hemisphere  of  the  planet,  namely  that  which  is  turned 
jtowards  the  sun  is  illuminated,  the  portion  of  the  illuminated 

irface  visible  from  the  earth  must  depend  upon  the  relative 

isitions  of  the  sun,  earth,  and  planet.  Of  the  superior  planets, 
Mars,  which  is  the  nearest  to  the  earth,  presents  sometimes  a 
slightly  f/ihfioua  appearance,  that  is,  a  phase  like  that  of  Iho 
moon  when  near  full,  but  the  others  have  no  perceptible 
changes  of  phase,  because  the  direction  in  which  light  fulls 
ipon  them  from  the  sim  is,  on  accoimt  of  their  great  distance, 

iry  nearly  the  same  as  that  in  which  they  arc  viewed  from 

le  earth, 

63.    The.  limits  of  this  treatise  will  not  allow  us  to  enter 
ion  a  description  of  the  physical  peculiarities  of  the  various 
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planets.  Wc  cannot  however  omit  to  take  notice  of  the  ^& 
remarkable  object  ealled  Saturn's  rinj.  It  would  be  more 
correct  to  speak  of  two  nngs,  for  there  are  in  fact  two,  lying 
in  one  plane  and  separated  from  each  otlier  by  a  narrow  inter- 
val, the  inner  one  being  separated  by  a  much  wider  internal 
from  the  planet  itself.  The  ring  has  a  rapid  rotation  in  ita 
own  plane,  the  centrifugal  force  arising  from  which  is  doubt- 
less the  means  of  preserving  its  form  and  its  posttion. 

f!4.  The  earth  and  the  superior  planets  arc  accompanied 
by  secondary  bodies,  termed  eateltites,  revolving  about  them  in 
the  same  manner  as  they  themselves  revolve  about  the  siin. 
Of  these  satellites  or  moons,  the  earth  has  one,  Jupiter  four, 
Saturn  seven,  Uranus  certainly  two  and  perhaps  sis ;  only 
one  satellite  has  at  present  been  observed  as  attending  Nei>- 
tune. 

For  much  interesting  information  on  this  aud  other  sub- 
jects the  reader  is  referred  to  Sir  J.  F.  W.  Hcrschel's  Treatise 
on  Astronomy,  being  a  volume  of  the  Cabinet  CyclopiKdia,  or 
to  the  lai'gcr  work  of  tlie  same  author,  entitled  OtUiinet  nf 
Aatronomi/. 


ON  THE  MOON. 

65.  The  earth  is  accompanied  (as  has  been  already  men- 
tioned) in  its  course  round  the  sun  by  a  secondiiry  body,  wUioli 
we  call  the  moon,  and  which  revolves  round  it  in  ttic  satne 
kind  of  way  as  the  earth  revolves  about  the  sun,  and  from 
west  to  east.  The  distance  of  the  moon  from  the  earth,  as 
concluded  from  the  value  of  its  horizontal  parallax,  in  about 
(to  of  the  earth's  radii.  The  moon  revolves  round  the  earth 
according  to  the  ordinary  rules  of  bodies  moving  in  ccntnU 
orbits,  deviating  however  from  the  strictness  of  thesu  rulus 
materially  in  consequence  of  the  disturbing  force  of  the  suu, 
which  is  much  greater  than  that  of  one  planet  on  anotlicr,  und 
tlicrefoi'c  causes  the  moon's  orbit  to  deviate  more  from  thu 
elliptical  form  than  is  the  case  with  the  orbit  of  a  plaoet. 
The  time  of  the  moon's  revolution  about  the  earth  ia  ij  days 
'7  hours  nearly. 
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TUB   UOO.V. 

The  most  remarkable  phenomenon  exhibited  by  the 
moon  is  tlie  change  of  her  phase,  whicli  has  been  already 
nUiuled  to  in  speaking  of  the  phases  of  the  inferior  planets,  and 
which  is  an  immediate  result  of  her  being  illuminated  by  the 
BUn,  It  is  manifest  that  when  the  moon  and  sun  are  on  oppo- 
site sides  of  the  earth,  or  the  moon  is  in  geocmtrie  opposition, 
the  bright  side  of  the  moon  will  be  turned  towards  the  earth, 
or  it  will  be  full-mocn ;  and  when  the  moon  is  between  the 
earth  and  sun,  or  in  geocentric  conjunction,  the  bright  side 
will  be  turned  away  from  the  earth,  or  it  will  be  new-moon. 
Between  these  two  extreme  cases  the  moon  will  present 
every  variety  of  phase.  The  time  elapsing  between  two  suc- 
cessive full-moons  is  not  that  of  the  moon's  revolution,  because 
the  sun  has,  during  the  month,  advanced  in  \i»  course ;  the 
time  will  be  equal  to  the  time  of  revolution  of  the  moon, 
together  with  that  which  the  moon  takes  to  pass  over  the 
space  moved  through  by  the  sun,  or  about  z<)^  days.  This  ia 
called  a  lunation,  or  a  synodic  period. 

67.  It  may  be  noticed  that  the  moon  when  full,  being  in 
exactly  the  opposite  quarter  of  the  heavens  from  the  sun,  or 
in  other  words,  distant  from  the  sun  ISO"  in  Il.A.,  comes  upon 
the  meriilian  12  hours  after  the  sun;  i,  e.  at  12  o'clock  at 
night ;  hence  the  moon  is  brightest  at  a  time  when  the  dark- 
ness of  the  night  would  otherwise  be  the  most  intense. 

68.  The  moon  revolves  on  its  own  axis  in  the  same 
direction  in  which  it  revolves  about  the  earth,  and  in  the 
same  period;  the  consequence  is  that  it  always  presents  to 
the  earth  the  same  face.  The  appearance  of  the  face  is 
extremely  ragged  and  mountainous ;  the  height  of  some  of 
the  mountains  has  been  ascertained,  and  it  thus  appears  that 
they  are  very  much  greater  as  compared  with  the  size  of  the 
moon,  than  in  the  case  of  terrestrial  mountains. 

The  most  obvious  office  of  the  moon  is  that  which  it  per- 
forms in  giving  light  to  the  earth,  but  an  equally  important 
one  is  that  of  producing  tides,  of  which  we  shall  presently 
speak  more  particularly. 

The  phajnoraenon  of  eclipses  also,  which  the  moon  is  in- 
strument^ in  producing,  will  be  separately  considered. 
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ON  TIDES. 


69.  The  accurate  theory  of  tides  is  one  of  the  utmost 
difficulty ;  but  a  general  explanation,  sufficient  for  many  pur- 
poses, may  be  given  as  follows. 

Let  E  be  the  earth,  M  the  moon  ;  and  suppose  the  earth 
to  be  surrounded  by  a  sea,  and  the  moon  to  be  at  rest  with 
rcq>ect  to  it.    Then  the  attraction  of  the  moon  on  each  particle 


of  water  will  tend  to  draw  the  water  away  from  the  carfli 
on  the  side  turned  towards  it,  and  thus  to  make  a  protube- 
rance of  water :  there  will  be  a  similar  protuberance  on  the 
opposite  side  of  the  earth,  because  the  force  which  draws  any 
particle  of  water  away  from  the  earth  is  the  difference  between 
the  attraction  of  the  moon  on  that  particle  and  on  the  earthy 
and  hence  the  force  in  question  upon  a  particle  on  the  op- 
pO)4ite  side  of  the  earth  from  the  moon  will  tend  from  the 
earth ;  and  hence,  as  we  have  said,  there  will  be  a  protube- 
rance of  water  on  the  side  of  the  earth  which  is  turned  away 
from  the  moon,  aa  well  as  on  the  other.  The  accurate  form 
of  the  surface  of  the  sea  is  a  spheroid,  having  its  larg^  axis 
passing  through  the  moon. 

If  there  were  no  moon  there  would  be  a  similar  disturb- 
ance of  the  spherical  form  of  the  sea  by  the  sun's  attraction. 
In  order  to  determine  the  result  of  their  combined  action,  it 
will  be  sufficient  to  observe,  that  if  the  sun  and  moon  are  on 
the  same  side  of  the  earth,  or  the  moon  in  geocentric  con- 
junction, the  action  of  the  two  will  be  combined,  and  we  may 
suppose  the  effect  to  be  the  sum  of  those  due  to  their  separate 
actions :  the  same  will  be  the  case  when  the  sun  and  moon 
are  on  opposite  sides,  or  the  moon  in  geocentric  opposition ; 
when  the  moon  is  halfway  between  opposition  and  conjunc- 
tion, the  effect  may  be  considered  to  be  the  difference  of 
those  due  to  the  lunar  and  solar  action ;  in  other  positions  of 
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!  mm  and  moon  the  results  will  be  intermediate.  Let  us 
now  suppose  that  as  the  moon  revolves  the  tidal  protuberance 
follows  it,  then  as  the  earth  turns  on  its  axis  eaoh  place  of 
the  surface  will  have  low  and  high  water  succeeding  each 
other  at  intervals  of  twelve  hours.  From  what  has  been  said 
it  is  clear  that  the  highest  tides  will  be  at  the  new  and  full 
moon,  and  the  lowest  at  the  times  halfway  between ;  the 
former  are  called  spring-tides,  the  latter  neap-tides.  In  order 
to  make  this  theory  agree  tolerably  well  with  observation,  it 
is  necessary  to  suppose  that  the  axis  of  the  tidal  spheroid  lags 
somewhat  behind  the  moon. 

ON  ECLIPSES. 

70.  Eclipses  are  of  two  kinds,  namely,  of  the  moon  and  J 
of  the  sun,  and  may  be  described  in  general  as  being  caused  j 
respectively,  by  the  passage  of  the  moon  through  the  shadow  i 
thrown  behind  the  earth,  and  by  the  passage  of  the  moon 
between  the  earth  and  the  sun,  so  as  to  intercept  the  sun's  i 
light  from  the  earth.  It  is  manifest  that  if  the  motions  of  I 
the  sun,  earth,  and  moon,  be  accurately  known  so  that  their  1 
relative  positions  at  any  time  can  he  predicted,  it  will  he  only*  1 
a  matter  of  calculation  to  determine  when  an  eclipse  will  take  i 
place ;  but  the  method  of  calculation  must  be  very  different 
in  the  case  of  a  lunar  from  that  of  a  solar  eclipse,  and  the  I 
latter  will  be  very  much  more  compliotited  than  the  former,  as,  ( 
will  be  seen  when  wc  have  described  the  phenomena  more  I 
particulai-ly. 

Lunar  Eclipse, 

VI.  Let  S  be  the  sun,  E  the  earth,  draw  the  common 
tangents  to  their  surfaces  ACU,  BDU,  meeting  in  U,  and  the 
two  APDF'',  BPCP',  meeting  in  P  between  the  sun  and 
earth. 
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Then  the  portion  of  the  cone,  of  which  the  vertex  is  t/, 
behind  the  earth  is  the  earth''s  shadow,  and  is  called  the 
umbra ;  the  portion  of  the  cone,  of  which  the  vertex  is  P, 
behind  the  earth  is  partially  free  from  the  sun's  rays  in  con- 
sequence of  the  intervention  of  the  earth,  and  is  called  the 
penumbra.  When  the  moon  is  eclipsed  it  is  observed  to  enter 
the  penumbra  first,  and  afterwards  the  umbra:  on  account 
of  the  relative  magnitude  of  the  earth's  diameter  and  the 
distance  of  the  moon,  the  distance  of  the  vertex  of  the  umbra 
from  the  earth  is  always  greater  than  that  of  the  moon,  and 
hence  the  moon  will  always  pass  through  the  umbra  if  at  the 
time  of  geocentric  opposition  its  path  is  rightly  directed. 

72.  But  there  is  not  necessarily  an  eclipse  of  the  moon 
at  each  opposition,  because  the  moon's  orbit  is  inclined  to 
that  of  the  ecliptic,  and  at  the  time  of  opposition  it  may  not 
be  sufficiently  near  to  a  node,  (or  point  in  which  its  path 
crosses  the  ecliptic,)  to  pass  through  the  umbra.  We  shall 
endeavour  to  explain  the  mode  of  making  the  calculations  to 
determine  whether  at  any  given  opposition  the  moon  will  be 
eclipsed,  and  to  what  extent. 

73.  Let  EN  be  a  small  portion  of  the  path  of  the  centre 
of  the  earth's  shadow  at  the  distance  of  the  moon,  considered 
as  a  straight  line,  MN  a  portion  of  the  path  of  the  moon's 
centre,  M  being  the  position 

at  the  time  of  opposition, 
and  N  the  node.  Then  it 
will  be  convenient  to  sup- 
pose the  earth  to  remain 
fixed,  and  the  moon  to  move 
in  an  imaginary  orbit  MN\ 
called  a  relative  orbit,  such  that  the  distance  between  the 
centres  of  the  moon  and  shadow  shall  always  be  the  same  as 
they  actually  are.  Let  m'  be  the  moon's  centre  when  the 
centre  of  the  shadow  is  at  E' ;  join  Em\  take  mm  equal  and 
parallel  to  EE^y  and  join  Em ;  then  Em  will  be  equal  and 
parallel  to  JE^m',  and  m  vn\\  therefore  be  a  point  in  the  rela- 
tive orbit.  It  is  not  difficult  to  see  that  the  relative  orbit 
MN'  will  be  a  straight  line,  and  its  inclination  MN*£  to  the 
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plane  of  the  ecliptic  may  be  calculated  from  a  knowledge  of  | 
the  inclination  of  tlic  moon's  orbit  and  of  the  relative  veloci- 
ties of  the  earth  and  moon. 

The  radius  of  the  umbra  at  the  moon's  distance,  or  rather 
the  angle  subtended  by  that  radius  at  the  earth,  may  be  easily 
calculated  from  the  parallax  of  the  sun  and  moon  and  their 
apparent  diameters ;  all  which  quantities  are  known  and 
registered. 

Now  draw  EA  perpendicular  to  the  relative  orbit,  then 
since  ME,  which  is  the  moon's  latitude  at  the  time  of  op- 
pifeition,  and  EMA  are  known,  EA  may  be  calculated.  EA 
is  the  nearest  approach  of  the  centres  of  the  moon  and  the 
umbra ;  if  then  £A  be  greater  than  the  sura  of  the  radii  of 
the  moon  and  the  umbra,  there  will  be  no  eclipse,  if  less  there 
will  be  an  eclipse  of  greater  or  smaller  degree  of  obscuration 
according  to  the  value  of  EA.  If  we  draw  two  lines  Eti, 
En,  each  equal  to  the  sum  of  the  radii  of  the  moon  and 
umbra,  then  w  and  u'  will  be  the  positions  of  the  moon's 
centre  at  the  commencement  and  termination  of  the  eclipse 
resiiectively ;  and  by  calculating  these  positions  we  can  easily 
determine  the  time  of  the  commencement  and  termination. 

74,  Since  a  lunar  eclipse  is  caused  by  an  actual  depriva- 
tion of  the  sun's  light,  in  order  to  determine  tlie  places  at 
which  a  given  lunar  eclipse  will  be  visible,  it  is  only  necessary 
to  determine  the  places  which  will  have  the  moon  above  their 
horizon  at  the  time.  The  calculation  is  easily  made,  but  for 
practical  purposes  it  is  sufficient  to  proceed  as  follows :  Take  a 
common  terrestrial  globe,  determine  upon  it  the  moon's  place 
at  the  commencement  of  the  eclipse,  then  all  places  on  the 
hemisphere  lying  round  this  point  will  sec  the  commencement 
of  the  eclipse ;  in  like  manner  determine  the  hemisphere  from 
ail  places  of  which  the  termination  is  visible;  then  the  whole 
of  the  eclipse  will  be  visible  from  all  places  which  arc  common 
to  those  two  hemispheres. 

Solar  Eclipse, 

75.  The  calculation  of  a  solar  eclipse  is  more  difficult 
than  that  of  a  lunar,  because  the  moon  by  its  interposition 
between  the  earth  and  sun  will  intercept  the  sun's  light  from   i 
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some  portions  of  the  earth's  surface,  but  not  from  others,  and 
the  sun  may  be  visible  at  a  given  place  during  an  eclipse 
although  the  eclipse  may  not  be  visible. 

We  shall  attempt  to  give  some  account  of  the  mode  of 
calculating  the  circumstances  of  a  solar  eclipse,  premising  . 
that  as  we  have  already  supposed  the  earth  to  remain  fixed 
and  the  moon  to  move  in  a  relative  orbit,  so  here  we  shall 
suppose  the  sun  to  be  fixed  and  the  moon  to  be  apparently 
depressed  by  tlie  difference  of  the  solar  and  lunar  parallax, 
or  (as  Yfc  may  call  it)  the  relative  parallax.  This  relative 
parallax,  as  well  as  the  apparent  diameters  of  the  sun  and 
moon,  are  known  from  the  Nautical  Almanack,  or  some 
equivalent  work. 

76.  Let  P  be  the  pole  of  the  equator,  and  for  distinct- 
ness' sake,  let  the  plane  of  the  paper  be  the  plane  of  the 
solstitial  colure :  S  the  sun's  centre  supposed  fixed,  MAf  the 
moon's  relative  orbit ;  round  S  draw  a  small  circle,  having  for 
its  radius  the  sum  of  the  apparent  scmidiameters  of  the  sun 
and  moon ;  then  to  any  place,  which  is  so  situated  that  the 
moon's  centre  can  be  sufficiently  depressed  by  parallax  to 
make  it  fall  within  this  small  circle,  the  eclipse  will  be  visible* 


Let  us  find  the  place  at  which  the  eclipse  will  be  first 
seen.  Draw  SaM  an  arc  of  a  great  circle,  and  make  3fa 
equal  to  the  relative  parallax,  and  pioduce  SMto  Z,  so  that 
Za  »  90^  then  Z  will  be  the  zenith  of  the  place  required,  for 
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to  soeh  a  place  M  will  be  depressed  towards  5  by  the  whole 
relative  horizontal  parallax. 

Again,  suppose  we  wish  to  determine  those  places  on  the 
earth's  surface  to  which  the  first  contact  for  different  positions 
of  the  moon  first  becomes  ^-isible.  Let  m  be  any  position  of 
the  moon  in  the  relative  orbit,  then  from  m  we  can  draw, 
in  general,  two  arcs  of  great  circles  each  equal  to  the  relative 
horizontal  parallax  to  meet  the  small  circle  round  S,  and  if 
we  produce  these  to  Z'  and  Z",  making  hi  Z'  =  m  Z"  -  go"  -  the 
relative  parallax,  the  moon  will  appear  depressed  as  much 
as  possible  to  these  two  places,  and  therefore  for  the  position 
m  of  the  moon  Z' Zl'  arc  the  zeniths  of  the  two  places 
to  which  an  apparent  contact  will  be  first  visible.  And 
BO  we  may  trace  a  eur\e  on  the  earth's  surface  including  all 
places  determined  by  this  construction. 

In  like  manner  any  other  problem  may  be  solved ;  the 
ist  general  perhaps  is  this,  To  find  all  places  on  the  earth's 
fiurface  at  which  a  given  portion  of  the  sun's  surface  will 
appear  obscured  at  a  given  time. 

By  methods  founded  upon  the  principles  which  we  Iiave 
endeavoured  briefly  to  describe,  maps  arc  constructed,  such 
as  those  in  the  Nautical  Almanack,  exhibiting  curves  on  the 
earth's  surface  com|»rehending  all  places  for  which  an  eclipse 
will  be  visible  in  a  given  degree. 

ON  THE  SATELLITES  OF  THE  PLANETS. 


77.  The  satellites  have  been  already  described  as  se- 
condary bodies,  which  attend  the  plancta  in  their  orbits,  and 
revolve  about  thcni  in  the  same  manner  as  the  planets  them- 
Belvcs  revolve  about  the  sun.     The  earth  is,  as  we  well  know, 

t attended  by  one  such  satellite,  viz,  the  moon,  a  body  which 
pD  account  of  its  pecidiar  interest  to  outkcIvcs  has  already 
^ceivcd  a  separate  notice.  In  these  systems  Kepler's  laws 
(Ure  obeyed,  except  so  far  as  the  motion  is  disturbed  by  ex- 
bancous  causes. 
'  78.  The  satellites  of  Jupiter  are  those  which  have  been 
moat  observed ;  they  revolve  from  west  to  east,  that  is,  in  the 
Bame  direction  as  the  moon  and  planets,  and  in  planes  nearly 
P  coinciding  with  the  equator  of  the  planet.     Their   eclipses 
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are  frequent ;  in  fact,  on  account  of  tho  smallnMS  i 
inclinations  of  tlieir  orbits  and  the  great  length  of  Jupiier'a 
Hliailon,  three  out  of  the  four  lire  eclipaed  at  every  revolution, 
usually  the  fourtli  also,  though  on  account  of  the  g^reatcr 
inclinatioQ  of  its  orbit  not  invariably. 

79.  The  most  remarkable  result  of  observations  of  Ju- 
jiiter's  satellites  is  the  discovery  of  the  fact  of  the  pro)tagation 
of  light  with  a  finite  velocity,  and  the  actuid  calculation  of 
that  velocity.     ThJa  we  proceed  to  explain. 

It  was  observed  by  Uoemer,  tliat  the  eclipses  of  Jupiter's 
satellites  always  happened  too  8omi,  that  is,  sooner  than  )te 
expected  from  an  average  of  observations,  when  Jupiter  was 
in  geocentric  opposition,  and  therefore  the  earth  as  near  to 
Jupiter  as  possible,  and  too  late  when  in  geocentric  cottfuno' 
tion,  and  therefore  the  earth  as  far  from  Jupiter  as  possible. 
This  was  accounted  for  by  the  hypothesis  that  ligrht  required 
a  finite  time  for  its  propagation,  and  that  therefore  the  same 
phenomenon  would  not  appear  to  happen  at  the  same  momeut 
to  two  observers  at  statiuns  iyo,ooo,ooo  miles  apiirt,  as  in  in 
fact  the  case  with  two  observers  at  opposite  sides  of  the 
earth''s  orbit.  It  is  easy  to  see  that,  supjiosiug  the  error  io 
the  time  of  the  eclipses  to  be  due  to  this  cause,  we  bavo 
sufHcicnt  data  for  calculating  the  actual  velocity  of  lightt 
and  the  velocity  thus  found  coincides  with  that  which  results 
from  the  phenomenon  of  aberration,  which  has  been  already 
explained  (Art.  4^):  the  coincidence  of  the  two  independent 
determinations  leaves  no  doubt  respecting  the  accuracy  < 
each. 

ON   TIME. 

80.  There  are  three  kinds  of  days  recognised  by  t 
nomers,  viz.  Sidereal,  Solar,  anil  Mean  Solar.     Each  of  thq 
is  divided  into  24  hours,  each  hour  into  60  minutes,  and  < 
minute  into  60  seconds. 

The  sidereal  day  is  the  interval  between  two  BuccesBlTc 
transits  of  the  true  first  point  of  Aries ;  or  it  is  the  time  of 
the  earth's  revolution  on  its  axis.     Sidereal  hours  are  thotte 
marked  by  the  sidereal  clock  already  described.     (.A,rt.  2S.) 
-----  -    jjgj^^jj    j^y 
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transits  of  the  sun,  aail  is  therefore  not  of  coDStant  length ; 
hence,  although  the  beginning  of  this  day  is  marked  by  a  very 
obvious  phenomenon,  viz.,  the  transit  of  the  snn,  yet  it  would 
be  extremely  inconvenient  as  the  ordinary  standard  of  time. 

The  7nean  solar  day  is  equal  in  length  to  the  average  of 
true  solar  days;  its  commencement  is  marked  by  no  actual 
phenomenon,  but  by  the  transit  of  an  imaginary  sun  which  is 
supposed  to  move  uniformly  in  the  equator  with  the  sun's 
mean  or  averaije  velocity. 

Ordinary  clocks  indicate  mean  solar  time,  and  are  there- 
fore Bometiracs  in  advance  of  the  sun,  sometimes  behind  it. 
The  quantity  which  must  be  added  to,  or  subtracted  from, 
true  solar,  to  give  mean  aolar  time,  is  called  the  equation  of 
time,  and  requires  a  particular  explanation. 

I         81.      The  Equation  of  Time, 

^     The  equation  of  time  may  be  coneeived  of  as  arising  from 

Ftwo  distinct  causes,  viz.,  first,  the  motion  of  the  sim  in  the 
ecliptic,  and  not  in  the  equator,  in  consequence  of  which  the 
tinie  of  noon  would,  vary  even  if  the  motion  of  the  sun  in  its 
orbit  were  uniform  ;  and,  secondly,  the  variable  motion  of  the 

'  Bun  in  its  orbit,  in  consequence  of  which  there  would  be  an 

I  equation  of  time  even  though   the  ecliptic  had  no  obhquity. 

I  Jt  will  give  distinctness  to  our  explanation  to  consider  tliese 

I  two  parts  of  the  equation  separately, 


I.     Let  £  T  E*  be  the  equator,   r  C  the  eeliptie.  P,  U 

^ their  respective  poles:  and  let  S  be  the  sun  in  the  ecliptic 

between  t  and  the  summer  eoletice.     Draw  the  declination 

circle  PSSi,  then  S,  is  the  place  of  the  sun  in  the  equator. 

1  JJow  the  mean  sun  is  to  be  supposed  to  start  with  the  true 

K«un  from  t  ,  and  to  move  in  the  equator  with  the  sun's  velo- 
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city;  hence  it  13  manifest  that  the  two  suns  will  be  on  ih& 
solstitial  colure  at  the  same  time,  and  will  meet  at  the  au- 
tumnal equinox.  But  between  t  and  the  wdatice,  the  R.A. 
of  the  mean  will  be  greater  than  that  of  the  true  sun,  for  the 
R.  A.  of  the  mean  sun  is  to  be  equal  to  A'  t  ,  which  it  U  ca^ 
to  see  is  greater  than  .y,  Y  ;  because,  if  we  take  the  case  of 
the  sun  being  verj'  near  t  ,  we  may  treat  S-r  S^  as  ft  plaoe 
right-angled  triangle,  in  which  the  liypothenuse  St  is  the 
greater  side,  and  the  same  will  be  true  until  the  Hun  reaches 
the  solstice,  when  the  It.  A.  of  the  two  is  the  same.  Take 
then  Si  as  the  place  of  the  mean  sun,  S^  being  further  from 
T  than  S,.  Now  the  earth  revolves  about  its  axis  in  the 
same  direction  as  that  in  which  the  sun  moves,  consequeiiUy 
the  meridian  of  any  place  is  brought  to  S,  before  it  reaches 
Sj,  that  is,  apparent  noon  precedes  mean  noon  when  the  sun 
is  moving  from  an  equinox  to  a  solstice.  In  like  manner  it 
will  appear,  that  the  reverse  is  the  cose  from  a  solstice  to  an 
equinox.  Hence  the  equation  of  time,  so  far  as  it  depends 
upon  the  obliquity  of  the  ecliptic,  is  subtraetivt  from  an 
equinox  to  a  solstice,  additive  from  a  solstice  to  an  equinox, 
and  vanishes  at  both  solstice  and  equinox. 

II.  In  consequence  of  the  eccentricity  of  the  sun's 
orbit,  and  the  law  of  Kepler,  according  to  which  the  areas 
swept  out  in  equal  times  ore  equal,  the  sun  moves  trith  more 
than  its  mean  velocity  when  near  perigee,  and  less  when 
near  apogee.  Suppose  a  fictitious  sun  to  move  in  the  ecliptic 
with  the  sun^s  mean  motion,  and  to  coincide  with  the  real 
sun  in  perigee ;  then  from  perigee  to  apogee  the  real  Bun 
will  be  before  the  mean  sun,  and  therefore  mean  coon  will 
precede  apparent ;  tlie  opposite  will  be  the  case  when  tho 
sun  is  moving  from  apogee  to  perigee :  hence  from  perigee 
to  apogee  the  equation  of  time  is  additive,  from  apogee  to 
perigee  subtractiL-e,  and  zero  at  both  apogee  and  perigee. 

To  conceive  of  these  two  effects  as  combined,  it  is  only 
necessary  to  consider  the  sun  which  moves  in  the  ecliptic, 
and  which  wc  spoke  of  as  the  real  sun  when  discuaaing  the 
equation  of  time  arising  from  the  obliquity,  to  be  not  the 
real  sun,  but  a  second  fictitious  sun  moving  in  the  eclij>lic_ 
with  the  sun's  mean  motion,  and  coinciding  i 
perigee  and  apogee. 


To  find  the  Mean   Time  by  observation. 

If  we  have  a  fixed  observatory,  notliing  is  more  simple, 
wcause  we  have  only  to  observe  the  time  of  the  Hun's  transit, 
which  will  give  the  time  of  apparent  noon,  from  which  we 
deduce  the  time  of  mean  noon  by  adding  or  subtracting  the 
equation  of  time  :  or  we  may  obacr\e  the  transit  of  a  known 
star,  which  will  give  us  the  sidereal  time,  from  which  the 
Bolar  may  be  deduced ;  for  the  sidereal  time  determines  the 
position  off  ,  and  since  we  have  tables  giving  the  mean  H.A. 
of  the  sun,  we  may  hence  deduce  the  jjosition  of  the  mean 
sun  with  respect  to  our  meridian  at  the  time  of  observation. 

But  when  we  have  no  fixed  observatory,  we  must  resort 
to  other  methods :  we  shall  describe  only  one.  Let  an  obser- 
vation of  the  altitude  of  the  sun  be  made  before  noon,  and 
another  made  when  the  altitude  is  the  same  after  noon ;  then 
the  sun  was  on  the  meridian  at  a  period  equidistant  from  the 
two  observations;  or,  if  a  clock  indicates  h  and  h'  hours  at 
the  two  observations  respectively,  the  time  of  apparent  noon 

l(f  the  clock  is  :  apparent  noon  being  known,  the  mean 

me  may  be  deduced. 

The  preceding  residt  is  only  approximately  true,  on  ac- 
count of  the  sun's  motion  between  the  two  observations ;  but, 
f  necessary,  a  correction  may  be  introduced. 

On  ilie  different  Hndi  of  years. 
Three  kinds  of  years  may  be  reckoned,  which  we  may 
1  astronomical,  the  tropical,  the  si<lereal,  and  the  anoma- 
^lialic;  besides  which  there  is  the  year  in  the  vulgar  sccepta- 
■  tion  of  the  word,  which  we  may  call  the  civil  year. 

The  tropical  year  is  the  interval  between  the  two  succes- 
sive arrivals  of  the  sun  at  the  fii'st  point  of  Aries,  and  ita 
length  is  about  sCa*'  .'i^  48"". 

The  sidereal  year  is  the  interval  between  the  sun's  leaving 

and  returning  to  the  same  point  of  the  heavens.      Its  length 

^ditfcrs  from  that  of  the  tropical  year  nu  account  of  the  motion 

iX}f  T ,  which  has  been  before  explained,  and  is  found  to  be 

The  anomalistic  year  is  the  interval  between  two  bucccs- 
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sive  passages  of  the  sun  through  perigee,  and  differs  from  tbe 
preceding  on  account  of  a  slow  motion  of  the  perigee,  pro- 
duced by  the  disturbance  of  the  planets ;  its  length  is  sGi'' 
ff'  13". 

No  one  of  these  years  would  be  convenient  for  ordinal 
purposes,  because  a  year,  to  be  convenient,  shoulil  consist  n 
an  integral   number   of  days.     The   dvil  year  is   therefoi 
made  to  consist  of  365  days,  but  to  prevent  the  seasons  fro 
falling  at  different  periods  of  the  year,  every  fourtli  year,  i 
leap  year,  is  made   to  consist  of  S(i6  days.     By  this  meatuj^ 
the  average  length  of  a  civil  year  is  made  to  be  SOV  6", 
which  is  rather  more  than  a  ti'opical   year;   to  correct   tliis 
error,  which  in  the  course  of  centuries  would  become  con- 
siderable, the  intercalation  is  ordered  to  be  omitted  in  tlic 
years  completing  centuries,   when  the  number  of  centuries 
is  not  divisible  by  four;  thus  only  97  days  are  intercalatul 
in  400  years  instead  of  KW  :  the  error  which  remains  will  not 
amount  to  a  whole  day  in  4500  years. 


ON  THE  MODES  OF  DETERMININa  TEttRESTHIAL  ' 
LONGITUDE. 

84.  The  problem  of  finding  the  longitude  is  one  of  the 
greatest  practical  importance,  and  one  which  for  a  long  time 
presented  great  dif&cultiesi.  It  is  evident  that  if  by  aaw 
means  we  can  ascertain  at  a  given  moment  what  is  our  om 
mean  time  of  day,  and  also  what  is  the  mean  time  at  i 
given  place,  as  Greenwich,  we  shall  know  how  many  degrecff^ 
we  are  situated  to  the  east  or  west  of  Greenwich ;  now  the 
time  of  day  at  any  place  may  be  ascertained  by  observation, 
as  already  exjilaincd  (Art.  83),  hence  the  problem  of  the  Iodk 
gitude  reduces  itself  to  that  of  ascertaining  at  any  given  Un 
and  place  mean  Greenwich  time. 

It  is  obvious  therefore  that  the  problem  is  solved,  if  i 
can  obtain  watches  set  to  Greenwich  time  and  of  suRicioi 
accuracy  to  be  depended  upon  ;  and  the  perfection  to  wbid 
chronometers  have  been  brought,  baa  in  fact  made  tho  i 
covery  of  the  longitude  at  sea  a  matter  of  perfect  simpliraH 
Nevertheless  there  are  certain  astronomical  methods  i 
deserve  notice;  the  following  are  some  of  them. 


OF    DETERMINING    TERRESTItlAL    LONGITUDE. 
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85.     By  observation  of  an  eclipse  of  Jupiter's  satellites. 

The  time  of  an  eclipse  of  one  of  Jupiter'a  satellites  ia 
evidently  quite  independent  of  the  place  from  which  it  is 
ohaerved ;  and  the  motions  of  the  satellites  being  known,  it 
is  possible  to  predict  every  eclipse  and  to  register  the  time 
of  its  happening  according  to  Greenwich  menn  time;  if  then 
an  observer  at  another  place  observes  an  eclipse  and  notes 
the  time  of  its  happening,  he  will  be  able  to  compare,  by 
means  of  the  Nautical  Almanack,  his  own  mean  time  with 
that  of  Greenwich,  and  so  delirmine  his  longitude. 

To  find  the  longitude  by  observing  tite  distance  of  the 
moon'a  centre  from  certain  fixed  stars. 

This  is  a  mode  which  can  be  practised  at  sea. 

Let  the  observer  with  a  Hadley's  sextant  observe  the  dis- 
tance of  a  star  from  the  moon'a  centre,  by  noting  its  distance 
from  the  nearest  and  furthest  point  of  the  nioon*s  disk  and 
taking  half  the  sum  of  these  distances.  The  distance  thus 
found  must  be  corrected  for  parallax  and  refraction. 

Also,  let  the  observer,  immediately  after  making  the  pre- 
ceding observation,  (or  another  observer  simultaneously,)  take 
the  altitude  of  the  star.  From  this  observation,  coupled  with 
the  N.P.D.  of  the  star  and  the  latitude,  which  are  supposed 
known,  the  apparent  time  of  tlie  place  of  observation  may  be 
found. 

Now  the  Nautical  Almanack  gives  the  distance  of  the 
moon  from  certain  stars,  of  which  that  observed  must  be  one, 
for  every  three  hours,  and  from  this  we  can  easily  determine 
the  Greenwich  time  for  which  the  distance  of  the  moon  and 
star  ia  exactly  that  which  we  have  determined,  that  is,  wc  can 
determine  the  Greenwich  time  of  taking  the  observation ;  and 
the  comparison  of  this  with  the  apparent  time  at  the  place 
of  observation  determines  the  longitude. 

87.     The  longitude  of  a  fixed  Observatory  may  be  tleter- 
llDincd  Ujus.    Suppose   the   moon   is   observed  at  the  Obser- 
VTatory  in  question  to  culminate  witli  a  certain  fixed  Btar,  then 
J  the  same  star  and  the  moon  will  not  culminate  together  to  a  I 
rplace  on   a  different  meridian,  because  the  mooQ   wilt  have  ] 
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moved  in  E. A.:  suppose  that  the  difference  of  time  (a)  be- 
tween the  transit  of  the  moon  and  the  star  is  observed  at 
the  second  place,  which  will  be  in  fact  the  moon's  motion  in 
II.A.  Also  let  A  be  the  motion  of  the  moon  in  R.A.  in  the 
time  of  a  complete  revolution  of  the  earth,  and  x  the  dif- 
ference of  longitude  of  the  two  places,  then  we  shall  have 

x^  :  360^  ::  a  :  A; 

ov  aP  ^  —  860^,  the  difference  of  longitude  required. 
A 


ON  COMETS. 

88.  We  shall  conclude  this  treatise  with  a  few  words  on 
comets.  These  are  in  fact  planets  revolving  in  conic  sections 
about  the  sun  in  their  focus,  but  in  orbits  of  very  great 
eccentricity ;  the  orbits  of  the  greater  number  are  ellipses  so 
much  elongated  as  to  be  sensibly  parabolas,  and  some  seem 
to  move  in  hyperbolas.  The  number  of  these  bodies  be- 
longing to,  or  rather  infesting,  our  system,  appears  to  be 
very  great  indeed ;  but  few  have  been  sufficiently  observed 
to  identify  them,  when  after  travelling  far  into  space  they 
again  approach  the  sun,  and  become  visible  to  us.  Of  the 
few  so  observed  we  may  notice  that  which  bears  the  name 
of  Halley's  Comet,  the  period  of  which  is  about  75  years ; 
also  Encke^s  Comet,  the  period  of  which  is  3^  years ;  and 
Biela's,  6^  years. 

The  last  two  possess  remarkable  interest ;  the  former 
from  the  fact  of  its  period  being  found  to  diminish,  or  its 
distance  from  the  sun  to  diminish,  a  fact  which  would  seem 
to  indicate  the  existence  of  some  resisting  medium  in  which 
the  planets  move,  but  which  has  at  present  not  sensibly 
affected  the  motions  of  the  larger  planets.  The  latter  is 
remarkable  as  having  been  lately  discovered  to  be  a  double 
comet,  or  combination  of  two  comets,  probably  revolving 
yound  the  centre  of  gravity  of  the  two. 

THE  END. 
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